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Perfect fields.

Lemma 1. (1) f(x) ∈ F [x] does not have multiple zeros if and only if

gcd(f(x), f ′(x)) = 1.

(2) Suppose f(x) is irreducible in F [x]. Then there is an irreducible separable

polynomial g(x) ∈ F [x] and a positive integer k such that f(x) = g(xpk)

where

p =

󰀻
󰀿

󰀽
char(F ) if char(F ) ∕= 0,

1 otherwise.

In particular, if char(F ) = 0, then any polynomial in F [x] is separable.

Proof. (1) Suppose F is an algebraic closure of F . As we proved in the previous

lecture, gcd(f(x), f ′(x)) over F is the same as gcd(f(x), f ′(x)) over F . So we

consider f(x) over F . Then f(x) =
󰁔n

i=1(x−αi)
mi for some distinct elements αi

of F . Based on the product theorem, we have

f ′(x) =
n󰁛

i=1

mi

󰁜

j ∕=i

(x−αj)
mj(x−αi)

mi−1 = (
n󰁜

i=1

(x−αi)
mi−1) (

n󰁛

i=1

mi

󰁜

j ∕=i

(x− αj))

󰁿 󰁾󰁽 󰂀
g(x)

.

Notice that g(αi) = mi

󰁔
j ∕=i(αi − αj) ∕= 0; therefore gcd(f, g) = 1. Hence

gcd(f, f ′) =
n󰁜

i=1

(x− αi)
mi−1.

Thus gcd(f, f ′) = 1 if and only if mi = 1 for any i; and claim follows.

(2) If f(x) is separable, we let k = 0 and g(x) = f(x). So assume f(x) is not

separable. Since f(x) is irreducible, it means that f(x) has multiple zeros. Hence

by the first part, gcd(f, f ′) ∕= 1. Since f(x) is irreducible, it means gcd(f, f ′) = f .

As deg f ′ < deg f and f |f ′, we deduce that f ′ = 0. Suppose f(x) =
󰁓n

i=0 aix
i;

f ′ = 0 implies that iai = 0 for any i. If char(F ) = 0, then iai = 0 implies ai = 0

1
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for i ∕= 0; this means f(x) is a constant which contradicts the assumption that

f(x) is irreducible.

Next we assume that char(F ) = p > 0. Then iai = 0 implies ai = 0 when p ∤ i.
Hence f(x) = g1(x

p) for some g1(x) ∈ F [x].

Claim. g1(x) is irreducible in F [x].

Proof of Claim. Suppose to the contrary that g1(x) = h1(x)h2(x) and deg hi >

0. Then f(x) = h1(x
p)h2(x

p), which contradicts the assumption that f(x) is

irreducible in F [x]. □
By the strong induction hypothesis, there is a separable irreducible polynomial

g(x) ∈ F [x] such that g1(x) = g(xpk). Hence

f(x) = g1(x
p) = g((xp)p

k

) = g(xpk+1

).

□

Theorem 2. Suppose F is a field and F is an algebraic closure of F . Then the

following statements are equivalent.

(1) Either char(F ) = 0, or char(F ) = p > 0 and F p = F .

(2) F/F is a Galois group.

(3) Any algebraic extension E/F is separable.

Proof. (1)⇒(2) The assumption F p = F implies that σ : F → F, σ(a) := ap is an

automorphism of F . Hence σk ∈ Aut(F ); and so for any a ∈ F , there is a′ ∈ F

such that (a′)p
k
= a.

Since F/F is a normal extension, to show it is a Galois extension it is enough

to prove that it is a separable extension. For α ∈ F , since mα,F (x) is irreducible

in F [x] by the previous lemma, there is a separable polynomial g(x) ∈ F [x] such

that mα,F (x) = g(xpk). Suppose g(x) =
󰁓n

i=0 aix
i. By the above comment, there

are a′i ∈ F such that (a′i)
pk = ai. Thus

mα,F (x) =
n󰁛

i=0

aix
ipk =

n󰁛

i=0

(a′i)
pkxipk = (

n󰁛

i=0

a′ix
i)p

k

.

As mα,F (x) is irreducible in F [x] and
󰁓n

i=0 a
′
ix

i ∈ F [x], we have pk = 1. Hence

mα,F (x) = g(x) is separable; and claim follows.

(2)⇒(3) Since E/F is algebraic, E can be embedded into F . Since F/F is

separable, we deduce that E/F is separable.
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(3)⇒(1) (In the midst of questions, I forgot to prove this during lecture.) If

char(F ) = 0, there is nothing to prove. So we assume that char(F ) = p > 0. For

a ∈ F , let α ∈ F be a zero of xp − a = 0. Hence mα,F (x)|xp − a = xp − αp =

(x − α)p. Since F/F is separable, mα,F (x) does not have multiple zeros. Hence

mα,F (x) = x − α, which implies α ∈ F ; and so a = αp ∈ F p. This implies that

F p = F . □

A field is called perfect if it satisfies the above properties.

