Section 1.4 (1/3/08)

Limits involving infinity
OVERVIEW: In later chapters we will need notation and terminology to describe the behavior of functions
in cases where the variable or the value of the function becomes large. We say that x or y TENDS TO oo if
it becomes an arbitrarily large positive number and that x or y TENDS TO —oo if it becomes an arbitrarily
large negative number.’ These concepts are the basis of the definitions of several types of limits that we
discuss in this section.
Topics:

e Infinite limits as X — Fo0

o Finite limits as X — oo

e One-sided and two-sided infinite limits

e Infinite limits of transcendental functions

Infinite limits as x — +oo

Imagine a point that moves on the curve y = z3 in Figure 1. As the z-coordinate of the point increases
through all positive values, the point moves to the right and rises higher and higher, so that it is eventually
above any horizontal line, no matter how high it is. We say that 23 TENDS TO 0o AS z TENDS TO oo and
write

. 3
lim z° = co.
r—00 ) 3

FIGURE 1

Similarly, as the xz-coordinate of the point decreases through all negative values, the point moves
to the left and drops lower and lower so that it is eventually beneath any horizontal line, regardless how
low it is. We say that 23 TENDS TO —00 AS 2 TENDS TO —oo, and we write

. 3
lim z° = —c0.
r— — 00

The function y = 2> illustrates the first and fourth parts of the following definition.

Definition 1 (Infinite limits as X tends to +o0)

(a) lim f(x) = oo if f(x) is an arbitrarily large positive number for all sufficiently large positive x.
Tr— 00

(b) lim f(x) = —oo if f(x) is an arbitrarily large negative number for all sufficiently large
positive x. o

(¢) lim f(z) = oo if f(x) is an arbitrarily large positive number for all sufficiently large
negative x.xﬂioo

(d) Em f(x) = —oo if f(z) is an arbitrarily large negative number for all sufficiently large
negative x.w -

TWhen we say that a negative number x or y is “large,” we mean that its absolute value is large.

36
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Parts (a) and (b) of this definition apply only if f is defined on an interval (a, o) for some number
a, and parts (¢) and (d) apply only if f is defined on (—o0,d) for some b.

We can often determine the types of limits described in Definition 1 from the graphs of the
functions, as in the next example.

Example 1 What are lim z2 and lim z%?
Tr— 00 r— —00
SOLUTION The graph in Figure 2 shows that lim 22 =ocoand lim 2 =oc. O
Tr— 00 Tr— —0Q0
Y
y=a"
4L
2 -
| | | |
FIGURE 2 D) 1 1 9

The next example illustrates a basic principle: any polynomial has the same limits as * — oo and
as x — —oo as its term involving the highest power of x.

Example 2 Find lim (2x4 —112%) and  lim (2x4 — 112%).
T— 00 T——00
SOLUTION We can expect that the limits as z — oo of 2z* — 112 will be those of its highest

degree term 22%, so that

lim (2954 —112%) = lim (22%) =

lim (22! —112%) = lim (22%) = .
Tr—r— 00 Tr—r— 00

To verify these conclusions, we factor out the highest power of 2zt — 1123 by

writing for x # 0,
2% — 1123 = o* <2 - E) :
T

This quantity tends to co as  — oo and as © — —oo because 2 — 11/x tends to 2 and
2% tends to co. Properties (1) of the function y = 224 — 1123 can also be seen from its

graph in Figure 3. [

200

Yy = 274 — 1123 4 T
FIGURE 3
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Finite limits as x — +co

The function y =1 —1/(1 + xz) of Figure 4 has a different sort of behavior for large positive and large
negative z. Because 1/(1 + z2) is very small for large positive or negative z, the value 1 — 1/(1 + 22)
approaches 1 and the graph approaches the horizontal line y = 1 as ¢ — oo and as * — —oo. We say
that the LIMIT of 1 — 1/(1 + %) as z tends to oo or to —oo is 1, and we write

lim 1-— 12 =1 and lim 1— 12 =1.
Z—00 142 T——00 142

1 | | | | | | | |
1422 -4 =2 2 4 x

y=1-

FIGURE 4

Here is a general definition of this type of limit:

Definition 2 (Finite limits as X tends to +00)
(a) lim f(x) = L with a number L if f(x) is arbitrarily close to L for all sufficiently large
r— 00
positive x.

