THE 2D MUSKAT PROBLEM I:
LOCAL REGULARITY ON THE HALF-PLANE, PLANE, AND STRIPS

ANDREJ ZLATOS

ABSTRACT. We prove local well-posedness for the Muskat problem on the half-plane, which
models motion of an interface between two fluids of distinct densities (e.g., oil and water)
in a porous medium (e.g., an aquifer) that sits atop an impermeable layer (e.g., bedrock).
Our result allows for the interface to touch the bottom, and hence applies to the important
scenario of the heavier fluid invading a region occupied by the lighter fluid along the im-
permeable layer. We use this result in the companion paper [24] to prove existence of finite
time stable regime singularities in this model, including for arbitrarily small initial data. We
do not require the interface and its derivatives to vanish at +co or be periodic, and even
allow it to be O(|z|'™), which is an optimal bound on the power of growth. We also extend
our results to the cases of the Muskat problem on the whole plane and on horizontal strips,
where previous works did impose such limiting requirements.

1. INTRODUCTION AND MAIN RESULTS

The Muskat problem is a mathematical model for the motion of the interface between two
incompressible immiscible fluids of different densities p; > py (such as water and oil, or salt
water and fresh water) inside a porous medium (such as a sand or sandstone aquifer) [1,19].
It has also been used as a model for cell velocity in the growth of tumors [14,20], and is
related to the Hele-Shaw cell problem [18,22]. If one instead considers a single fluid with
continuously varying density, the corresponding model is the incompressible porous medium
(IPM) equation. In both cases one studies the transport PDE

Op+u-Vp=0 (1.1)
for fluid density p and velocity u, with the former of the form

p(x,t) = p1 — (p1 — po)xa,(x) (1.2)

in the case of the Muskat problem, where €, is the (time-dependent) region of the lighter
fluid. The velocity u is determined via Darcy’s law, which after appropriate temporal scaling
— by a factor that is the product of the gravitational constant, permeability of the medium,
and the reciprocal of the fluid viscosity — becomes

u:=—Vp—(0,p) and V-u=0. (1.3)

The term —(0, p) models downward motion of denser regions of the fluid due to gravity and p
is the fluid pressure, needed to obtain a divergence-free u. In the case of the Muskat problem,
motion of the fluid interface 0€2; determines the full dynamic, so only the value of u on this
interface is relevant.

In two spatial dimensions, these models have been studied extensively on the whole plane

R?, including in most of the references below. In particular, local regularity for the Muskat
1
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problem was proved in the class of fluid interfaces that are graphs of functions from H?(R) [8]
(as well as from H?(R) [5]; see also [23] for an earlier result for near-flat interfaces), as long
as the lighter fluid lies above the heavier one (i.e., in the stable regime, when the Rayleigh-
Taylor condition [21,22] is satisfied). This is the best result one can hope for in Sobolev spaces
because the problem is ill-posed if the interface is in the unstable regime at any point, with the
heavier fluid lying above the lighter one [8,23] (except in the space of analytic interfaces [4]).
The question whether the latter situation can develop from a global lighter-above-heavier
configuration, via interface overturning, was answered in the affirmative in [4] (overturning
was studied in many other papers, both analytically and numerically, see e.g. [2,3,10,11,17]).
This work therefore provided an example of finite time breakdown of local well-posedness for
the Muskat problem on R?. Moreover, since it was shown in [4] that solutions with initial
interfaces from H*(R) instantly become analytic and remain such until they turn over (if they
do), it follows that overturning is the only mechanism for breakdown of local well-posedness
on R? (at least in H*(R), although instant smoothing is known to occur even for initial
interfaces with corners [15,16]). We also note that other works studied the Muskat problem
in settings with surface tension and for fluids with distinct viscosities (see, e.g., [7,13]).

However, since aquifers typically sit on top of (or in-between) impermeable rocky layers,
of particular importance are the cases when the domain is the half-plane R x R* or the strip
R x (0,1) for some [ > 0. On these domains the fluid velocity must also satisfy the no-flow
boundary condition us = 0 on the flat bottom Rx {0} (as well as on the top Rx {l} in the strip
case). Moreover, these settings allow one to model the physically relevant and dynamically
interesting scenario of invasion by one fluid of a region initially occupied by another fluid.
In this case we have {a < x; < b} C q for some interval [a,b] and the heavier fluid may
then flow into the region {a < x; < b} underneath the lighter fluid, along the impermeable
bottom layer (and on the strip, the lighter fluid can similarly invade a region occupied by
the heavier one along the top boundary).

While well-posedness for the Muskat problem on the half-plane or on the strip follows via
straightforward adjustments of the whole plane proof when the fluid interface stays away
from the domain boundary, all the relevant estimates blow up as this distance decreases. In
particular, the invasion scenarios above cannot be modeled using currently available results.
Our first motivation is to remedy this by showing local well-posedness for the Muskat problem
on R x RT and on R x (0,1) for all sufficiently smooth initial interfaces, including those that
touch the domain boundary. We do this in Theorems 1.1 and 1.3 below.

Our second motivation is to demonstrate existence of (stable regime) singularity formation
for the fluid interface. Although the interface overturning examples in [4] involve breakdown
of local well-posedness in Sobolev spaces, and the fluid interface acquires infinite slope in
finite time, it does not develop a singularity as a curve at that time. In fact, as it is an
analytic curve up to the time of overturning [4], it will remain such past this time if we
continue it within the space of analytic interfaces because local well-posedness holds in that
space even in the unstable regime [4]. Although it was proved in [3] that such interfaces can
lose analyticity (and even C* regularity) in finite time if they remain in the unstable regime
(see [11] for examples of interfaces that do not), the results from [4] show that interface
curve singularities do not develop whithin the well-posedness theory in Sobolev spaces for
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the Muskat problem on R?. And more importantly, stable regime singularities do not develop
even for analytic interfaces on the plane.

