Section 14.6 (3/23/08)

Tangent planes and di erentials

Overview: In this section we study linear functions of two variables an d equations of tangent planes to
the graphs of functions of two variables. Then we discuss di erentials with two variables and their use in
estimating errors.

Topics:
Linear functions of two variables
Level curves of linear functions
Zooming in on level curves of a nonlinear z=f(x;y)
Equations of tangent planes
Normal vectors
Di erentials and error estimates

Linear functions of two variables
Recall that a function y = f (x) of one variable is linear if its graph in an xy-plane is a line, and that
in this case its derivative is constant and equals the slope o the line. In studying such functions, we
frequently use either the slope-intercept equation

y=mx+b
for the line, where m is the slope andb the y-intercept of the line (Figure 1), or the point-slope equati on

Yy = Yo+ m(X Xg)

where m is the slope and (Xo; Yo) @ point on the line (Figure 2).

y y
Slope = m Slope = m
(Xo0; Yo)
b
7
X X

The point-slope equation The slope-intercept equation

y=mx+b y= Yo+ m(x Xo)

FIGURE 1 FIGURE 2

A function z = f (x;y) of two variables is linear if its graph in xyz-space is a plane. We found
equations of planes in Section 13.5 by using their normal vedors. Here we will need the next theorem,
which gives equations for planes in terms of the slopes of ther cross sections in the x- and y-directions.
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Theorem 1(a) (The slope-intercept equation of a plane) Suppose that the z-intercept of a plane
is b, that the slope of its vertical cross sections in the positiv e x-direction is m1, and that the slope of its
vertical cross sections in the positive y-direction is m, (Figure 3). Then the plane has the equation,

Z=mix+ may+ b: (@)

(b) (The point-slope equation of a plane) Suppose that a plane contains the point (Xo; Yo; Zo), that
the slope of its vertical cross sections in the positive x-direction is m1, and that the slope of its vertical
cross sections in the positive y-direction is m» (Figure 4). Then the plane has the equation,

z=12z9+ mi(x Xo)+ ma(y VYo): @

2 =myz +moy+b

z = zo + my(x — o) + Ma(y — ¥o)

T T
The slope-intercept equation The point-slope equation
FIGURE 3 FIGURE 4
Proof of part (a): We consider the case where thez-intercept b, the slopesm4 and m», and x and y

are all positive, as in Figure 3. To obtain an equation for the plane we need to nd the z-coordinate of
the point R with xy-coordinates (x;y). The z-coordinate of the point P is b. The horizontal run from P
to Q is x and the line segment P Q, which is on a vertical cross section of the plane in the x-direction,
has slopem1. Consequently the z-coordinate of Q is z = b+ m1x. The horizontal run from Q to Risy
and the line segment QR, which is on a vertical cross section in the y-direction, has slope m», so that
the z-coordinate of R is z = b+ m1x + myy, as stated in (1).

Proof of part (b): The proof is similar to that of part (a). We consider the case w here the coordinates
(X0;Yo;2zo) of the given point and the slopes m1 and my are all positive and X > X g;y > Yy, as in
Figure 4. The z-coordinate of the point P in this drawing is zg. The horizontal run from P to Q isx Xg
and the line segment P Q, which lies in the x-direction, has slope m1, so that the z-coordinate of Q is
z= zg+ my(X Xg). The horizontal run from Q to Risy yg and the line segment QR, which lies in the
y-direction, has slope my, so that the z-coordinate of R isz = zg+ mi(X Xg)+ ma(y Vo), as stated
in (2). QED
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The x- and y-derivatives of the linear functions,
z=mix+ may+ b and z=2zp+ mi(X Xo)+ ma2(y Vo)

given by the slope-intercept and point-slope equations are m; and m, respectively. Consequently, these

equations can be used to give a formula for a linear function if we know its derivatives and its value at

one point.

Example 1 Find the linear function z = f (x;y) whose x-derivative is 6, whosey-derivative is 7,
and which has the value 10 atx =0;y =0.