(b) lim f(x) = L with a number L if f(x) is arbitrarily close to L for all sufficiently large
T——00

negative x.

If lim f(z) = L or lim f(z) = L, then the line y = L is a HORIZONTAL ASYMPTOTE of the
r— 00 r— —00

graph. The line y = 1, for example, is a horizontal asymptote of the graph in Figure 4.

4
-2
Example 3 Calculate the values of f(z) = % at x = +100, 1000, and + 10,000 and use
l1+2"+=x
. . 3 —27%
the results to predict the limits of ——— 7 as ¢ — oo and as ¢ — —oo.
1+2" 4+
3— 2%
SOLUTION The values in the table below suggest that lim ————— = —2 and
z—oo 1 +o2” +x
4
—2
z—ooo 1+ 2”4+
x ‘ —10,000 ‘ —1000 ‘ —100 ‘ 100 ‘ 1000 ‘ 10,000
_ 9.7
1327134 —1.99999998 ‘ —1.99999800 ‘ —1.99979997 ‘ —1.99979997 ‘ —1.99999800 ‘ —1.99999998
+x" +x

The limits as £ — 400 of a quotient of polynomials or other linear combinations of powers are
the limits of the quotient of the highest-degree terms. If the numerator and denominator have the same
degree, as in Example 3, this can be verified by dividing the numerator and denominator by z", where
n is the degree of the numerator and denominator.
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3— 22" 3— 2%
Example 4 Find lim ———— and lim ———.
e A o z——00 1 +2° +2x

SOLUTION Since the term of highest degree in the numerator is —22* and the term of highest
degree in the denominator is x4, we can anticipate that

4
-2 -2
lim 20— lim T2 fin (-2) = -2,
r—too | + x4+ z—*oco r—+o00

To verify this, we divide the numerator and denominator of the given function
by z* to obtain for z # 0,

4 %_2
3—2z T

1—|—x2—|—x4

1 1

= + -5 +1

T T

Then, since 3/x4, 1/953, and 1/z tend to 0 as ¢ — +o0,

4
-2 -2
T—too | 4 x° 4+ 1

The line y = —2 is a horizontal asymptote of the graph (Figure 5). [

y 3—2x
1+x2+x4

FIGURE 5

If the numerator and denominator of a quotient of polynomials are of different degrees, we find
the limits of the quotient as x — oo by dividing the numerator and denominator by =", where n is the
lower of the two degrees.
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1 1
Example 5 Find lim 3:5 + and lim 3:5 + .
T—00 _|_1 r——00 _|_1

SOLUTION Since the terms of highest degree in the numerator and denominator are 3x and z2,

respectively, we anticipate that

. 3x+1 . 3x . 3
lim 5 = lim — = lim — =0.
T—00 % 4+ 1 T—00 o r—00 T

The numerator is of degree 1 and the denominator is of degree 2, so to verify
this conclusion we divide both by = = z'. We obtain

_ 3z+4+1 . 3+z ¢
lim — = lim ———~
T—00 _|_1 x—>oo$_|_$

=0.

The last expression tends to 0 as x tends to co because the numerator 3 + 27! tends
to 3 and the denominator z + 2! tends to co.