In contrast, we show in the companion paper [24] (using the main results of this paper) that
H? fluid interfaces on the half-plane can indeed develop stable regime finite time singularities,
even for arbitrarily small initial data. The mechanism for this is invasion by the heavier fluid
of a region occupied by the lighter fluid along the impermeable bottom layer, described above,
specifically when the invasion proceeds from both directions. In this scenario, arguments
in [24] suggest that the fluid interface develops a singularity at the meeting point of the two
invading “fronts”.

Finally, our third motivation is to generalize existing theory for the Muskat problem on
R? to fluid interfaces that need not be spatially periodic or vanishing at 4=co, which is the
current state of the art. To better model real world situations, one should be able to include
at least general bounded interfaces, with uniformly bounded Sobolev norms on unit spatial
intervals. We do this here and go even further, allowing interfaces with O(|z|'~) growth as
|z| — oo. This is an optimal result (see Remark 2 after Theorem 1.1), and we establish it
on the whole plane, half-plane, as well as on strips (of course, in the latter case all solutions
are bounded). In addition, we obtain here maximum principles for such fluid interfaces on
all these domains.

The treatment of such general classes of interfaces will require proper definitions of norms
of the functions involved. We provide these next, after presenting the interface PDE for the
Muskat problem on the half-plane, and then state our main results.

Basic setup. We will perform all of our analysis on the half-plane R x R*. The whole plane
case, which is a greatly simplified version of the former, and the strip case, which will add
some extra difficulties, will be treated in the last section. From (1.3) we see that the fluid
vorticity V* - u equals p,,, where we use the convention V* := (9,,, —0,,) (which is the
negative of the usual definition but will be more convenient here). It follows that

x-y)* (x-y)°

1
— vlaA-l — —
U(X, t) «— V A pxl (Xy t) i 27_(_ /[RXR+ ( ’X - y‘2 ’X _ }—’|2 ) pl‘l (y7t) dY? (14)

where A is the Dirichlet Laplacian on R x RY, y := (y;, —y»), and y* = (y2, —y1).

In the stable regime on the half-plane, the interface of the two fluids at time ¢ > 0 is the
graph of some (sufficiently regular) non-negative function z; — f(x1,t), with the lighter fluid
lying above the heavier one (so Q; = {z3 > f(x1,%)}). It is then not difficult to derive from
(1.1)-(1.3) a PDE for the motion of this interface, which we do for the reader’s convenience
on both the half-plane and the plane in the next section (see Section 12 for the strip case).
This then obviously fully determines the dynamic of the fluid as long as the interface remains
the graph of a (regular-enough) non-negative function. We can assume without loss that
p1 — po = 27 (otherwise we scale time by a factor of #-£0), when the resulting PDE is

|: y(f$($,t)—f$<$—y,t>) + y(fx(x7t)+fz(x_y’t)) dy
v+ (fet) = fle =y, 1) v*+ (fla,0) + flz =y, 1)?

(we also replaced x; by z here). Dropping the second fraction similarly yields the corre-
sponding PDE on the plane, which is (1.13) below, while the strip case results in (1.14).

o) = PV/

R

(1.5)



4 ANDREJ ZLATOS

In all three cases, the regularity level of f(-,t) considered here will be H?, as in [8], but we
will only require uniform boundedness of H?-norms of f,(+,¢) on unit intervals and even allow
O(|z|'™) growth of f as |x| — oo. This motivates the following definitions. For k = 0,1,. ..
define the norms

191 z2@) = supllgllrzge-1asy  andlgllaee = > 119V zaqmy

on the spaces of those g € L2 (R) for which these are finite. Then for k¥ > 1 and any v € [0, 1]
define the seminorms

9llen @) == sup lg(z) — g(y)l

S T el = 19w+ 9o,
r=yY|=Z

which vanish for constant functions. In particular, | g|| fsw) < oc allows g to have O(|z|*)
growth at +00. Our reason for using 1 — v here is that for all g € L} _(R) we now have
9l e,y < N9l xey + 119l ®) < 20191l 772 ey (1.6)

when k£ > 1 and 0 < 4/ <~ <1, which agrees with a similar inequality for the norms || - ||cr.~
(and will also be convenient for the analogous continuous seminorms from Section 2).

Main results. We can now state our main results. We do this for the half-plane case in the
first two theorems, and then extend them to the plane and strip cases in the third one. The
first result includes local well-posedness for (1.5) as well as an important blow-up criterion.

Theorem 1.1. If v € (0,1] and ||¢||H3(R) < oo for some ) > 0, there is y-independent

Ty 2 Cymin {06l 58y 1+ |10 100 s |} (L7)

(with some C, > 0 depending only on vy) such that the following hold.
i) There is a classical solution f > 0 to (1.5) on R x |0, Ty) with f(-,0) = such that
P

sup [y < o (18)
t€[0,T]

and
sup || fi(+)[[wreom) < 00 (1.9)
t€[0,T]

for any T € [0,Ty). And if T, < oo, then for each v € (0,1] we have
() P

Aﬁmmmm = co. (1.10)

(i1) For each T € [0,Ty), f from (i) is the unique non-negative classical solution to (1.5)
on R x [0,T] that satisfies (1.8). We also have

sup [|f(+1) — ¥l gsg) < o0, (1.11)
te[0,7)

and if there are o € R such that ¢ — 1o € H3(RF), then even
sup |[f(-,¢) = ¥[|m3m) < oo. (1.12)

te[0,7)
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Remarks. 1. The last claim in (i) means that f develops a singularity at T}, if the latter is
finite. This could be either overturning, when f, blows up, or an interface curve singularity.

