Section 6.8 (3/20/08)

Integration by substitution

Overview: With the Fundamental Theorem of Calculus every dierentiat ion formula translates into
integration formula. In this section we discuss the techniq ue of integration by substitution which
comes from the Chain Rule for derivatives. Then we use it with integration formulas from earlier sections.
We end the section with a discussion of some of the highlights in the history of the integral.

Topics:
Integration by substitution
Substitution in de nite integrals
Special linear substitutions
Integrals of tangents, cotangents, secants, and cosecants
History of the integral

Integration by substitution
We begin with the following result.

Theorem 1 (Integration by substitution in inde nite integr als) If y = g(u) is continuous on an
open interval and u = u(x) is a di erentiable function whose values are in the interval , then

o) S ax = g(u) du: &

Equation (1) states that an x-antiderivative of g(u) 3—; is a u-antiderivative of g(u). Formula (1) is

called integration by substitution because the variablex in the integral on the left of (1) is replaced
by the substitute variable u in the integral on the right.

Proof of Theorem 1: Suppose thaty = G(u) is a u-antiderivative of y = g(u)¥, so that Go(u) = g(u)
and Z

g(u) du = G(u) + C: 2

The Chain Rule gives, with u = u(x),

d _ 0, du _ du
SleWI= 6% = gu) 3

The last equation shows that y = G(u) is an x-antiderivative of g(u) :—; so that
Z
(u) du dx = G(u)+ C: (3)
9 G '

Equations (2) and (3) give (1). There is no constant C of integration in equation (1) because there are
inde nite integrals on both sides. QED

YPart Il of the Fundamental Theorem in Section 6.4 implies that every continuous function has antiderivatives.
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We use Leibniz notation for the derivative du=dx in the integrals on the left of (1) so that we can
use the formula
_du

du-a

dx

in our calculations. Here du=dx denotes the derivative of the function u = u(x); dx is the symbol that is
used in integrals with x as variable; and du is the symbol in integrals with u as variable.

When we apply substitution to the integration formulas from earlier sections, we obtain the
following list.

Z d Z
Mk Wdu= L W"leC forne 1
dx n+1
z 1d z 1
u .
I = — = +
udxdx udu In juj+ C
Z d Z
e Yax= ddu=e'+cC
dx
Z Z
b du dx= B du= — B +C for positive b6 1
dx In(b)
Z Z
du .
cosu&dx: cosudu=sinu+ C
Z Z
. du .
smu&dxz sinudu= cosu+ C
Z d Z
se@uﬁdx: sefudu=tan u+ C
Z q Z
cs@u%dx: csfudu= cotu+ C
Z d Z
secu tan u £ dx = secutanu du =secu+ C
Z q Z
cscucotu%dx: cscucotudu= cscu+ C
Z Z
1 du 1 -
p——— - dx= pP———=du=sin — +C fora>0
a2 y2 adx a2 u2
z 1 d z 1 1
u _ _ 1 -1 E
2102 OIde— a2+u2du—atan a + C fora>0
Z q Z
coshu&dx: coshudu=sinhu+ C
Z q Z
sinhu % dx = sinhudu =coshu+ C

As will be shown in examples, we choose substitutions that put integrals we want to nd in the
forms of the rst integrals in the above equations. The second integrals in these equations are then used
in the actual calculations.

In many cases the appropriate substitution for a particular integral is one that simpli es the most
complicated part of the integrand.
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Z
Example 1 Find the antiderivative (x2 +1) 5(2x) dx.

Solution Because the most complicated part of the integrand in this ex ample is (x2 +1) 5 we try
the substitution u = x? + 1 which would convert ( x? + 1) ® into u®. Then we calculate

_ du _ d 2 _ .
du = &dX— &(x +1) dx =2xdx:

With this u and du, the given integral takes the form,

VA VA
(x2 +1) 5(2x) dx = u® du:

The u-integration can be carried out using the formula,
A
u’du= i+ C
Then we substitute the formula u = x? + 1 for the nal answer:
Z Z
(x?+1)°@x)dx=  u’du= 3u®+C= F(x*+1)°+ C: [

As with any inde nite integral, we can check Example 1 by die rentiating the result. This requires
the Chain Rule because the technique of substitution is derived from the Chain Rule. We obtain

% 1x?+)® = g[6<x2+1)51%(x2+1>:(x2+2)5(2x):

The formula for the inde nite integral in Example 1 is correc t because its derivative is the original
integrand.

