MATH200C, HOMEWORK 6
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VALUATION RINGS AND VALUATIONS.

(1) Suppose G is a totally ordered abelian group, and F'is a field. A valuation
of Flisv: F — G U {oo} with the following properties:
(a) v(a) =00 < a=0.
(b) Vg € G, g < 00,9 + 00 := 00,00 + 00 := 0.
(c) Va,y € Fiu(zy) = v(z) +v(y).
(d) Vx,y € F,v(x +y) > min{v(x),v(y)}.
Let 0, :={zx € Flv(z) > 0} and m, := {z € F|v(x) > 0}. Prove that O,
is a valuation ring and Max(&,) = {m,}.
(2) Let A be a valuation ring of a field F. Let G := F*/A*. We say xA* >
yA* if zy~t € A. Prove that G is a totally ordered group and v : F' —
rA* ifxe F*
G U {oo},v(z) == is a valuation of F', and 0, = A.
00 otherwise.

RING OF INTEGERS OF A NUMBER FIELD

Suppose k/Q is a finite field extension (we say k is a number field), and Oy, is
the integral closure of Z in k. In class we proved that dim 0}, = 1 and 0, ~ Z[F4

as an abelian group.

(1) Prove that for any m € Max(0}), Or/m is a finite field.

(2) Prove that if q is a non-zero primary ideal of 0y, then 0} /q is finite.

(3) Prove that if a is a non-zero ideal of Oy, then Oy /a is a finite. (|0 /a| is
called the norm of the ideal a, and it is denoted by Ny /g(a).)

(4) Suppose Embedg(k, Q) = {01,...,04}, and O = Za, ® Zay & - - - ® Zag.
Prove that Dy, := det[o;(a;)]? € Z (this is called the discriminant of k).

(5) For a € 0\ {0}, prove that |Ny,q(a)| = |Or/a0y|. (Hint. Let I, : k —
k,lo(x) := ax. Then Nj/g(a) = detl,. On the other hand, think about 0},
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as a lattice in 05, @7z R ~ Ra; ®Ray @ - - - ®Ray and consider the R-linear
map 1, .=, ®idgr : O} @z R — O, ®z R and argue why detl, = det T,.
Argue why using volume we have that for T, € My(Z), |detT,| = [Z% :
To(Z%)].) (Because of this part we have Ny q(a0)) = |Nyjg(a)l.)

GELFAND-KIRILLOV DIMENSION

Let k be a field and A be a finitely generated k-algebra. Suppose V' is a
k-subspace of A such that
(1) dimg V' < o0,
(2) 1€V,
(3) A=, V™ where V™ := {v; - v,|v; € V]
Let Dy (n) := dim; V™ and
(1) GKdim(A) := lim sup M.
n—00 logn
(1) Prove that the value of (1) is independent of choice of V.
(2) Suppose B/A is a ring extension and A and B are finitely generated k-
algebras. Prove that GKdim(A) < GKdim(B).
(3) Suppose a < A. Prove that GKdim(A/a) < GKdim(A).
(4) Prove that GKdim(A[z]) = GKdim(A) + 1.
(5) Suppose B/A is a ring extension and B is a finitely generated A-module.
Prove that GKdim(A) = GKdim(B).
(6) Using the fact that dim k[xy, ..., z4] = d, prove that GKdim(A) = dim A.
(The importance of GKdimension is on the fact that it works equally well in
the non-commutative setting; in fact the above (1)-(5) statements hold for non-

commutative algebras as well.)