2. One may ask whether these results extend to the case v = 0, when even linear growth
of f(-,t) is allowed at £oo. If, e.g., 1" = X[0,00) Outside of some bounded interval, it is easy
to see that the PV integral in (1.5) is not defined at any x € R with ¢/(z) # 0 when t = 0,
while the one in (1.13) is not defined at « with ¢’(x) # —1. This shows that Theorem 1.1 is
optimal with respect to the power of the allowable growth of f(-,¢) at £o0.

Our second main result contains several crucial quantitative results for (1.5). These include
an L°° maximum principle for f (which was proved in [8] for H3(R) interfaces on the whole
plane), the claim that the interface cannot “peel off” the bottom without a loss of regularity,
and an estimate on the difference of two solutions that are initially close on a large interval.
The latter result, which we will later use to obtain the maximum principle on strips, uses
norms || - || 2~ defined in Section 2 as well as

L2r)

190 z2gy = ||/ T+ (= Te)+ 9(@)|

Theorem 1.2. Let v,, f be as in Theorem 1.1.
(i) Then sup f(-,t) is non-increasing and inf f(-,t) is non-decreasing on [0,Ty).
(i) If inf1p = 0, then inf f(-,¢) =0 for all t € [0,T).
(111) If HwHHg < oo and f >0 is a solution to (1.5) with f(-,0) = >0, then

Hf(-,t) - f(-,t)‘ < C, exp {(J /Ot (1 + ||f(.,s)||é$7 + Hf(WS)Hégw) ds ‘

holds for each p >0 and t € [0, min{Ty, T;}), where C., only depends on vy.

L2:1(R)

Remarks. 1. Since we have (1.8), part (iii) also yields a local L bound on ¢ — 9.

2. In [24] we also obtain an L? maximum principle for f and an L> maximum principle
for f,, which were proved for H*(R) solutions on the whole plane in [6,9]. These will be the
key ingredients in the proof of existence of finite time stable regime singularities for (1.5).

We finally extend the above results to the Muskat problem on the plane and on horizontal
strips. The derivation of (1.5) in Section 2 also gives

(x,t) PV/ f(x—y,t))Qdy (1.13)

in the former case (with (1.4) now 1nv01v1ng the Laplacian on R?). Similarly, in the case of
the strip R x (0,1) we obtain

=y / o) £ fole — . 8) Oy, fo.t) £ flx —y,0)) dy,  (114)

where
T sinh ”—y

(1.15)

S :
(y,m) = 2l cosh % — cos 7F

(see Section 12 below for the derivation of (1.14), which is from [12]). Our main results
extend to both these PDE with the natural adjustments.
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Theorem 1.3. (i) Theorem 1.1 and Theorem 1.2(i,iii) hold for (1.13) in place of (1.5),
without requiring that f,, f, 1& > 0.

(ii) Theorems 1.1 and 1.2 hold for (1.14) in place of (1.5), with 0 < f,4, f,4 < . In
addition, if supt = [, then sup f(-,t) =1 for all t € [0,T}).

Remark. Note that Theorem 1.3(i) includes existing results from [8] for v € H*(R) (see
(1.12)) and for periodic v € H (R), since in the latter case uniqueness of solutions implies
periodicity of f(-,t) for each ¢t € [0,T}) (with the same period).

Discussion of the proof of Theorem 1.1 and organization of the paper. Most of
the rest of this paper, namely Sections 2-10, forms the proof of Theorem 1.1. When one
works in H3(R) and on the plane (so without a bottom and f(-,¢) vanishes at 4-00), local
well-posedness for the Muskat problem in the stable regime can be obtained via a simple
adjustment of a proof from [8], where local well-posedness in H*(R?) was obtained for the
Muskat problem on R3®. The crux of that proof is an estimate on the rate of change of the
L? norm of fuu.(-,1).

In the case of Theorem 1.1, the crucial argument will be an analogous estimate, this time
involving local L? norms of f,..(-,t) and including terms corresponding to the second fraction
in (1.5). The former requires introduction of appropriate cut-off functions h, and then we
split the formula for the rate of change of the resulting local norms into eight integrals I ji,
four corresponding to each term in (1.5) (see (2.11) below).

In the proof in [8], which only involved the I integrals and no cut-off functions, the main
challenge was to estimate the integral corresponding to our /; . This is because it includes the
most singular integrand (involving 91 f), and we make use of the arguments from [8] when
estimating /; and the other integrals I originating from the first fraction in (1.5). Our
inclusion of the cut-offs h, and potential growth of f(-,¢) at +o0, unsurprisingly introduce a
number of non-trivial complications in these arguments as well as in the rest of our proofs.
(We note that it is not possible to use the result from [8] to obtain Theorem 1.1 on the plane
via some approximation scheme, even for just H 3(R) interfaces with no growth as r — +00.)

However, working on the half-plane increases the difficulty level much more dramatically.
Note that if inf,cg f(x,0) > 0, then the second fraction in (1.5) is sufficiently regular and the
local well-posedness proof on R? extends to this case, but the obtained constants blow up as
inf,cg f(x,0) approaches 0. As a result, this approach fails when inf,cg f(z,0) = 0, which is
the most important case, as we explained above. In our proof, integrals f , which originate
from the second fraction in (1.5), will be much more challenging to estimate in the region
where f is small. In fact, estimates on I and I, (whose counterparts I; and I, are easily
bounded) form over two thirds of the proof of our main a priori bound (2.12) in Sections 3-6,
even though these terms do not involve the highest derivatives of f!

