Lecture 02: Eisenstein's criterion

Friday, January 11, 2019 5:38 PM

One oF the \Aaef?-ul \mclvu \ol'h‘t\a C‘(i'\?‘er‘['m i due o Evsenstein:

“Theorem . SU\HDOSQ Dis on |’wtﬂam\ dmmo\in , ?‘? € S?cc D),
*(’)0: a %n+ a 'X“_‘_.. -+ Q€ DIx1. S\A?‘Posc
o, O, .0 0dw’, and <o, .,05=D.
"~ Then ‘?‘(’X) IS \YYEJU\Q( Ue in DA

Remarke |n lcc‘kwe e 'Yrovﬂl ‘H'ns OhLA ;PUY‘ mMonic ?a‘ahom\?al%

for ashich o\m'ljomo\'h‘m[(\é <oy S="D-

e hen D is a UFD, the wndition <a,--s0,5=D

imTlra that 15 primitive ; oand his cordihon oan e
repbced oith suying thet £ s primtive -

- The right amdition instead of <., .,0.5=D is Sayingy
that (dla,, ., dla, = deD ).

ph Suppoe tothe wrbrry that P =qm howo. 1 deg. of
qor his L, then g or h divdes all the et +-
Rince <0,-,0Y =D, we deduce that erther g o b is "
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Lecture 02: Eisenstein's criterion

Friday, January 11, 2019 11:57 PM

Next coe ossume c&aa 9. c\eaij. do
g heo =‘?‘C?() = O %n (mod :<F\ : @
Clowm. 9@ ,l\Co)e%‘) -

P£ o Clowm. va‘rrosc tothe Ccm‘t’mr% Hhat I F and

-)
&A‘PFOSQ L\C‘X) = bmxm_\_ bm—‘ Xm + -+ ,{%‘Q CWOJ {-fl\ o\Y“l

b ##p . Nohee thet  dsm<n.

S
So 8(03 L{‘X IS o ’h-:*nn a:? %C‘X) L\Cfx) (hnoc\ é@, C«)L\‘CL\
corbvadicts O . bl

So Q°= ‘P‘ (0)= 8(‘0) l’\(‘o)é‘ ?-‘DZ Coj'\lél'\ NN C‘OWL'VU\C[I‘C‘LOn . B

Remark.  Tor ony ;'n'[‘fami dowin D and  Be At (D),

2 d is irmeduweille i1 D, then 0d) is also ired. So
in eooe DIXT is irreducible i and m\a $ Pex-a)
s ivred. B some a€D . lIn some examples one Gn use

-El‘SﬁYTjCEIh/S CYI;}.Pﬂb‘Yl 'P(‘/(' ‘]QC‘K-OQ omc{ A aooc] cl\ofce O-Q a .
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Lecture 02: Special case of cyclotomic polynomials

Saturday, January 12, 2019 12:08 AM

- ™=
Ex. Show that 95.',.% i-——ﬂ is treducible in @ 3 v

P IS ?n'mc.
d v
EE. Le_'l’ ‘FC?Q: X-|-...-|-|= ??E(__ll . HCY\CQ
7
(%+1) - e T2 P
Fx+ D= = = X +<?-Ij7( + --~+<\>-

V)

. ®-D - Cp-vd
Notice 'H'\o\+ (T\: pee-t Sinlai K':? T\(T\/

Tl Fer Isispa
And Tzz{/ T):(?\ . Hence l:a Eisenstein’s crrtenon ‘FC?C—I—J.)
1

Is l‘\’Ych\AciLle n ZD(:‘, Ahcl So ‘gC’X) Is I'YYeoluc(Lle I
Z[%] . Since Aea-lp» >4, Z 5 o UFD, OmJ s \Fn'mf‘h've,

we JeJu\ee thd -ﬁ(vo IS \irrecluci\o\e_ n QBRA. B

Qemo\r\z . —W\e. o-L;oye QXo\mYle S o SYeC\‘o\\ Cose C"P Cac lo"l:ow\\‘c,

k 2
?c’zjnmmfo\ls-. q,(_‘x) t== 1—[ (()C—-C ) &)L\erﬁ C) =C "
n I<le<n " "
8cJ(k,n)-=i.