Usually when we carry out an integration by substitution, we have to adjust a constant in the
integrand to construct du. This procedureis illustrated in the next example.

. . P
Example 2 Perform the integration x3 X% +16 dx.
Solution Because the most complicated part of the integrand is the square root of x*+16 in the

integral, we use the substitution u = x* + 16, for which g—z = %(x4 +16) =4 x° and

du = d—udx =4x° dx:
dx

To make this substitution, we construct du from the dx and other elements of
the integral. First, we move the x3 next to the dx to have

Z o Zn
x3 x4+16 dx = x4+ 16 (x3 dx):

4

p

The integral on the right of the last equation would equal u du if it contained

4x3 dx instead of x3 dx. Since the missing factor 4 is a constant, we can insert it if we
compensate by dividing the entire integral by 4. We write
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z
3P

x° x4+ 16 dx

p—
x4 +16 (x3 dx)

P
i x4 +16 (4x3 dx) (4)

udu= % ut™? du

To nish the example, we carry out the u-integration and put the result in terms of
the original variable x by setting u = x4 +16. We obtain

z

3P

x° x4+16 dx = =

I
c
i
|1
N
Q
c
1
I
c
w
Il
N
+
@]

w2+ Cc= qutPr c= g +16)%P+ C [

|
I
win

Notice the transition from the rst integral to the third int  egral in (4). post calculations in

mathematics involve simplifying expressions. Here, instead, we put the integral x3 Xx%¥+16 dx in

. p .
the more complicated form 3~ x#+16 (4x3 dx) in order to construct du = 4x dx from the terms

x3 dx in the original integral.

Z _
. S cos(p X)
Example 3 Find the antiderivatives —fai— dx.
. , . _— _Po_ 121, 1=2_ 1
Solution The key here is to recognize that the derivative of u = = x = X~ is 5X = $—,S0

2 X
that du = Eé_i dx. To make this substitution, we divide and multiply by 2 and ob tain

Z _
Efsa@dxzz cos(pi) Erél—idx =2 cosudu

=2sinu+ C =2sin p? + C: [

Substitution in de nite integrals
Often the easiest way to evaluate a de nite integral by subst itution is to make the substitution in the
corresponding inde nite integral.

10x

Example 4 Figure 1 shows the region betweeny = W and the x-axis for
X"+

0 x 3. Find its area.

y y= 10x
3_
2_
1

FIGURE 1
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Solution Because( 5 D 5> Is nonnegative for 0 x 3, the area is given by the integral,
X~ +
EIPT
[Area] = 5 .3 dx
o (X“+1)

We evaluate this de nite integral by making a change of varia bles in the
corresponding inde nite integral. We use the substitution u = x? + 1, for which
du = %(x2 +1) dx = 2x dx: To construct du from x dx, we write 10 = 5(2) and
put the 2 with the x and dx to obtain

‘ 10x ‘ 1 ‘ 1

(x=+1) 7 (x=+1) u
=5 u 2du= 5u l+cC
= 5x%+1) l+cC= 5> s
x%+1
Then we have
[Area] = % dx = % dx
o (x*+1) (x*+2) 0
i i h i
5 '3 5 5 5 9
= = —- ——— = >+5= 3. [1
x2+1 0 FP+1 0% +1 10 2
Z,
Example 5 Find the value of sin( x ) dx.
0
Solution We start with the inde nite integral. We use the change of var iablesu = x , for which

d
du= &(x)dX— dx:

To construct du from the dx in the integrand we multiply and divide by

Z

sin(x ) dx = 1

We perform the u-integration and substitute the formula for

z 1
sin(x)dx= =

4 4

sin(x)( dx)= 1 sinu du:

u in terms of x:

4

sinu du 1cosu+ C= 1cos(x )+ C:

Then we evaluate the de nite integral:

Z, z

sin(x ) dx =
0

We used the values cos() =

[ Leos() [ teos@)= I p+ i=

1 11
sin( x ) dx —cos(x )
0 0

2

1 and cos(0) = 1 to simplify the result. [
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We can also make substitutions directly in de nite integral s by switching the limits of integration
to values of the new variable. We use the following result.