The reason for this is the following. When f is a smooth function, the inside integrands
in all the integrals I;” are bounded functions of y because their numerators vanish to at least
the same degree as their denominators. Since f,..(+,¢) is only L2 _and the integrands involve
derivatives of order up to 4, obtaining estimates on these integrals in terms of only f,..(-, 1)
and lower order derivatives is far from trivial and requires various symmetrization arguments
as well as leveraging of cancellations coming from adding the integrands for y and —y (for
y > 0). On the other hand, denominators of the inside integrands in [ ;“ only vanish when
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f(z,t) =0, and in that case such cancellations still work because f,(z,t) =0 (since f > 0).
What makes these integrals much more difficult to estimate is the fact that their integrands
become very large (even after the y vs. —y cancellation) when f(x,t) is close to but not equal
to 0 and y is small. And this is even more pronounced for larger j (when the numerators
and denominators include more factors), due to all the £ signs being + and hence most of
the factors not vanishing at y = 0, which is why estimates on I and I, will be the most
involved.

Related to (and an illustration of) this is also the following observation. In Section 11 we
show that (1.5) is the same as

+ R

y* + (f(z,t) & f(z —y,1))?

The derivation of (1.16) shows that the last integral with + being +, which comes from the
second fraction in (1.5), is discontinuous at all x € 9{f(-,t) = 0}, even when f € C*(R).
This also suggests that proving local well-posedness for (1.5) via (1.16) would likely be even
more complicated than our proof below. Nevertheless, we do use (1.16) when proving a
maximum principle for f, in [24].

It follows from (5.8) and (2.9) below that the integrand in I3 is O (%) when

f(x,t) <1, foo(x,t) is not small, and |y| < \/f(z,t) (the integrand in I is similar, albeit
more complex), and hence it is far from being integrable uniformly in the size of f(z,t).
Even after adding the integrand at y and —y, it remains too large as we explain just before
(5.18). However, we are able to identify here somewhat unexpected additional cancellations
in these integrals. Namely, after isolating (appropriately defined) leading order terms in the
integrands, we find these terms to be y-derivatives of certain special functions with large
variations (see (5.18), (5.36), and (6.9) below). Integrating these allows us to bound both I
and I} in a way that ultimately yields the crucial a priori estimate (2.12).

With (2.12) in hand, we obtain analogous estimates for an approximating family of more
regular e-dependent models (7.1) in Section 7. In Sections 8 and 9 we then derive related
bounds on the rate of change of local L? norms of differences of two solutions to either (1.5)
or (7.1) (these rates for single solutions may not be bounded due to possible growth of f as
x — #£00). This proves uniqueness for (1.5), and we then use all these estimates in Section 10
to obtain local-in-time I—I‘j’ solutions to (1.5) as ¢ — 0 limits of solutions to (7.1) (the latter
are found via fairly standard methods), as well as finish the proof of Theorem 1.1.

Finally, the proofs of Theorems 1.2 and 1.3 appear in Sections 11 and 12, respectively. Hav-
ing the proof of Theorem 1.1, these will involve mostly straightforward arguments, although
the extension of Theorem 1.1 to horizontal strips will require some care.

dy. (1.16)

2. DERIVATION OF (1.5) AND THE START OF THE PROOF OF THEOREM 1.1

In this and all the following sections, C' will be some universal constant that may change
from line to line and always depends only on . We will also assume without loss that
v € (0, %], so that (2.2) below holds. We can do this because if we apply Theorem 1.1 with
some 7 < 7 in place of v (using (1.6) with g := ), then (1.11) guarantees that (1.8) also
holds.
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Before starting the proof of Theorem 1.1, let us derive (1.5) and show that this derivation
is valid in the setting considered here.

Derivation of (1.5) and (1.13). From (1.2) we obtain
AP
VI REO0T Y
where I'¢(t) := {(z, f(z,t)) |z € R} is the graph of f(-,t) and P(xy,22) := ;. This and

assuming that p; — pp = 2w (which we do without loss) now turns (1.4) into

(e f 1)1 PV/Z{ fleneroda o] hwna @

Py (1) = (p1 = po)

+(fz,t) £ f(’y, t))?

for points on the curve I'f(¢) at each time ¢ > 0.

The evolution is now fully determined by the motion of this curve, and hence by (2.1). If
we want to recast it in terms of f only, we can do that by adding a multiple of the tangent
vector (1, fo(x,t)) to u(z, f(x,t),t), which does not change the motion of the curve as a set
provided f(-,t) is continuously differentiable. We choose this multiple so that the resulting
vector’s first coordinate vanishes. That is, we replace u by

o B 00) = o 100+ PV [ 3 o o O )

whose first coordinate is
5PV [ Z To10g [0 = 9" + (f(a.0) £ F0 1)) dy =0,

Hence T'y for f(-,¢) > 0 moves with velocity w precisely when fi(x,t) = vao(x, f(z,t),t) for
all (z,t) € R x RT, which after the change of variables y +» x — y becomes (1.5). Note also
that this change of variables and (2.3) below show that the multiple of (1, f,(z,t)) that we
added above is in fact bounded when || f(-,¢)[lcz@) < oo (see the definition below), which

holds in the setting of Theorem 1.1. In the case of the whole plane, this argument similarly
gives (1.13).

Continuous norms of f with power growth. For £ =0,1,... and v € [0, 1] let

lg(z) — g(y)]

9llen ) = o A F—

and gl ey = Z ||9(j)||L°°(R) + ||9(k)||Cv(R)

when g € L2 (R) (note that then C*O(R) = W**°(R)), and for k > 1 let
91l @y =g llor-1a@) + lgllenv@ — and  lgllexm) = llg'llcx-rom) + lgller—w)-
All but the second of these are seminorms that vanish on constant functions. Then

190t gy < M9l oy + 19l ® + 209" =) < 4lgllora g
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again holds when k£ > 1 and 0 <+’ < < 1, and we have ||g||C§,o(R) < oo iff ¢ € WhLeo(R).
Finally, we note that when v € (0, 2] (which we assume here) and k > 1, then

Ity < Cio gl ey 22)
holds for all g € L (R), with some constant C ., < co.