Solution The graph of f is the plane with slope 6 in the positive x-direction, slope 7 in
the positive y-direction, and z-intercept 10. By the slope-intercept equation (1) with
m1 = 6;mp =7, and b= 10, the plane has the equation z= 6x + 7y + 10 and the
functionis f (x;y)= 6x+7y+10.

Example 2 Find the linear function z = g(x;y) with the value g(1;2) = 3, with x-derivative 4, and
y-derivative 5.

Solution The graph of g is the plane through the point (1 ;2;3) with slope 4 in the positive
x-direction and slope 5 in the positive y-direction. We use the point-slope equation
(2) with xg = 1;y0=2;20 =3;m1 =4, and my = 5 to see that the plane has the
equation z=3+4(x 1) 5(y 2). The functionis g(x;y)=3+4(x 1) 5y 2).

Example 3 Find a formula for the linear function z = h(x;y) with the values in the following table.

Table 1. Values of z= h(x;y)

Xx= 3 Xx=0 x=3
y=2 8 14 20
y=0 14 20 26
y= 2 20 26 32
Solution Becauseh is linear, its x-derivative is constant and equals the slope of each of its cross

sections in the positive x-direction. Its y-derivative is also constant and equals the slope
of each of its cross sections in the positivey-direction. Therefore, we can use any two
values in any row of Table 1 to calculate the x-derivative and any two values in any

column to nd the y-derivative. With the values h(0;2) = 14 and h(3;2) = 20 in the

rst row, we obtain

@h_ h(3;2) h(0;2) _ 20 14 _

@x 3 0 3 =2

wio

The values h(3; 2) = 20 and h(3;0) = 26 in the last column give

@h_ h(3;2) h(3;0) _ 20 26 _

@y 2 0 2

The z-intercept of the graph of h is its value z = 20 at x = 0;y = 0. By the
slope-intercept equation (1) with my =2;m» = 3, and b= 20, the graph of h has the
equation z=2x 3y +20and h(x;y)=2x 3y +20.

N
1
w
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Level curves of linear functions

The level curves of a linear function f (x;y) = m1x + may + b are horizontal cross sections of the plane
z=my1x + myy + band are parallel lines. The lines are equally spaced if the vdues of the function that

are represented are equally spaced. This is illustrated by the level curves of a linear function in Figure 5,

where the values on the level curves are spaced 6 units apart.

y
20
1 1 [Vd
6 X
FIGURE 5
Example 4 Find a formula for the linear function z = k(x;y) with the level curves in Figure 5.
Solution Because we are told thatk is linear, we can nd its x-derivative from any two values on
any horizontal line in Figure 5 and its y-derivative from any two values on any vertical
line.
Since k(x; 0) increases by k=26 20=6asx changesby x=3 0=3
from x =0 to x =3 on the x-axis, @k _k_ 9:2.
@x X 3
Similarly, k(0;y) changesby k=14 20= 6asyincreaseshy y=2 0=2
: @k k 6
fromy=0to y =2 onthe y-axis,so — = — = — = 3.
y y y @y y >
Since h(0; 0) = 20, the slope-intercept equation with m; = 2;m, = 3, and
b= 20 gives k(x;y) =2x 3y + 20. (Notice that the function k is the same ash from
Example 3.)
Zooming in on level curves of a nonlinear z=f(x;y)

Recall from Section 2.3 that if a function y = f(x) of one variable has a derivative at xg and the
graph y = f (x) is generated by a calculator or computer in a small enough window containing the point
(xo;f (x0)), the displayed portion of the graph will look like a line. T his occurs because the graph is
closely approximated by the tangent line near that point.

What happens if we zoom in on the graph z = f (x;y) of a function of two variables? If the function
has continuous rst derivatives and the viewing window is su ciently small, the viewed portion of the
graph will look like a plane. This occurs because, as will seebelow, the surface has a tangent plane at
each point which closely approximates the surface near the point of tangency.