Theorem 2 (Integration by substitution in de nite integral s) If y = g(u) is continuous on an
open interval and u = u(x) is a di erentiable function whose values are in the interval , then for a and b
in the domain of u,

Z,—y d Z y=u@v)
g(u) 5 dx = g(u) du: (5)

Xx=a u=u(a)

Proof:  Suppose that G(u) is an antiderivative of g(u). Then

Zy—p du Z y—p Z =u()
g(u) — dx = —[G u(x) Jdx = G u(b) G u(a) = g(u) du: ged
Xx=a dx X=a dx u=u(a)
Z,
Example 6 Evaluate the integral e 2 dx by making a change of variables in the de nite
0
integral.
Solution We use the change of variablesu =  2x, for which g_;j = %( 2x) = 2 and

consequentlydu = 2dx: We also note that u(0) = 2(0)=0and u(l)= 2(1)= 2,
so that u goes from0to 2 asx goes from 0 to 1. We display this information by writing

0! 2 as 0! 1 (6)
X

u

We construct du = 2dx from dx by multiplying and dividing by 2, change
the limits of integration as indicated in (6), and then carry out the u-integration:

Z, Z,— Z,= >
e Xdx= 3 e Z( 2d0)= 3 e du
0 hx=i0u: ) u=0 )
= 3¢ ey T ie? =3a e?
We used equations,x =0;x =1;u=0,and u= 2 as limits of integration in (7) to

help keep track of the values. [ 1

Special linear substitutions

An integral of the product y = x"(ax + b)" of a small, positive integer power of x and any power of a
linear function ax + b can be found by using the following procedure, where we subsitute formulas for x
and dx in terms of u and du instead of constructing du from dx as in the examples above.

-

L
Rule 1 (Linear substitutions) To perform the integration x"(ax + b)" dx, where n is a small

positive integer and r;a 6 0, and b6 0 are any constants, setu = ax + b. Solve this equation for x and
use the result to expressdx in terms of du. Then replace ax + b in the integral by u and replace x and
dx by their formulas in terms of u and du.

This rule is often applied when r is either a positive integer greater than the integer n, or r is a
fraction, a negative number, or an irrational number. The e ect of the calculations described in the rule
is to express the integrand as a linear combination of powers of u.
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Z
Example 7 Perform the integration x(2x +1) 6 dx.

Solution Rule 1 applies with u=2x+1, n =1, and r = 6. We solve the equation u =2x +1
for x by writing 2 x = u 1 and then x = %(u 1). This gives dx = % du, and making
these substitutions in the integral yields

Z Z

x(2x + 1) ® dx Ju 1’ du
Z

(u7 ue) du

ENT

18 1 1.7
guw g 7u +C
8

= L@x+1n® Lex+1n’+c [

ENT

Notice how the procedure in this example di ers from that use d in earlier examples. In the earlier
examples we constructeddu's from the dx's and other elements of the integrals. In applications of Ru le
2, as in Example 7, we solve forx in terms of u. We use this formula to nd du and then substitute the
formulas for u and du in theZintegraIs.

1
Example 8 Evaluate xp X dx.
0
Solution We will make the substitution in the de nite integral. We set u=1 x and then solve
forx =1 u. This gives dx = du. We make these substitutions and change the limits
of integration to values of u. Since 1! 0 as 0! 1, we obtain
u X

Z x=1 p VA u=0 p Z u=0 _ _
x 1 xdx= (1 u) u( du)= W u®?) du
x=0 Lh=l - . Zi =0 u=1
— 2,,3= 2,,0=
B 3! 54 u=1

= [50%%) 307)+[50%) EaT= 5

Integrals of tangents, cotangents, secants, and cosecants
Integrals of y =tan Xx;y = cot x;y =secx, and y = cscx can be found with the substitutions described
in the following rule.

Rule 2 (Integrals of Yy =tan Xy = cot X;y = sec X, and Yy = csc X)

(&) To perform the integration tan x dx, write tan x = % and use the substitution
u=cosx;du = sinxdx. 7
(b) To perform the integration cotx dx, write cotx = % and use the substitution
u =sin x;du = cos xdx. d

(c) To perform the integration secx dx, use the substitution u =secx +tan x;
du = (secxtanx + sec? x) dx after multiplying and dividing secx by u.
(d) To perform the integration cscx dx, use the substitution u = cscx + cot X;

du=( cscxcotx cs? x) dx after multiplying and dividing cscx by u.
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Example 9