Basic bounds on f and (1.5). We start the proof of Theorem 1.1 by showing that the
right-hand side of (1.5) remains bounded as long as ||f(-,?)]| f3g) < 00. Since most of our
arguments apply at some fixed ¢, we will mostly drop t from the notation for the sake of
simplicity. We then denote ¢’ := 0J,g, and all (semi)norms below will involve functions

defined on R unless we specify otherwise.
We first claim that

Y
’PV /SU(—S) y2 4+ (f(z) £ fx —y))? dy| < C| fllez- (2.3)

for any S C [0,00). The left-hand side is clearly bounded by
/ ylf(x+y) — fle—yllfle+y) + fle—y) £ 2f(z) dy. (2.4)
s W2+ (f(@) £ fle+9)?y? + (f(2) £ [z —y))?]
When s —, from |/(z +) — f(z — )| < |f(z+5) — F(2)] + ]z —y) — (z)] we sce that
ylf(@+y) = flz =yl <[¥°+ (F(@) = fle+ )12 + (f(2) = flz =)

so (2.4) is indeed no more than

2"l + 20 f s / Y dy < ) flee.
1

When + is +, the same estimate holds for
/ ylflz+y) — fle—y)llflzt+y) + fle —y) = 2/@)] |
s W+ (f@)+ f@+y)’ly?+ (@) + fla-y)?] 7
while the remainder of (2.4) is bounded by
: 4l f(x)] :
11 [ H s dy < €l
because f > 0. This also yields (2.3) in this case. We also have
/1 y(g'(z) —g'(x —y))
P+ (f(x) £ flz —y))
and integration by parts in y yields
PV/ yg'(r—y) y— 9@ =1 =g gz +1) = g(@)
w1 ¥° + (f(2) £ flz —y))? L+ (f(e) £ fle = 1)) 14 (f(2) £ f(z+1))?
(f(z) £ flz —y))* £ 2yf'(x — y)(f(2) = fx —y)) — ¥ dy
[y + (f(z) = f(z —y))?]? '

5 dy| < Clig'llen

+ /| (o= 9) o)
(2.5)
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The last fraction is bounded by (1 + || f'||ze)|y| ™2, so

yg'(r—y) / / "
‘PV /|y|21 Y2+ (f(x) £ f(z —y))? dy’ < O+ ([ ze) g [z + lgllen—)-

The above bounds thus imply
yg'(z—y)
W | i s ey
which together with (2.3) yields
y(g'(x) g (x—y))
PV
/R y* + (f(x) £ f(z —y))

In particular,

dy‘ <O+ If e)llgler

;] < C+ 1=l + Ol leslolo=. (20

7 dy| < O+ 1zl fllez- (2.7)

py [ LGS )
r Y+ (flz) £ fl@—y))
Next we derive a pair of basic bounds on f > 0 in the region where it is small. Note that

|(2)] > %|f'(z)] whenever |z — z| < Q‘l}c:,(ﬁ)o, so f > 0 forces

[f'@)] | ()]
201"z 2

<[f(x)l.

Hence

F@ <2 IEVT@ < 0+ 1)V ), (2.8)
and then for all |y| < /f(z) we have
Fe=yl <@+ le)min{/TE)1}  and  flo—y) <20+ flle) (@),
When |y| > /f(z), from (2.8) we obtain
Fla—pl < @+20fle)minfyl 1} and  f(o—y) <201+ ] fllen)y?.

So we have
=yl <20+ 1 len) max {y, /F@)
[ =y) <200+ |1 o) max {42, f(2)}

for all x,y € R when f > 0. We will use these two estimates extensively below.

(2.9)

A priori estimates for local norms of f,,,. In this and the next four sections, we will
assume that f > 0 and it is smooth on R x [0,7] for some 7" > 0. We will eventually
apply the a priori arguments from these sections to solutions of a mollified version (7.1) of
(1.5) in Section 7, and we will show in Section 10 that the latter exist and converge to a
solution of (1.5) as the mollification parameter ¢ — 0. We now fix some hy € C?*(R) such
that X[(—1,1) < ho < X[-4,4 and max{||hg| =, [|hgl[r=} < 1. Then

|VI0( = 20) frua( 1)

zo€ER L? (R)
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clearly holds for all ¢ € [0,77, so to estimate || f(-,?)|| g3, it will mainly be important to

obtain appropriate uniform-in-zy bounds on the right-hand side of (2.10). We do this via the
estimate (2.12) below. We note that an analogous estimate for the left-hand side of (2.10)
seems to fail, which is why we have to introduce the more regular cut-off functions ho(- — ).
Let us also fix an arbitrary zo € R and denote h := ho(- — x) in the arguments below.

To estimate the right-hand side of (2.10), from (1.5) (and after dropping ¢) we obtain

d 2
= v =20 I I L) 6 I+ T ) (2.11)

i

for smooth f, where with A%(z,y) := [y* + (f(z) £ f(z — y))?]~* we have

///l "
R

f y j:f(:l?— ))
Iy == [ h(z)f"(z) PV
J e

y /// :|: f///( )) 81Ai(:c,y) dydac,
h ///

y(f"(z) £ f(x —y)) B2AT (z,y) dydz,

%\%\

I = / h(a)f" (&) PV / y(f(x) £ f'(a — y)) BA* (2, y) dyda.