Since graphs of functions of two variables with continuous rst derivatives look like planes when
viewed in small windows, their level curves in small windows look like parallel lines. This is illustrated by
the level curves of K (x;y) =3 x2y3 + x in Figures 6 through 8. Figure 6 shows level curves in a square
window 0:6 x;y  1:4 of width 0:8. The function has the value 1 on the level curve at the lower | eft, 2
on the next level curve, 3 on the next, 4 on the level curve through (1; 1), up to 16 on the level curve at
the upper right. This portion of the graph does not look much | ike a plane, as is evidenced by the curved
shapes of the level curves.
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y
1:0002
1 _________ 1
0:9998 \ i
< :
\/\ \/\ 1 1 Il 1 1
0:9 1 11 x 0:9998 1 1:0002
K =3;35;:::;55 K =3:9998 :::;4:0002
FIGURE 6 FIGURE 7 FIGURE 8

The level curves are closer to being straight lines in the square window 0:9 x;y  1:1 of width
0:2 in Figure 7, and look like straight lines in the square windo w of width 0 :0004 in Figure 8. Accordingly,
the portion of the graph of z = K (x;y) corresponding to Figure 7 is close to being a plane and the pation
corresponding to Figure 8 is even closer to being a plane.

Equations of tangent planes
If z= f(x;y) has continuous rst derivatives in a circle centered at ( Xg;Yo), then the linear function

L(x;y) = f(xo;y0) + fx(Xo;yo)(x Xo)+ fy(Xo;Yo)(Y Vo) 3)

has the same value and the same rst derivatives at (Xg;Yo) as doesz = f (x;y) and consequently, has
the same directional derivatives in all directions at ( Xg;Yyo) as doesz = f (x;y). This implies that all of
the tangent lines to vertical cross sections of the graph of f through x = Xg;y = yo (Figure 9) are in the
plane that is the graph of L (Figure 10). We de ne that plane to be the tangent plane to the graph of f
at X = Xo;¥ = Yo.

(%05 Yo» f(x05 Y0))

i |

=~ ~
(0> Yo) —d

Tangent lines to vertical cross sections The tangent plane

FIGURE 9 FIGURE 10
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De nition 1 If z = f(x;y) has continuous rst derivatives in a circle centered at (Xg;Yo), then the
tangent plane to its graph at x = Xg;y = yo is

z = f(Xo;y0) + fx(Xo;yo)(X  Xo)+ fy(Xoiyo)(y Yo): “4)
Example 5 Give an equation of the tangent plane to the graph of f (x;y) = x3y4 atx=1;y=2.
Solution We nd the partial derivatives,

fx(x;y) = @@)gx3y4) =3 x2y4 andfy(x;y) = @@)Sx3y4) =4 x3y3:

Formula (4) with (xo;Yo) = (1;2):f(1;2) = (1) 3(2)* = 16;fx(1;2) = 3(1) ?(2)* = 48,
and fy(1;2) = 4(1) 3(2)® = 32 gives the equation for the tangent plane,

z=16+48(x 1)+32(y 2)

Normal vectors
We saw in Section 13.5 that if a plane has the equation

a(x xp)+ by yo)+c(z 2z0)=0 (®)

then the vector n = ha;b;d is perpendicular (normal) to the plane. This leads us to the n ext result.

Theorem 2 (Normal vectors to the graph of z=f(x;y)) If z = f(x;y) has continuous rst
derivatives in an circle centered at (xo;Yo), then

N = hx(xo;Yo);fy(Xo;yo); 1i (6)

is a normal vector to the surface z = f (x;y) at (Xo; Yo;f (Xo; Yo)) -

Proof:  We rewrite equation (4) for the tangent plane to the surface z = f (x;y) at x = Xg;y = Yo as

fx(Xo;y0)(X  xo0)+ fy(Xo;Yo)(y Yo) (z f(Xo0;¥0))=0:

Since this has the form of (5) with a = fx(Xo;Yo0);b= fy(Xo;Yo) and c= 1, the vector (6) is normal to
the surface at X = Xg;y = yo. QED

Example 6 Give a nonzero normal vector at x = 1;y = 2 to the graph of f (x;y) = x3y4 of Example
5.

Solution We saw in Example 5 that fx(1;2) = 48 and fy(1;2) = 32. Formula (6) gives the normal
vector n = M8;32; 1i tothegraphat x=1;y=2.