We caill shocsthat CL(?O e Z[x) qml \'-[' IS l'rr\ch. n @)[fx’_\.

P
One can see that %\590: 1—[ (‘)(-Ck)= .?Q___i; ond S0

\ <k5'\>—i n X-41

'H\e al::ove eXamfle 5 a SPQC\‘o\l Cose o-.? 'H\\‘s Sﬁﬁmen'l.'-
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Lecture 02: Localization

Saturday, January 12, 2019 12:21 AM

Duppose A 5 o un ol commutetive r\‘ng ord DTA 5 @
maiphicatively closed sbset: (e coould ke to corsider <.
n‘ncc;) Cansfrl-\'na aJ} /,%ac’\ﬁm\\ % cohere 3¢S

For (a,5,)/(a;,8,0€ AxS, we sy (a8 ) (@g, 52 F
3 sed st s(5,9,-5,a,)=o0-

Claim . s is an equivalence relation .

Pt < Claim. One con eo\sila see (a,9) v (0,5) and

Cos) o (Og,5) = (0g,5,) ~ (0,5,)- So ae Pocus on

1
Tronsitive property:  (,5) ~ (@a,5) K';—k @) ~ @5,8,) -

(ay,s,) ~ (05,5,

(0\‘,3|)wCO\Q_, S.) = dsed, (a,s,-o,5) =0 0
O, 5)vw @g, 50> T 5€S, 3'(a,5 4 3)=0 @
/
D=¢r S3 CS?;O\\ Sy = 33 0\230 =° Xé 3/3(330\‘ S?_—S|0\352)= °

/
D= T3 (34,3, —5,0,5)=0 = ¥ss, (3,0, - S,a)=0

'n 5
= (05 v (Gg,5y) -
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Lecture 02: Localization

Saturday, January 12, 2019 12:32 AM

Qe let &= T@,9)] oand dedine +, - similar 4o Prachions
n @. One o easily sce Pt S& s a nig. Let

b A S, o :=ﬁ:L  One omxe Hat F 15 a g
hom. I is nét necessari lg ina'ec‘.-ive.

o cher ¥ <= & =9 4 I3, s(a-o)=o

= A5 S, Sa=o

% ke F=3ach | Bs, as=0§; inparhcuar F i
ngective # ard only i# S does ek b ny zero-dWisor
(and 0.

Nehce STA =0 <% 0€S.

. T:W O\na ?‘FGSTCC A :~ A\F\a IS o MMH_‘T\‘QQ_Hve\‘a

c\oxcl se-[-; oﬁr Is ?m))er = ig(éf:-—v ieS

.o, be S’\"'—) &, Ljéi-‘: = al:gé%f #aLeS
A s dencted LU A"\" ; and it 15 culled the |o@[|m’hm
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Lecture 02: Localization

Saturday, January 12, 2019 12:42 AM

Theorem (Universal ?m?“‘\'é o lo calizahion)

&A‘FFOSQ A ond B are unital commududive rl’ncas, ST A 15 o
m\AHTP\rcO\‘l'\\/clj Cbxol Sm&e‘[’, O\nc‘ B: A—B 5 a (‘\hg L\om.

st &5) < ®. Then I B. A B s+

$)
/9\(%-\ = B8 - A —'B
£
E-.Cbe start coith (Am‘a‘uev\e,ss o £ //

'?‘l'htl O\A‘\T 60"\0\“7 @ SL\OU\ICI Ec O\)L(‘CL\ t\elrs (V) 'lJ'O Sl\oc-) QXIS')'enQQ,.