By the same reasoning,

1

. 3 1 . 3 a
lim 3; T lim L_l =0.0
T——00 _|_1 T——00 x4+
23—z g
Example 6 What are lim and lim ?
T—00 1 T——00 = 4 1
@~z z°
SOLUTION We anticipate that y = has the same limits as z — Ho00 as y = — = x, so that
z°+1 x

it tends to co as x — oo and tends to —oo as T — —oo.
To verify this, we divide the numerator and denominator by 22 to obtain
3 —1
-z x-—=

= for x # 0.
2 +1 1422

Since 27! and 272 tend to 0 as z — +o00, the last equation shows that

. S~ . z—az !
lim = lim 5 = 00
00 p¥ 41 o0 4 g
2 z—x !
lim = lim ——= = —0c0.

w——co g2 41 a——]4g

One-sided and two-sided infinite limits
Figure 6 shows the graph of y = 1/x. Because its values become arbitrarily large positive numbers as z
approaches 0 from the right and become arbitrarily large negative numbers as x approaches 0 from the
left, we say that y = 1/2 TENDS TO oo as « tends to 0 from the right and TENDS TO —oo as x approaches
0 from the left. We write
1 1
lim — =00 and lim — = oo.
z—0t T z—0— T
In contrast, the values of y = l/gc2 in Figure 7 become arbitrarily large positive numbers as x
approaches 0 from either side, so we say that y = 1/ZE2 tends to co as x tends to 0. We write
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Y

_1 L

Y= - 2k
1 -

| | | | 1 -

1 T
| |
B 1 T
FIGURE 6 FIGURE 7

These functions illustrate the following definition:

Definition 3 (Infinite one-sided and two-sided limits)

(a) lim+ f(z) = oo if f(x) is an arbitrarily large positive number for all x > a sufficiently close
r—a

to a.
(b) lim f(x) = oo if f(x) is an arbitrarily large positive number for all x < a sufficiently close
to a. e
(c) xlir;1+ f(x) = —oco if f(x) is an arbitrarily large negative number for all x > a sufficiently close
to a.
(d) lim f(x) = —ocoif f(x) is an arbitrarily large negative number for all z < a sufficiently close
Tr—a
to a.

(e) lim f(z) = o0 if lim+ f(z) = o0 and lim f(z) = oo.
(f) lim f(z) = —ocoif lim f(z)=—o0 and lim f(z)= —o0c.

T—a r—at r—a~

The line z = a is a VERTICAL ASYMPTOTE of y = f(z) if f(x) — oo or f(z) — —co as  — a™
or as x — a . The y-axis (z = 0), for example, is the vertical asymptote of y = 1/x in Figure 6 and of
y= 1/ac2 in Figure 7.
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Example 7 A company produces a chemical at a cost of $20 per liter plus a daily overhead (fixed
cost) of $1000. (a) What is the company’s total cost C = C(z) to produce z liters in
a day? (b) What is the average total cost A = A(z) per liter if = liters are produced
in a day? (c) Find lim A(x) and lim A(z) and explain the results.
T—00 rz—07t
SOLUTION (a) It costs [20 dollars per liter][x liters] = 202 dollars to produce z liters, plus 1000
dollars overhead, so C'(z) = 1000 4 20z (dollars). The graph of this function is the line
in Figure 8.
C' (dollars) C = C(z) A (dollars per liter) 4 _ A(z)
5000 - 80 L
4000 o L
3000 | "
L 40 -
2000 -
1000 0 prommmmmmm T
L e PRI S HURSSH BRSNS BR S
50 100 150 x 50 100 150 T
(liters) (liters)
1
C(z) = 1000 + 2z Az) = % +20
FIGURE 8 FIGURE 9
(b) The average cost per liter is
Alz) = C(x) .dollars _ 1000 + 20z _ 1000 420 dc?Hars' @)
x liters x x liter
(¢) As can be seen from (2)
lim A(z) = lim [@ + 20} =20 dollars (3)
T— 00 r— 00 T
and
lim A(z) = lim [@ + 20} = 00. (4)
z—0t T— 00 x

Consequently, the graph of the average cost in Figure 9 has the line A = 20 as a
horizontal asymptote and the A-axis as a vertical asymptote.