Example 7 Give an equation of the tangent plane and a nonzero normal vector to the surface
z=2sinx+3&+4at x=0;y=0.

Solution For f =2sin x +3¢’ +4, we have fx = 2cosx and fy = 3¢€’, so that

f (0;0) = 2sin(0) + 3 e +4=7, fx(0;0) =2cos(0) =2, fy(0;0)=3e” =3. By (4) the
tangent plane is z =7 +2 x + 3y, and (6) gives the normal vector n = h2;3; 1i:
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Di erentials and error estimates
Recall from Section 2.8 that the dierentials dx and & to the graph of a function y = f(x) of one

variable at a point ( Xo;f (Xg)) where it has a tangent line are corresponding changes inx and y along
that line (Figure 11). Similarly, the dierentials  dx;dy, and & at a point ( Xo;Yo;f (Xo;Yo0)) where the
graph z = f (x;y) of a function of two variables has a tangent plane are corresponding changes inx;y, and
z along the tangent plane (Figure 12). The quantity o is called the differential or total differential

of f . It can be calculated from dx and dy with the formula in the following de nition.

X0 Xo + dX X
The tangent line at X = Xg The tangent plane atx = Xg;y = Yo
d = f Yxo) dx d = fx(xo;¥o) dx + fy(xo;Yo) dy
FIGURE 11 FIGURE 12
De nition 2 (The dierential of a function with two variable s) If z = f(x;y) has continuous
rst-order derivatives in a circle centered at (Xo;Yo), then the differential (or total differential )

of f at (Xo;VYo) is a function o of the dierentials dx and dy, given by

d = fx(xo0;yo) dx + fy(Xo;Yyo) dy: Y]

Formula (7) comes from equation (4) for the tangent plane with dx = x Xg;dy =y Yyg, and

d = f(x;y) f(Xo;Yo). The dierential o is the approximation of the change in f from its value at
(X0;Yo) to its value at ( xg + dx;yo + dy) that is obtained by using the tangent plane:

f(xo+ dxiyo+ dy) f(xo;y0) o 8)

Di erential notation is convenient in error analysis, as is illustrated in the next example.
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Example 8 The radius of a right circular cylinder is measured to be r = 10 0:01 centimeters

Solution

(meaning that it is measured to be 10 centimeters with an error  0:01) and its height
is measured to beh =15 0:005 centimeters (meaning that it is measured to be 15
centimeters with an error  0:005). Use di erentials to estimate the maximum possible
error in the volume of the cylinder that is calculated using r =10 and h = 15.

The volume of a right circular cylinder of radius r and height hisV = r 2h, for which
Vr = @@r(r 2h) =2 rh andV, = @@é r 2h) = r 2. At r =10;h = 15, these derivatives
have the valuesVy =2 (10)(15) =300 and V, = (102) =100 , and consequently,

dV = V; dr + V,, dh
=300 dr +100 dh:

If the (unknown) exact values of the radius and height are r = 10 + dr and
h =15+ dh, then jdrj 0:01 andjdhj 0:005, and the error in the calculated volume
is approximately

jdvj = j300 dr +100 dhj 300 jdrj+ 100 jdhj
300 (0:01) +100 (0:005) =3:5 = 11 cubic centimeters:

The maximum possible error is approximately 11 cubic centim eters.

Interactive Examples 14.6
Interactive solutions are on the web page http//www.math.u csd.edu/~ashenk/.Y

Give a formula for the linear function z = L(x;y) suchthat Lx =6;Ly = 3,andL(0;0)=7.
Find the linear function z = G(x;y) such that Gx = 3;Gy =10, and G(3;4) =5.

Draw the level curves f = 0; 2; 4 of the linear function f(x;y) = x+2y. Then draw r f at
one point.

2

(a) Give an equation of the tangent plane to z = 3+ X y4 atx=2;y=1. (b) Give a nonzero

normal vector to z = 3+ x° y4 atx=2;y =1

—_— R
Usethetangentplanetoz = ° x2+ y3+10at x =3;y = 2to estimate ° (3:02)2 + (1:97)3 + 10.
Give a decimal value.

What is the dierential of f = x?y® at x =1;y =1?