Galois group of finite fields

Suppose Fp is an algebraic closure of Fp. Let’s recall that we can identify Fpd

with {α ∈ Fp|αpd = α} and Fp =
󰁖

d∈Z+ Fpd . As Fp
p = Fp, Fp is a perfect field.

Hence Fp/Fp is a Galois extension. Notice that σ : Fp → Fp, σ(α) := αp is an

embedding and, since xp − α has a zero in Fp, σ is onto. Hence σ ∈ Gal(Fp/Fp).

We know that Fpd is a splitting field of xpd − x over Fp. Hence Fpd/Fp is a

normal extension. Since Fp is a perfect field, Fpd/Fp is a separable extension.

Hence Fpd/Fp is a Galois extension. Hence |Gal(Fpd/Fp)| = [Fpd : Fp] = d.

Since Fpd/Fp is a normal extension, σd := σ|F
pd

is in Gal(Fpd/Fp). Notice that

σd
d(α) = αpd = α for any α ∈ Fpd . Hence σd

d = id; and so o(σd)|d. Suppose

o(σd) =: d′. Then for any α ∈ Fpd , we have α = σd′
d (α) = αpd

′
. And so any

element of Fpd is a zero of xpd
′
− x. Therefore pd ≤ deg(xpd

′
− x) = pd

′
, which

implies that d ≤ d′. As d′|d and d ≤ d′, we deduce that d = d′. Hence

Gal(Fpd/Fp) = 〈σd〉 ≃ Z/dZ.

This implies that Gal(Fp/Fp) ≃ lim←−Z/dZ; and in your HW assignment you have

seen how this can help you to show Fp does not have a non-trivial subfield E such

that [Fp : E] < ∞.

The following remarks were mentioned in the lecture in response to your ques-

tions. I am including proof of some of them here.

Question. Is Gal(Fp/Fp) = 〈σ〉? No, Gal(Fp/Fp) is a very large compact

group; in particular it is not countable. 〈σ〉 is, however, dense in Gal(Fp/Fp).

Notice that lim←−Z/dZ is a closed subgroup of
󰁔

d Z/dZ, open sets in the product

topology are of the form X ×
󰁔

d ∕∈S Z/dZ where S is a finite subset of Z+ and

X is a subset of
󰁔

d∈S Z/dZ, and under the above isomorphism σ is sent to

1 := {1+dZ}d ∈
󰁔

d Z/dZ. If {xd+dZ}d ∈ (lim←−Z/dZ)∩ (X×
󰁔

d ∕∈S Z/dZ), then
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xn ≡ xd (mod d) for any d ∈ S where n :=
󰁔

d∈S d. Hence

xn1 = {xn + dZ}d ∈ X × (
󰁜

d ∕∈S

Z/dZ);

this means 〈1〉 intersects any non-empty open subset of lim←−Z/dZ; and so 〈1〉 is
dense in lim←−Z/dZ. Hence 〈σ〉 is dense in Gal(Fp/Fp).

Question. What is the topology on Gal(F/F )? Let’s recall that

θ : Gal(F/F ) → lim←−
E

Gal(E/F ), θ(σ) := {σ|E}E

is an isomorphism where lim←−E
Gal(E/F ) is equal to

{{σE}E ∈
󰁜

E

Gal(E/F )|E/F is finite Galois;E ⊆ E ′ implies σE′ |E = σE}.

We consider the discrete topology on finite groups Gal(E/F ); and by Tychonoff’s

theorem
󰁔

E Gal(E/F ) is a compact group. One can check that lim←−E
Gal(E/F ) is

a closed subgroup of
󰁔

E Gal(E/F ); and so it is a compact group. An open subset

of
󰁔

E Gal(E/F ) is of the form X×
󰁔

E ∕∈S Gal(E/F ) where S = {E1, . . . , En} is a

finite set consisting of some finite Galois extensions of F . And so the collections

sets of the form
󰁔

E∈S{idE} ×
󰁔

E ∕∈S Gal(E/F ) make a basis for neighborhoods

of the identity. Notice that there is a finite Galois extension E ′ of F such that
󰁖n

i=1 Ei ⊆ E ′. And so

θ−1((
󰁜

E∈S

{idE}×
󰁜

E ∕∈S

Gal(E/F )) ∩ lim←−Gal(E/F )) ⊇ {σ ∈ Gal(F/F )|σ|E = idE};

and θ({σ ∈ Gal(F/F )|σ|E = idE}) is an open subset of lim←−Gal(E/F ). So overall

we get that {ker rE}E forms a basis of neighborhoods of the identity of Gal(F/F )

where E runs over finite Galois extensions of F and

rE : Gal(F/F ) → Gal(E/F ), rE(σ) := σ|E

is the restriction map.

Question. Is any subfield of Fp finite? No, Fp has many infinite subfields.