Solution

Example 10

Solution

Example 11

Solution

Z _3

Evaluate tan x dx:
0
. . . o - sinx
We useu =cosx;du = sinxdx in the inde nite integral after writing tan X as p
We obtain
Z zZ Z 1
tan x dx = ﬂdx: —— ( sinxdx)
COSX COSX
£ 1
= adu: Injuj+ C= Injcosxj+ C

Then we evaluate the de nite integral:

Z—3 Z =3 h

tan x dx = tan x dx = In j cosx;j
0 0

=[ Injcos(z )il [ Injcos(O)]
=[ (3] [ In@I= In(3)+0=n() :

I =3

We used here the value %osé )= % and the fact that In( 3)= In(2). [

Perform the integration secx dx.

We multiply and divide by u =secx +tan x and then use this substitution, for which
du = (sec x tan x + sec? x) dx. We obtain

Z Z
secx(secx +tan X 1
secx dx = ( ) dx = = du
secx +tan X u

=In juj+ C=lInjsecx +tan xj+ C: [_1

Imagine your investments at the beginning of 2000 were worth $50,000 and that
their value was increasing at the rate of R = 800e° dollars per year t years after
the beginning of 2000. What would have been the value of your investments at the
beginnings of 2001 and 2002? Give the answers rounded to the marest cent.

Let | (t) be the value of the investments t years after the beginning of 2000. Then| (0) =
50,000 and | %(t) = 800€™=° for t 0. With the substitution u = it;du = % dt, we have

z z
I(t)y= 800e=°dt=5 800" (£ dt)
z
=4000 €" du=4000€" + C =40006"° + C:

Setting t =0 and | (0) = 50,000 gives 50,000 = 4000e° + C and then
C = 50,000 - 4,000 = 46,000. Therefore, I (t) = 4_1000et:5+ 46,000. Your investments
would have been worth | (1) = 4000 €'+ 46,000 = $50,885.61 at the beginning of 2001
and | (2) = 4000€%™°+ 46,000 = $51,967.30 at the beginning of 2002. [1
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History of the integral

Archimedes (ca. 287{212 B.C.) was the rst known mathematic ian to determine the exact area of a region
with a curved boundary by an approximation procedure. He dem onstrated, in particular, that the area
of a region bounded by a parabola and by a straight line as in Figure 2 has area equal to four thirds of
the area of the inscribed triangle whose vertex is at the point where the tangent line is parallel to the
top of the region. (The Greeks did not think of areas as numbers; they only compared areas of related
regions.) We describe two ways that Archimedes obtained thi s result in the exercise sets of Sections 11.3
and 17.2.

Parabola

FIGURE 2

Tangent line

The problem of determining the areas of regions bounded by the curvesy = x" for general rational
constants n did not arise until the study of analytic geometry in the seve nteenth century led to the
consideration of these curves. Results amounting to the integration formula,

Zy

x" dx =
a

1 n—+1 1 n+1
<a<nbp;
1 n+1a (O<a<b;n 6 1) (8)

for particular positive integers n appeared in various forms during the years 1635{1660 in the work of two
Italian students of Galileo | Bonaventura Cavalieri and Eva ngelista Torricelli | a Frenchman, Gilles
Personne de Roberval, and the philosopher Blaise Pascal. Tre French lawyer Pierre Fermat (1601{1665)
is usually given credit for rst establishing integration f ormula (8) for arbitrary rational numbers n 6 1.
One of his procedures for doing this is described in the exerdse set for Section 11.3. Pascal and others
also derived results which, with modern de nitions and nota tion, would read

Zy
cosx dx =sin(b) sin(a)
Z,

sinx dx

cos(b) + cos(a):

Many early derivations of integration formulas employed th e concept ofindivisibles . In the context
of area, indivisibles are in ntely narrow rectangles of in nitesimal area. They are called \indivisibles"
because they are assumed to be so small that they cannot be diided into narrower rectangles. A region
as in Figure 3 was considered to consist of an in nite number of parallel indivisibles such as is represented
by the line in the sketch. The area of each indivisible was considered to be its length multiplied by its
in nitesimal width, and the area of the region was considere d to be the sum of the areas of the in nite
number of indivisibles in it.