The average cost per liter A(z) is close to 20 for large x, as indicated by (3),
because if x is large, the overhead is spread out over a large number of liters of the
chemical and the average cost is close to the cost of one liter with no overhead. The
average cost is very large for very small x, as indicated by (4), because for small = the
overhead has to be covered by a small volume of the chemical. []
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Example 8 Find lirrb (21‘72 +42? — x3).
xr—
SOLUTION Since 422 — 22 tends to 0 as x — 0,
. -2 2 3 . -2 . 2
lim (227" + 42 —2°) = lim 22"~ = lim —5 = 0o.
z—0 z—0 z—0 g

This property can be seen from the graph of y = 2272 +42% — 2% in Figure 10. [J

FIGURE 10

A quotient y = p(z)/q(z) of polynomials has a vertical asymptote at any a such that g(a) = 0
and p(a) # 0 since the denominator tends to 0 and the numerator tends to the nonzero number p(a) as
x — a. The behavior of the graph on both sides of the asymptote can be found by determining whether
the function is positive or negative for x slightly greater than a and for x slightly less than at

3 3 3
x x x
Example 9 Find (a) lim —— (b) lim —— d (¢) lim ——.
xamp in ()mir?+x_1,()xir§1_x_1,an (c) lim ——
3
SOLUTION (a) The graph y = w—l has a vertical asymptote at x = 1, where the denominator is
T —
3
0 and the numerator is not zero. Because z> and z — 1 are positive for z > 1, y = 1
T —
3
is positive for x > 1. Therefore, lim = 0.
z—o1+ T —1

(b) On the other hand, 23 is positive and x —1 is negative for 0 < z < 1. Consequently,
3 3

= —oo. These limits

T
y =
T —
are shown by the graph of the function in Figure 11.
3

1 is negative for 0 < = < 1. Consequently, lim
r—1— T —

= oo is not defined because the one sided limits

(c¢) The two-sided limit lim
z—1t T — 1

are different. []

t1 p(a) = 0 and g(a) = 0, then a power of * — a must be factored from the numerator and denominator and cancelled so
that the new numerator and/or the new denominator are not zero at a before you can determine whether the graph has a vertical
asymptote at * = a.
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3
_ X
y=——7 15
10
\5
1
-2 -1
-5

FIGURE 11

Infinite limits of transcendental functions

The exponential function y = €* tends to co as  — oo tend to 0 as z — —oo (Figure 12). The logarithm
y =Inz tends to —oo as z — 0T and tend to oo as x — oo (Figure 13).

y y=e" y y=Inz
4+ 2 r
2 - | 1 | 1 | 1
2 4 6 T
! 4_4«-./ \ | . I -9
—4 —2 2 4 z
FIGURE 12 FIGURE 13

The next example deals with a function constructed from y = e*.

Example 10 Figure 14 shows the curve y = e'/*. Explain why (a) hI:E et/® = 1,
Tr— o0
(b) lim el/® = 0o, and (¢) lim et/ =0,
x—0t r—0~
Yy
- y = el/m
4 -
2 -
m P R B
FIGURE 14 T N
SOLUTION (a) lim ¢!/ = 1 because z = 1/z — 0 as © — +o0o and lim e* = ¢” = 1.
r—+o0 z—0
im e /" =00 because z =1/ — 00 as x — 0" and lim e* = co.
b) lim e'/” b 1 0% and lim ¢*
z—0+ z—00
(¢) lim e'/® = 0 because z = 1/ - —ccasx — 0" and lim e* =0. O

r—0~

Z——00
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The trigonometric functions do not have limits as © — 400 because they are periodic. The inverse
sine and cosine functions do not have limits as x — +o0o because they are defined only for —1 < x < 1. The
inverse tangent function, in contrast, tends to %ﬂ' as & — oo and tends to —%7‘(’ as ¢ — —oo (Figure 15).