The angle = % (radians) and the length x =10 (centimeters) of the opposite side of of a right

triangle are used to calculate its area A = %xztan . What is the approximate maximum error

in this calculation if, in fact, = % 0:01 radians and x =10 0:03 centimeters?

YIn the published text the interactive solutions of these exanples will be on an accompanying CD disk which can be run by
any computer browser without using an internet connection.
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Exercises 14.6
AAnswer provided. ©Outline of solution provided. “Graphing calculator or computer required.

CONCEPTS:

1.

The line in an xz-plane with z-intercept b and slope m has the equation z = mx + b. Describe
the plane with this equation in xyz-space.

2. Show that if at least one of the numbers m4 and m» is not zero, then the level curves L = ¢ of
the linear function L(X;y) = miXx + myy + b, are parallel lines in the xy-plane.
3. Show that if at least one of the numbers m1 and m» is not zero, then the level curves where the
linear function L(x;y)= mix + myy + b has integer values are equally spaced.
4. What are the level curves of the linear function L(x;y)= mix+ myy+ bif m; and m;, are both
zero?
5. What functions have constant gradient vectors?
6. What can you say about the graph z = f (x;y) if it has the vertical normal vector n = h0;0; 1i
at x = Xo;y = Yo?
7. Under what conditions is estimate (8) an exact equation for all dx and dy?
BASICS:
8.0 Give an equation for the plane with slope 2 in the positive x-direction, slope 3 in the positive
y-direction, and z-intercept 4.
9.0 Give an equation for the plane that passes through the point ( 5;10; 15) and that has slope %
in the positive x-direction and slope % in the positive y-direction.
10.° (a) Give an equation of the tangent plane to the graph of f (x;y) = x2y Satx= 2;y = 1.
(b) Find a nonzero normal vector to z= x%y 3atx=2;y=1
11.°  Give a formula for the linear function z = P(x;y) whose values are given in the following table.
x= 10 x= 5 x=0 x=5 x =10
y=10 105 95 85 75 65
y=5 55 45 35 25 15
y=0 5 5 15 25 35
y= 5 45 55 65 75 85
12.°  Draw and label the level curves f = 4;f =6, and f = 8 of the linear function f(x;y)=2x y+6.
Then add r f at one point in the drawing.
13.°  Give a formula for the linear function z = L(x;y) such that Lx = 10; Ly = 5,and L(0;0)=8.
14.%  Find the linear function z = G(x;y) such that Gx = 10;Gy = 10, and G(2; 2)=7.
15. What is the linear function z = F(x;y) such that Fx = 25;Fy =50, and F(1;1) = 100?
16.°  Values of a function z = M (x;y) are given in the next table. Is it possible that M is linear? If

so, give a formula for such a function.

x =20 x =30 X = 40
y =80 10 15 20
y =70 20 25 30
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Values of a function z = N (x;y) are given in the next table. Is it possible that N is linear? If so,
give a formula for such a function.
x= 5 x=0 x=5
y=10 50 30 10
y=5 40 25 0
Values of a function z = P (x;y) are given in the next table. Is it possible that P is linear? If so,
give a formula for such a function.
x=0 x =10 x =20
y=0 0 4 8
Give a formula for the linear function z = M (x;y) with the values M (1;1) = 10; M (6; 1) = 30,
and M (1;6) =0
Draw the level curves g= 12; 6;0;6 of the linear function g(x;y) =3x 3. Thendraw r g at
one point.
Draw the level curves h=0; 4; 8; 12; 16 of the linear function h(x;y)=2x 4y 8. Then
draw r h at one point.
Find the linear function z = L(x;y) with the level curves in Figure 13.
y
\E
) k
NN N X
FIGURE 13 B
Find the linear function z = M (x;y) with the level curves in Figure 14.
y
el
(o |
21— o |-
FIGURE 14 ' '
2 4 X
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24, Find the linear function z = N (x;y) with the level curves in Figure 15.

FIGURE 15 e

In Exercises 25 through 32 give (a) equations of the tangent planes and (b) nonzero normal vectors to
the surfaces at the given values ofx and y.