Leibniz used the symbol dx to denote the width of an indivisible, sothat the area of an in divisible of
length y was given by the product y dx. He then introduced the symbol y dx for the sum or \integral”

of the areas of the indivisibles that gives the area of the region.
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Indivisible of “width” dx
and “area” y dx

FIGURE 3

-
X

The use of indivisibles in integration, like the use of inni tesimals in early treatments of the
derivative, has always been subject to criticism. The Frenc h writer Voltaire, for example, once complained
that calculus was \the Art of nhumbering and measuring exactl y a Thing whose Existence cannot be
conceived."® Yet even those who argued that there were logical di culties with the use of in nitesimals
and indivisibles could not deny the importance of the mathem atical tools to which these concepts led.
By the second half of the seventeenth century, indivisibles had been used extensively in determining the
areas, volumes, and centers of gravity of a large number of gemetric gures.

Later, mathematicians who were schooled in the classical Greek mathematics of Euclid and
Archimedes supplied rigorous proofs, based on approximation procedures, of the integration formulas
they derived using indivisibles. But, eventually, as more r esults were obtained, many felt that supplying
the rigorous proof to meet the standards of classical mathematics was a waste of time. The German
astronomer Johann Kepler (1571-1630) took this point of vie w in his popular book Nova Stereometria
Doliorum Binariorum (New Solid Geometry of Wine Barrels) , in which he computed volumes of a large
number of solids of revolution. Referring to the absence of classical proofs in the book, he wrote in
its preface, \We could obtain absolute and in all respects perfect demonstrations from the books of
Archimedes themselves, were we not repelled by the thorny reading thereof." ®

Special cases of the Fundamental Theorem of Calculus were dicovered long before its full
signi cance and generality were recognized. The fourteenth-century French bishop Nicole Oresme
(ca.1323{1382) showed in special cases that if a time intenal were represented on a horizontal line and if
the corresponding variable velocity were represented by vertical line segments along it, then the distance
traveled would be equal to the area of the resulting region. Galileo used the same idea in his study of
falling bodies. Fermat used a primitive version of the deriv ative to solve problems that we solve today
with integrals, and he solved certain tangent line problems by using areas.

It was the English theologian Isaac Barrow (1630-1677), however, who was the rst to clearly
recognize that the nding of tangent lines and the computing of areas are inverse operations. This insight
contributed to the work of his proege Newton, and perhaps also that of Leibniz, who purchased a copy
of Barrow's Lectures on a trip to London in 1673. The Fundamental Theorem played a c entral role in
the rules and procedures of calculus as developed, indepenently, by Newton and Leibniz.

The point of view that integrals are obtained geometrically through the use of indivisibles prevailed
until the early nineteenth century. The de nition of the int  egral of a continuous function as a limit of nite
sums was given by Augustin Cauchy (1789-1857) in the 1820's.Thirty years later, G.F.B. Riemann (1826-
1866) realized that Cauchy's de nition could be extended to apply to certain discontinuous functions. He
gave the de nition of the de nite integral that we use today.

@ History of the Calculus by C. Boyer, New York, NY: Dover Publications, Inc., 1959, p.238
@ A Source Book of Mathematics by D. Struik, Cambridge, MA: Harvard University Press, 1969, p. 188.
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Interactive Examples 6.8
Interactive solutions are 02 the web page http//www.math.u csd.edu/~ashenk/.Y

1. Find the antiderivative 713 dx. Check the result by di erentiation.
X"+
° 1
2. Evaluate the integral dx.
L 6x 1
4
3. Give a formula for the inde nite integral. sinx e®%* dx. Check the result by di erentiation.
Z . |
4. Evaluate % dx by making a substitution in the inde nite integral.
z', |
nx . T o
5. Evaluate ~ dx by making a substitution in the de nite integral.
1

Exercises 6.8
AAnswer provided. ©Outline of solution provided. ©Graphing calculator or computer required.

CONCEPTS:
Z Z Z
1. Show that x*dx= x x3dxis not equal to x x3 dx.
z x=1
2. When the substitution u =2x;du =2 dx is made in the de nite integral 2x dx we obtain
x=0
Z x=1 Z u=2
2xdx = % u du
x=0 u=0
since 0 ! 2 when 0 ! 1 and dx = %du. lllustrate this equation geometrically by drawing
u X
the regions whose areas equal the two integrals.
BASICS:
‘ P———
3.0 Find the antiderivatives x? x3 1dx and check the result by di erentiation.
z 1
4.° Perform the integration W dx and check the result by di erentiating it.
X +

YIn the published text the interactive solutions of these exanples will be on an accompanying CD disk which can be run by
any computer browser without using an internet connection.
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Perform the integrations in Exercises 5 through 29.