Yy = tan 'z I

FIGURE 15

The tangent, cotangent, secant, and cosecant functions have infinite one-sided limits at the points
where their denominators are zero. Other functions constructed from trigonometric functions can also
have infinite limits, as in the next example.

Example 11 Find (a) lim €8T and (b) lim oSt
x—07F z—0~
SOLUTION (a) For small positive x, cos z is close to cos(0) = 1 and 1/ is a large positive number,
. cosz
so lim =00
x—0t X
(b) For small negative x, cos x is close to cos(0) = 1 and 1/z is a large negative number,
so lim 2% — oo, These properties can be seen from the graph in Figure 16. [
r—0— T
Y
_cosw
| oz

/\./\ LN\

BRI AV

FIGURE 16
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Example 12 Find (a) lim tan ' (e”) and (b) lim tan ' (e”).
xr— 00 r— —00
SOLUTION (a) tan (%) — %W as @ — oo because e — oo as @ — oo and tan 1y — %’/T as
Yy — 00.
(b) tan '(e®) — 0 as © — —oo because e® — 0 as & — —oo and tan 1y — 0 as y — 0
(Figure 17)

FIGURE 17

Interactive Examples 1.4
Interactive solutions are on the web page http//www.math.ucsd.edu/ ashenk/.

1. Find (a) lim f(z) and (b) lim f(z) for f(z) = 322 — 2*.©(c) Generate the graph of f in
Tr— 00 r— —00
the window —2 < x < 2,—-3 <y < 3 as a partial check of your answers.
3
2. What are the limits of g(z) = # (a) as z — oo and (b) as z — —00? ¢(c) Generate
- —2x +
the graph of g in the window —6 <z <9,—5 <y < 15 as a partial check of your answers.
3. Find (a) xlirgl+ L __4; and (b) xlirgi 13:_—4;'
3
4. Find lim ——.
z—=1 (x4 1)
5. What are the limits of y = 1 (a) asz — 0", (b) asz — 1~ (c) asz — 1" and

Inz
(d) as  — co? (See Figure 18.)

FIGURE 18

In the published text the interactive solutions of these examples will be on an accompanying CD disk which can be run by

any computer browser without using an internet connection.
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Exercises 1.4

A Answer provided. ©Outline of solution provided. cGraphing calculator or computer required.

CONCEPTS:

1.

What is lim [f(z) —200] if lim f(z) = oo?
Tr— 00 r— 00

2. What is lim [f(z) —200] if lim f(z) =07
Tr— 00 r— 00
3. What is lim [200 — f(x)] if lim f(z) = —o0?
r— 00 T— 00
4. What is lim L if lim f(x) =0 and f(z) > 0 for z > 10007
1
5. What is lim —— if lim f(z) =0 and f(x) < 0 for 0 < = < 0.00017?
Jm sy 1 m (z) f(z)
6. Suppose that = 1 is an asymptote of y = f(z). Why is z = 1 also an asympote of y = [f(x)]27
7. (a) Explain the shape of the graph y = zsinz in Figure 19. (b) Use Definitions la and 1b to
explain why y = z sin z does not tend to co or —oco as © — oo.
y==xsinx
FIGURE 19
BASICS:
8.0 Figure 20 shows the graph of the polynomial p(z) = —223 + 522 + 2 Use the formula to find

(a) lim p(z) and (b) lim p(z).

y = p(z)

10 -

FIGURE 20 —10 -
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2
9.0 Figure 21 shows the graph of % Use the formula to find (a) lim f(z), (b) lim f(x),
( )2 T—00 T——00

z—1
and (c) lim1 f(x).