R

Note that the PV integrals above all converge as |y| — oo (and all but I do so absolutely).
As for convergence at y = 0, we see that the integrands are all bounded when + is — and f is
smooth enough, and this is clearly also true for the ones with + when also f(z) > 0. When
f(x) =0, then f'(x) = 0 because f >0, so f'(xr —y) = O(|y|) and f(zx —y) = O(y?). This
shows that the inside integrand for I is still bounded, while the ones for I, I, and I}
are % + O(1). Moreover, this C' is non-zero only when f”(z) # 0 (= f(x)). Therefore “PV”

can be removed from I3, I, and I, and it is only needed in I3, and I, at countably many
points, which makes it irrelevant (in fact, we will eventually apply the arguments below to
f >0, so then “PV” will only be needed in I as |y| — oo anyway). As a result, there will
be few PV integrals in our analysis of the terms I3, Igc, and I{. However, analysis of the
integrands in I;7 and I when 0 < f(r) < 1 (e.g., when x is near a point where f vanishes)
will turn out to be the most challenging task in our derivation of a priori estimates for (1.5).

We bound the above eight integrals in the next four sections, and obtain estimates (3.15),
(4.2), (4.4), (5.11), and (6.6) that collectively yield the a priori estimate

i

2
Lo S COF U N2a) N7+ 1712+ 1F172) (2.12)

(which holds uniformly in z7). Note that we do not prove (2.12) with the left-hand side
multiplied by —1, due to (3.15) below. In fact, that inequality would hold in the unstable
heavier-fluid-above scenario, but (2.12) then fails as stated and causes ill-posedness for (1.5)
even in H3(R) in that setting [8]. With (2.12) in hand, we finish the proof of Theorem 1.1
in Sections 7-10 as described at the end of the introduction.
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3. ESTIMATES ON [

Let us first estimate Ii°, denoting g := f". For later reference, we will do this in terms of

1/2
ol = | [o@mintile = #as]  (<2alpw) G
rather than ||g||;> (We use the latter in the following sections). We have I{* = Jif + J5, where
/
JiE = / h(x)g(z) PV/ vg (@) dydz,
Pk +(f(2) £ flz —y))?

e s (z—y) g (w) )
% "/Rh( )9 )PV/< TR T () £ Fp)

Integration by parts in x yields

i f T — ))(f’(x) + /' —y))
Ji = )? PV dyd
1 / Yy + + '
—— | hn dydx =: .
2/R (ot PV/R () & e v T R
From (2.3) we see that
2
KE < Clflles [VIFTg||, < Cllflleallol, (33)
As for K3, we have
(KL< C (1 e + 1Ml ) g7, (3.4)

where

M= py [P DU e,
-1 2 + (f(2) + f(z —y))*]?
Here we estimated both |y| and |f(z) + f(z — y)| by [y* + (f(z) £ f(z — y))?]"/?, and we will
do so multiple times below (however, at other times we will estimate |f(x) & f(z — y)| via
(2.9), including via its first line when + is —). To estimate M ~, we note that from

(@ +y)+ f@—y) = 2f ()] < 2) "l lyl™

and 11/ / / / 11/ /
a_b_ﬂz(a—a)b+a(b—b)+ab(c/—c) (3.5)
c c c c cc
we obtain
(f(z) = flz—y) (@) = fle—y) (flet+y) —f@) ([ (=z+y) - f(z))
[v? + (f(z) — f(x —y))?]? [y? + (f(z) — flz +y))?]?
< ClLf" eyl N ClLf [Eq [y N ClLf" e |yl < CHf’HQcm\W”’
y! y! y! y!

for |yl <1 (we again used |f(z +y) + f(z —y) = 2f ()] < ||f"[|L~y?). Hence

_ C”f/” 1'vy /
1M < / +d y = Ollf'|2. (3.6)
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We can bound M via (3.5) and (2.9), which in particular imply

[flz+y) = fle =yl <40+ [/ le) v (@) [yl
for |y| < +/f(z), and yield for these y
‘ (f(@) + [z —y) (f'(2) + [z —y) _ (f(@)+ [z +y) (@) + (@ +y)

W2 + (f(2) + f(z —y))22 - W2+ (f(2) + f(z + )2
_ CU+ )@yl _ CO+ 11201 ()

max{|y|, f(z)}* = max{ly|,f(z)}®

For |y| > /f(x) we instead obtain

‘ (f(@) + flz—y) (f'(z) + f'(z —y)) ‘ 2 CO+ eyl
2+ (f(z) + f(z —y))?? - y|*

?

so it follows that

M@l <) [ (S e scasiriz). )

This, (3.3), (3.4), and (3.6) thus prove

T < OO+ 1129112, (33)
Next we estimate J5°. Integration by parts in y yields
+_ (z —y) 0,(9(y) — g(z)) T
Jy = /Rh(x)g(:z:) PV/]R @92+ (f) £ () dyder = K + K[, (3.9)
where
+._ 9(x) —g(y)
ki o= [ Motola) PV | o e o

K _Q/Rh(@g(x)/]R (9(z) — 9W)(f(2) £ f () [f(2) £ f(y) £ F' (W) (x — y)] dyde

[(z =)+ (f(2) £ f(y)]?
(note that the term obtained when 0, is applied to x —y in the numerator is — K ;E, so K isin

fact the term obtained when 0, is applied to the denominator minus 2K, ;E) Symmetrization
now shows that Kj := L(Ly + L3), where

L hy)(g(x) — g(y))* .
L= / @9+ (f@) = f()? Y
o)

. [ (h(x) —h(y))g( ) —9()) .
b= RO
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and the third equality follows also by symmetrization. Note that symmetrization here uses

= lum F + F
/ pV/ F(x,y)dxdy = li (z,y) dedy = lim F(x,y) (y, )
R

e—0 |Ify|2€ e—0 2

dxdy.