Tor sel, G(J‘) 9() 6{1) i]»—»,e(~) 6(3)-

@(%): 9()

= B(%)=98(2) 8(L)= o o

This l'm))h'es the U\m‘ﬁu\e,ness- . Let %(&Sj = em’iem;

/9\ s Cdtu- Ole{)‘\\neé . 0% = 9\%& = 3 Se% ;S (O\‘SZ- O\:_SD= o
\ 2
= 6™ ( () B8(s)-8 (G HEB(S)) =0 (Bcs, Gcs;)e%x)

= sy '8y =6(s.) 8@y -
One. con eoxa\g CL\eCk ‘H\a\'l' e IS & rma L\om col\ICL \W\\)\les ‘H\e

=3 \s":{n ce. | |
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Lecture 02: Module theory

Saturday, January 12, 2019 1:49 AM

Similar 1o 8rou<]>s , the best ooag ot unclers{‘anolnhg r‘\hgs it s loss‘l' 1o

lf,'\i I"[' Qc+ 5 [’\CI’E e we more or |ess '?'OY'CeA 'L'o Cmsfcler Il'neour

ocl'fons.
Let A be o unrtal rl'ng-, e So\t) M s o left A-moclu\|e i
M s an abelion group

.3 - AXM —rM ) (O\;M)HQ-M coi'Hq -Hwe -?-o“ooo\'nj
o) 1-m =m
?W?ﬁf'l"'e&- 6”1) (OL‘+O\2)- m = Q‘~M-|- A, .M

®2) &- M) = .+ Q- m,

&) a|.(0\2.m) = (G,a,)«m
Similarly coe can debined o aght A-rmad.
Q] Given o Itk A-madule , con ce 8& a eyt rodule 2
(e naively defne MG = O-m.
PD and (P2) are sobished -

(m-x o)) % Oy = @I-MB*O&,_= a, (&, -my=(,0).- m
= mx(a,a) -

Since O\J_O\| 15 no+ neoessatrila A, @3\) c‘oes no‘l‘ hecessan‘lzj
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Lecture 02: Module theory

Saturday, January 12, 2019 2:02 AM

hod Let A" be the oppesite ring of A; (7, +)=CA,+) and

0-a’= ao. . Then ba the above cOms(qu{-ubn ce have that

ony left A-module M is o right A module. ond vice vesa.
A o exames:

L. Suppase A is & unital ring; TS A s colled o let deal

itV oxyeI, xyel , Vel ach, axel.

Then T is o k¥ A-moule:  a.x.—oax.

2. A unftal ring ; I< A lebt deal = Alp is o lebt
A-mod- i o (+T)i= o+ I

Qell-defined . X +I=%+T = 2= X+%X For wme xe T

= AX,=0X+ox = AX+I=ox~+1L.
I

One con check all the ?m?erhes easi‘é))‘

3. Suﬂ:ose M..,M_ ore leBt A-mod. Then H,EB-'-EBN,,

S & le-m' A —'h'\oc' , Qe (%l;--,')(“} = (0\%‘, ---,Q"Xh) . In ’Fm’[‘\tm\a\r

A s o lelt A-mod.
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Lecture 02: Module theory

Saturday, January 12, 2019 2:17 AM

4 A is o bt M,,(Pr\—mwjm‘e;
b by
V {o\'lb] eMnCA\) [gh}; [ala [ ] [Z Q:a O]
5.( Induced module st ructue) Similar 1o the ﬂmuP ac‘['ltms

G M\ X ]=> HOVX . hxx= 6chy.x. e can defined
H—G-rC-

on irduced module. strchire: suppese A ond B ace uniha
(ings ord 0. B—A is a & hom . Suppose M s o |kt
A-mod. Then bxm:= By m makes M i a [Pt Brmof
6.2 B is a &:»Ln’ng AN ond M is an A-mod, then
M is o e Bomad 5 ( Beyph ard induced mod.
strncture
7. IgA= ony Bt Ajp—mod can be viewed as an A-mad .
(A—>AN7 ond indaced mod. )
3. Suppz A s & ommatchve unital ring aeh, and M

is o Jeft A-MOJ, |et 60: Alxl—¥A be the evaluedtion o\%
o map. R M can be viewed as o left ALxQ- Yhotltz\'e.
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