25.° z=sinxcosyatx=3;y =1 289 z=esinyatx=2;y=%
26" z=xe Yatx=3;y=0 294 z= %In(x2+y2)atx:3;y:4
27. z:x3y ylzzatx:2;y:4 30. z:sinxcosyatx:%;y:

In Exercises 31 through 35 use the indicated tangent plane to estimate the speci ed value of the function.
Give decimal values.

R . 9
31.° Usethetangentplanetoz= * x2+ y2+8at x =2;y =2 to estimate ° (2:03)2 + (1:97)2 +8.
32.A Yse the tangent plane to z = x1¥2y 172 at x = 9;y = 4 to nd the approximate value of
9:003=3:998.
33. Use the tangent plane to z = (x2 y2)3:2 at x =5,y =4 to estimate [(5 :003)2 (4:002)2]3:2.
34.°  Usethetangent planeto z = In( x*°+y'®) at x = 1;y = 1 to estimate In[(1 :0003)*°+(0 :9995)!°].
35. Use the tangent plane to z = (x3 + y5 +1) Satx = 2;y =1 to nd the approximate value of
[(1:99)% + (1:02)° + 1) 3.
In Exercises 36 through 39, nd the di erentials of the funct ions at the given values of x and y.

36.° f=Pxyatx=2:y=8 382 W=e¢Y atx=2:y= 3

374 G=In(x 3y)atx=5;y=1 39. H=x* y’+4xyatx=2;y=3

Use di erentials to estimate the errors in Exercises 40 thro ugh 44.

40. The quantity x is measured to be 1 with an error no greater than 3 10 4 and the quantity y is
measured to be 1 with an error no greater than 5 10 *. The numbersx =1 and y= 1 are

then used to calculate Z (x;y) = x2y3. Use di erentials to estimate the maximum possible error
in the calculated value of Z.

41.%  The width w = 3 meters and height h = 5 meters pf a rectangle are used to calculate its area
A = wh. What is the approximate maximum error in this calculation i f width w =3  0:02
meters and height h =5  0:03 meters?

42. The numbers x =9 and y = 4 are used to calculate their geometric mean M = x'72y1=2 What
is the approximate maximum error in this calculation if x =9 0:003 andy =4 0:002?

43. The width x = 3 centimeters and weight w = 150 grams of a metal cube are used to calculate its
density = w=x3. What is the approximate maximum error in this calculationi fx =3 0:005

centimeters and weight w =150 0:01 grams?
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44,

The radius of the base of a right circular cone is measured to be 2 feet with a possible error of
up to 0.002 feet. The height is measured to be 7 feet with a possble error of up to 0.01 feet. Use
di erentials to estimate the maximum possible error in the ¢ alculated volume V = 3 r 2h of the
cone.

EXPLORATION:

45,
46.

47.

48.A

49.A

50.A

C51.

Give an equation of the tangent planeto z=4+6x 2y atx=1;y=5.

The tangent plane to the graph of z= W(x;y)at x=3;y=6is z=14 12(x 3)+7(y 6).
What are W (3;6), Wx(3;6), and Wy (3;6)?

Give a formula with two parameters for all functions z = f (x;y) whose level curves are the lines
y = x + m with constant m.

The radius of a right circluar cone is measured to be r =3  0:01 inches and its height to be
h =4 0:005 inches. Use di erentials to estimate the resulting error in the calculated lateral
surface areaA = r  r2+ h2,

The side opposite the angle in a right triangle is measured to be 3 inches and the hypotenuse

is measured to be 5 inches with possible errors of up to 0.01 irthes in each measurement. Use
di erentials to estimate the maximum possible error in the v alue of calculated using the inverse

sine function.

The height h of a right circular cone is measured to be 15 meters with a possble error of up to
1 centimeter. The angle between the elements of the cone and its axis is measured to be30
with a possible error of up to 1 . Use di erentials to estimate the maximum possible error in the
calculated volume of the cone.

Generate three level curves off (x;y) = x8y + X 8y in a small enough window centered at (1; 1)
so that the level curves appear as parallel lines. Copy and label the level curves.

(End of Section 14.6)