|z—y[=>e
We then obviously have

LT — Ly <0< LY. (3.10)
On the other hand, for |z — | < 5 we can estimate the inside integral in L3 by C(L+Iflle2)
using |h(x) — h(z —y) — B/ (x)y| < y? for |y\ < 1 and then (2.3) with S = [—1, 1], while for
|z — xo| > 5 this integral is bounded by m because supp h C [zo—4, xg +4] It follows
that

L3l < C+flle2)llglZ
and therefore
Ky > =C(1+|flle2)ll97

N (3.11)
K3 — K5 < O+ el
We now write K, = —L; + L, + L5, where

f/

N sy [ U0 = T — 1)~ P )]
Lo =2 [ ey Py [ @-yP+ @) —fwyp v
A [ W) — S @) + ) mine -2
L= [ ot pv [ @y + (f@) — [ Ay,
o o) (@)~ fW)Dy)
%'_2RM)()PVAKx—w”Hﬂ@—f@DP dydz,
where
Dix.y) = £(x) — ) — P~ 9) - DT i g2 1y,

After changing variables y <> © — y, we can treat Ly similarly to K, , writing

(f (@)= fla=y)f (@)= fa—y)= [ (@—y)y] = = (f(@+y)) = f@)If (@)= f @y )+ (@+y)]y]]
for y € (—1,0) and then also estimating
|[f (@)= fz=y)=f'(e=y)y]=[f(2) = fa+y)+ [ (a+y)y]| = %If”(zl)—f”(Zz)Iy2 < " leny™™
for y € (0,1), with some z; € [z —y, 2] and 23 € [,z + y]. We thus obtain
L3 | < CO+ [ fllgz-) N9l -
On the other hand, symmetrization and
(3.12)

show that
L [ W)A) B (@) — f) () @) il - 921,
il = g Lo | @—9+ (f@ — F )P dydz)
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<[ sty [ OO = U)o 1
G =+ (F() = )P |

The last integral in y is bounded by C||f”||z~ when |z — z¢| < 5 and by

16| f"|| oo

(0| -1 when

|z — x0| > 5, so
L3 < OO+ )l
And since we clearly have
[4D(z,y)| = [2f"(2) = f"(x) = ["Wl(z — y)* < 4| f"evle =y
with some z between x and y when |z — y| < 1, from (3.12) we again see that

L5 1 < CA+ [ ler)lglZ, -

Therefore we proved
[Kel < OO+ lge)lalzs - (3.13)

Next write K = —L§ — L{ + L3, where

N NN e R
L;’24h<”(Wéux—m%uﬂ@+fw»1dd

[ [ U@ )y
”*‘?é“>“) A Pt (@) fla )P

o T [ W) F) W )
L5f24h(w(fé[u—y> (@) T S Y

and in L] we changed variables y <> z —y. We can now estimate L3 in the same way as
K3, although this time a simpler argument can be used to estimate the term analogous to
L7 . That is because after changing variables y <+ x — y, this term becomes

h(z) — h(z — + f(z —y))?
foer [ g O
and (2.9) shows that the absolute value of the inside integral is bounded by

e " max{y?, f(2)}?|y| @) e
o+ ([ et ay e [ ) <cairie)

when |z — 29| < 5. Hence similarly to (3.11) we obtain
Li = =CA+[fle)lal,.

The argument bounding K" shows also that
LI < CA+[F1elal,, -

Finally, symmetrization again shows that

1t = [ Mogte) [ BT TP

@92 + (o) T )P
g W) (h(x) — ) (f(x) + F)F @)z —y)
*‘/Lg(x).lg @9+ (@) + [P ez,
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0 (3.12) and a change of variables yield

o [ LGRS (R B T
s [ o | (Fa)+ fa—yy

zx“ﬂﬂ)+f@— o)l |f (@) — o
*Lm§“”LW4 W+ (@) + fla—9)P
s [ 1h(2) — bz — 9)(F@) + F@ - ) (F @]+ @ — 9Dy
*/9“)/) WPt (o) 1 f(z— )P dyde.

The integral in y in the second term is bounded by %

in y over R\ [—1, 1] is bounded by C/|| || L=, and the same bound works for the integral over
[—1,1] when f(m) > 1. When f(x) <1, then (2.9) shows that the latter integral is bounded
by

—y)llyl

dydx

In the first term, the integral

oy [ max{y?, f(a)} o2 ,
CO+ ) | iy o < OO+ )

The third term in the bound on |L{| can be estimated in the same way, so the above bounds
yield

K <O+ |1 lelglzs -
This combines with (3.11) and (3.13) to yield
Ty = Jy < O+ fligz)llgllz -

and adding (3.8) to this finally concludes that
IF+ 17 < OO+ [ £llgea) 17, - (3.15)

4. ESTIMATES ON [

We note that (3.2) and a change of variables show that

R o P )~ ) () £ S () £ ),
Q‘dﬂ“$24M1f”PVA @yt @) =/

Symmetrization shows that the second term equals

” (h(z) = h(y) f" () (@ —y)(f(x) £ f(y)(f'(x) £ f(y))
Af(@/‘ @y + (@) £ F )P dydz

The absolute value of this integral is bounded by

e [ 1) = bz = ol150) & S 1F'0) & 7'0)
/f / x—w ((0) = £ ()22 dydr (D)

When we replace + by —, the inside integrand is bounded by || f'||c: min{1, m}, SO
this, (3.4), and (3.6) yield

11 < CUP NG N2 (4.2)
When we replace + by +, then (4.1) becomes (after changing variables)
m | —YIylIf @) + flz =yl /(@) + e =yl ,
forer [ 2+ (70 + (o~ )P vie 09
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The inside integral is bounded in the same way as (3.14), so from that bound, (3.4), and
(3.7) we obtain