Y
| y=f(z)
6|
4|
2!
FIGURE 21 P — R N
-2 L2 4 6 =z
10.°  What is lim 10\/__5
r—o0 2T+ 4
o i i : z—a°
11. Find lim y(z) and lim y(z), where y(x) = 1

12.0  What is lim
z—00 1 4 25

g7

13.° Find (a) lim _r and (b) lim ———.
( ) r—4+ ($—4)3 ( ) r—4— (27—4)3

In Exercises 14 through 21 use the formulas to find (a) lim f(z) and (b) lim f(z).%(c) Generate
Tr— 00 Tr— —0Q

the graphs in the given windows as a partial check of your answers.
14.°  f(z)=42® — 23 (=2 <2 <5,-10 < y < 15)

159 f(z) =z —g2° (-3<2<3,-2<y<?)

165 f(z) =z + 32° (—2<x§2,—4§yg4)

17. f(z) = =3z + 222 —395 (-1<2<5,-3<y<3)
2
-1

18°  f(a)= 55— (-4<z<4,-15<y<15)
- +1
ZL'Q

194 f(2) = 2(—15§x§20,—15§y§20)
_

20, flo)=2 L (ca<e<a,-6<y<s)
- —1
ZL'?)

21, fo)= 7 (-5 <7 <4,-20 <y < 20)
— X

In Exercises 22 through 25 use the formulas to find (a) lim f(z), (b) lim f(z), (c) lim+ f(x),
T—00 T— —00 z—0

(d) lim f(x), and (e) limof(x). C(f) Generate the graphs in the given windows as a partial check of
0— T—

your xa_I;SWGI‘S.

220 f(z)=4-2"+1/z (-3<2<3,-4<y<8B)
1

23.  fl@)=22+—(-3<2<3,-8<y<8)
X
1

24 f(z)=2"- = (-3<2<3,-5<y<5h)
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1
25. f(z)=2%—-= (-3<z<3,-10<y<10)
T
0 . . 1—=x
26. Find lim —.
r—2 ((I} _ 2)
. . +5 . T+5
272 Find 1 d 1 :
me ez —10 M -7 =10
2
28.  Find lim ————.
z—3 (r — 3)
29.A  What is lim cos(e™™)?
r— 00
30. Find lim tan_l(l/:p).
x—0Tt
EXPLORATION:

In Exercises 31 and 32 use the formulas to find (a) lim f(z), (b) lim f(z), (c) hm+ f(=),
T—00 T——00 z—0

(d) lim f(z), and (e) limof(x). C(f) Generate the graphs in the given windows as a partial check of
z—0" T—

your answers.

31.0

32.

33.A

34.

36.

fl@)=(2+1/z)(3-5/2%) (-6 <z <4,-6<y<8y)

f(x)—<$2+i2> (1—z+2") (-2<2 <2, -5 <y<25)
X

What is lim M if lim F(z) = o0?
z—0 F(ZE) + 2 z—0

5Vz

Find lim 5-
z—00 (1 + /)
x
What are the aympototes of y = e—x?
1+e
Explain why lim secx = oo (a) by using properties of y = cosz and (b) by using

z—(mw/2)~
Figure 22 with the definition of y = secz from trigonmetry.

FIGURE 22 1
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37.

38.

39.

40.

41.

42,

43.

Section 1.4, Limits involving infinity

The curve y = = — 4tan! z in Figure 23 has two nonhorizontal, nonvertical asymptotes. What

are they?

\
NS
\
\

\
T T T T

LI UL LR

FIGURE 23

FIGURE 24

Find the limits of y = tan ! (1/z) in Figure 24 as  — 400 and as  — 0.

Which of the curves (a) y = cos <1

in Figure 267 Explain.

1 = sin 1
x2> (b) y= (1

2) is in Figure 25 and which is
x

(Inz)? —10lnz +25

3 2
Find lm — — 2
z—2t 2° —4dx +4

What is the number C' if lim Ccosx is a number L?
Tr— 00

(End of Section 1.4)

Y Yy
1 | 1 | 1
B E— —2 2 x
—2 2 T
FIGURE 25 FIGURE 26
What are the asymptotes of y = Inz ?
Inz—1
What are the asymptotes of y = L ?