5.0

6.0

7.0

8.A

10.°

11.9

12.4

13.

14.°

15.4

16.4

17.9

30.°

1 1 z sinx
Y A _—
0 3B X dx 18. , 7 cosx
V4 .
L 19 0 sin(In x) dx
x2+1 7
Zp_— )
Inx 20.% xe *° dx
z Z
eP o+ & dx 21. e ¥ dx
Z zZ, N
X 22.° e 3t
p——d
X+3 X 0
Z Z, L b
sinh(4x) dx 23.A p=e X dx
1
Z y ya .
———3 dx 24. x“€* dx
7 (x=+4) . 1
x®(2+ x%)% dx 25.A _pr dx
7 Z X Inx
x3 P
5 X42dx 26. e 2+ e dx
z 1=2 Z 1
X
32 4 3 dx 2. X1
1 Z4 1=2
sin(5x) dx 28.9 (x+1) 2 dx
0 70
VA In x
X dx 29.A —= dx
1 2 X
2 X
zZ, 2
X~ +1
— = dx
11 XxX_ X
Z,

Evaluate [4(1+ x)3 5(1 x)4] dx by writing it as the di erence of two integrals and using

0
one substitution in one and another substitution in the othe r.

Find the areas of the regions in Exercises 31 through 36.

31.°
32.A
33.A
34.4

35.
36.

37.°

38.A

The region bounded by the curve y = x?(1  x3)¥™2 and the x-axis
The region betweeny =4e * and the x-axis for0 x 2
The region bounded by y = x?=(x3 + 2), the x-axis, and the line x = 2

The region bounded by the curve y = X the x-axis, and the linesx = 1andx =1

2
The region between the x-axis and the curvey = xe * for0 x 4

. In x .
The region betweeny = ~ and the x-axisfor1 x e
An object's velocity in the positive s-direction on an s-axis isv = t2(1 + t3)3
0 t 1l ltisat s=3 (feet) at t =0 (minutes). Where isitat t=1?
An object that is at s =25 (meters) on an s-axis at t = 0 (minutes) has veocity v = 100=(t + 2)
meters per minute in the positive direction at time t> 0. Give its position as a function of t 0.

feet per minute for
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39. An object that is at s =10 (feet) on an s-axis at t = 0 (seconds) has veocity v = t=(1 + tz) feet
per second in the positive direction at time t> 0. Give its position as a function of t 0.
EXPLORATION:

Perform the integration in Exercises 40 through 56.

40.°

45.

46.

47.

57.

58.

59.

60.

61.

62.
63.

65.

66.

67.

Z Z
px— dx 48. cosh(x'72) x 172 dx
z t X z
% dx 49.A sinh x coshx dx
7 x 4 d
N S 50.A (€ +1)2 dx
t+10 Z
Px+9)9 " 51.° x(10°%) dx
2 X z
x+1 dx 52.4 57y 172 gy
x2+2x+5 Z,
COS X
x1=2(1 x3=2) i 53. . 2 sinx dx
0 VA In x
2 54.A € dx
x(x  1)%? dx z *
0 e
vA « 55. (x®+ €°) dx
———— dx 70
(2x +1)
56. cos(Z') 2% dx

What is the area ofihe region betweeny =1+ x(X 1)4 and the x-axis for0 x 1?

: X :
Give a formula for p——— dx in terms of the parameter a.
X+ a

Z,
Evaluate a+ P §)3 dx by using the change of variablesu =1 + P X.

0

1

Find b > 0 such that the region betweeny = and the x-axis for 0 x bhas areaz.

X
1+ x?)?
k

(@) Find the positive number k suchthat  x x2 9dx= %. (b) Why is there no negative
3

k that satis es the equation in part (a)?
What is the area of the region betweeny = (€ +1)? and the x-axis for0 x 5?

Find the value of one positive number and one negative number a such that the region bounded
by the x- and y-axes, by the curvey = e *, and by the line x = a has area 0.99.

Find the antiderivative y = f (x) of y = xe x2 such that |"1m f (x) = 10.
X1

Z,
Find the value of k> 0 such that 1 dx =0:9.
o X+K
= _—— ?
What is Xlllm 5 F (x) if F(x) is an antiderivative of f (x) X6

(End of Section 6.8)