In fact, similar to the finite Galois extensions, we can understand intermediate

subfields of E/F using subgroups of Gal(E/F ). In the infinite Galois extension

case, however, we have to restrict ourselves to closed subgroups: there is a bijec-

tion between intermediate subfields of E/F and closed subgroups of Gal(E/F ).
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For instance, one can check that

E2 :=
∞󰁞

n=1

Fp2n

is a subfield of Fp; and one has

Gal(E2/Fp) ≃ lim←−Z/2nZ =: Z2;

is the group of 2-adic integers. (This can be regarded as a definition for this

group.)

Cyclotomic extensions

Suppose either char(F ) is either 0, or char(F ) = p > 0 and p ∤ n. Let E be

a splitting field of xn − 1 over F . Since E is a splitting field over F , E/F is a

normal extension. If char(F ) = 0, E/F is separable. Suppose char(F ) = p > 0.

Since p ∤ n, nxn−1 is not zero. Since 0 is not a zero of xn − 1 and nxn−1 ∕= 0,

gcd(xn − 1, nxn−1) = 1. Hence all the zeros of xn − 1 are distinct in E. Thus

E/F is separable, and µn := {ζ ∈ E×|ζn = 1} has n elements. Notice that for

any positive integer d we have |{ζ ∈ µn| ζd = 1}| ≤ d; and so µn is a cyclic group

of order n. Thus there is ζn ∈ E× such that

µn = {1, ζn, . . . , ζn−1
n } ≃ Z/nZ.

Overall we have that E = F [1, ζn, . . . , ζ
n−1
n ] = F [ζn] is a Galois extension of

F . For any σ ∈ Gal(E/F ), σ is uniquely determined by σ(ζn) as E = F [ζn].

Since σ(ζn) is a zero of xn − 1, σ(ζn) ∈ µn; that means σ(ζn) = ζan for some

a ∈ {0, . . . , n − 1}. As σ is an automorphism, the multiplicative order of ζn is

equal to the multiplicative order of σ(ζn) = ζan; hence

n = o(ζn) = o(σ(ζn)) = o(ζan) = o(ζn)/ gcd(o(ζn), a) = n/ gcd(n, a),

which implies that gcd(a, n) = 1. Let θ : Gal(E/F ) → (Z/nZ)×, θ(σ) := aσ +nZ
where σ(ζn) = ζaσn .

Claim. θ is a group homomorphism.

Proof of Claim. We have

ζ
aσ1◦σ2
n = (σ1 ◦ σ2)(ζn) = σ1(ζ

aσ2
n ) = σ1(ζn)

aσ2 = (ζ
aσ1
n )aσ2 = ζ

aσ1aσ2
n .

Hence aσ1◦σ2 ≡ aσ1aσ2 (mod n). Hence θ(σ1 ◦ σ2) = θ(σ1)θ(σ2). We also notice

that θ(idE) = 1 and so claim follows.
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Claim. θ is injective.

Proof of Claim. This is immediate as σ is uniquely determined by σ(ζn) and

σ(ζn) is uniquely determined by θ(σ) = aσ (mod n).

Overall we get the following result.

Proposition 3. Suppose either char(F ) = 0, or char(F ) = p > 0 and p ∤ n. Let

E be a splitting field of xn − 1 over F . Then E/F is Galois and Gal(E/F ) can

be embedded into (Z/nZ)×.

Next we want to show that the above mentioned θ is an isomorphism when

F = Q. To motivate our next definition, we start with the following lemma.

Lemma 4. (1) Suppose E/F is a finite Galois extension. For α ∈ E, let

fα(x) :=
󰁔

σ∈Gal(E/F )(x− σ(α)). Then fα(x) ∈ F [x] and mα,F (x)|fα(x).
(2) Suppose F [α] is a finite Galois extension of F . Then fα(x) = mα,F (x).

Proof. (1) For any τ ∈ Gal(E/F ),

τ(fα(x)) =
󰁜

σ∈Gal(E/F )

(x− τ(σ(α))) =
󰁜

σ∈Gal(E/F )

(x− σ(α)) = fα(x).

Hence fα(x) ∈ Fix(Gal(E/F ))[x] = F [x]. As fα(α) = 0, we deduce that

mα,F (x)|fα(x).
(2) We have that deg fα(x) = |Gal(E/F )| = [E : F ] = [F [α] : F ] = degmα,F (x);

and claim follows using part (1). □

So if θ is an isomorphism, then mζn,Q(x) is equal to
󰁔

1≤a≤n,gcd(a,n)=1(x − ζan).

We let

Φn(x) :=
󰁜

1≤a≤n,gcd(a,n)=1

(x− ζan) ∈ C[x]

where ζn := e2πi/n; and it is called the n-th cyclotomic polynomial. In the next

lecture we will prove that Φn(x) is in Z[x] and it is irreducible in Q[x]. Using

this, we will deduce that Gal(Q[ζn]/Q) ≃ (Z/nZ)×.