1131 < CA+ I IEDF 17 (4.4)
5. ESTIMATES ON [

We can write I; = 2(J; — J; ), where

— ey [0U@) = @ =) (@) = [z = )*BU @) — fe —y))* — v
I = [ s | 7+ (F() — (o — )P
e [ U@ = e =)@ — fa—y)
I = [ | e
Since f"(z) — f"(z —y) = yfol 1" (x — sy)ds we obtain

/5| < Cl\f'Hch/ h(@)|f" (@)1 f"(z — sy)| min{1, [y| "} dzdyds

R2x[0,1]

dydz,

(5.1)
< C”f/H%le”/H%z/ min{1, |y| >} dyds < C||f'[|2 ]| /"%

Rx[0,1]

We use the same method to estimate J; , bounding the second factor f”(x) — f"(x —y) via
/" (@) = (@ = y)| < [[f"]leny]” for [y| < 1. This yields

|Jy | < CHfHéme’”ll%z/ minf |y, [y| 77} dyds < C|If|12q 111" 1132,

K Rx[0,1] K

and it follows that

;| < Ol|f”é§w”fm||2p- (5.2)

We now turn to the term I3, whose treatment will be much more complicated. First we

split I = I} + I§ + I, where with R, := R\ [—+/f(2z),+/f(z)] we have
I 1=/X(Loo)(f(ff))h(if)fm(iﬂ)/Z/(f"(l") +.["(x —y)) ;AT (z,y) dydz,
R R

w

5= [ Xoa (@) @)@ PV [ (1) + (o = 1)) 024 (2.0) dyd

Ry
@

Iy ::/X[o,u(f(ﬂf))h(ﬂf)f”'(x)/ y (f"(x) + ["(x — ) B2A (2,y) dyd.
R SN

The inside integrand in all three integrals is twice the difference of inside integrands from J;
and J; but with all f)(z) — f9)(z — y) replaced by fU)(x) + f9)(x —y). It is clear that

L] < ClIf 112 /R h(@) f" (@) (1" ()] + | (& = »)]) min{1, |y|~*} dedyds
(5.3)
< O IEllF g2l £l 7 /Rmin{L lyl7?} dyds < Ol FIE (1 F 132 + I1F71152).

We leave the most challenging term I}’ for later and deal with I next. We decompose it
similarly to I5, which gives us terms like J; and .J; but with each f9)(z)— £ (z—y) replaced
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by fU)(z)+ fU)(x—5). Then we decompose these terms further in two ways. First, we replace
one factor f’(z) + f"(x — y) in each integral by the sum of 2f”(z) and f"(z —y) — f"(x),
and then in the first “subterm” with 2f”(x) we also split 3(f(z) + f(z — y))?* — y? into the
sum of 3[y* + (f(z) + f(z —y))?] and —4y? in order to simplify the formulas. We thus obtain

I =2(J5 — JfF +6J —8JF —2J7),
where with h(z) := X(0,1](f(z)) h(x) we have

e | ) £ y(f"(x—y)— f'(2))
Jg.—/Rthu/m [
)

f'@) + (@ =)’ B(f () + [z —)* — ] dydz
2 ( 7

f(@) + [z —y))?

y*+ ’
"(r —y)(f(2) + [z —y))

f"(x)

+ . ~SC ///:IZ' y(f”(x—y)—f”() +f X
It = [ s [ 2+ (@) + fz )PP v
+ . 7 " " y(f/( ) f (CL’ y))Z
I [ MA@ PY [ R e
J6+ — /RB(:E)J@///(:C)f//(x) PV/ Y (f( ) f (I y))))2] dyd:lj'
(

r, [V?+ (f(2) + flz =y
)

+ . 7 " " y(f”( ) +f”( y) (I) +f(x—y))
7= /Rhw (@)1 () PV/ S PR % T P

We will estimate these integrals one by one.
First, the argument for J; gives us also

[ < CO+ I enllf 17

because | f'(x)+ f'(x—y)| < 41+ f'l|cr)|y| for |y| € [/ f(2),1] by (2.9). From (2.9) we also
have |f(z —y)| < 2(1+ ||f'|lcr)y? for |y| € [\/f(z),1], which can be used in the argument
for J, even though now we only have |f”(z) + f"(z — y)| < 2||f"||z~. We thus obtain

[T < CA+ N IEDIF 17

To estimate the last three integrals, we will use that

/ ycb(y)dyzfoo y(o(y) — d(—y)] dy (5.4)
R. f()

dydz.

and assume below without loss that 2 = 0 (and of course then also f(0) < 1). For J5, note
that from (3.5) we obtain

y(f'O) + f'(=9)* y(f'(0) + f'(y)”
[v?+ (f0) + f(=v)?]*  [y?+ (f(0) + f(y))*]?
< 212f0) + f'(v) + F' (=)l |1 f' () = F'(=v)]
+2y(f'(0) + ()1 f (y) — f(=y)l.

The first term on the right-hand side can be estimated by

(1+||f||clw Yy mln{ \/ _|_y1+7 }

5
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for y > 1/f(0) due to (2.9) and
') = f'(=y)| < 2] f'llor min{1, y},
12/7(0) + f'(y) + f'(=y)| < 4l f ][z for y > 1, (5.5)
')+ f'(=y) = 2£' (O] < 201 f"llenlyl™ for y € [0,1].
The second term can be estimated by
C(1+ [1f][&n )y min{1, y°}
for y > /f(0) because (2.9) shows
[f/(2)] < 2(1 + [ f'llcr) min{1, y}
for y > /f(0) and all |z| < y. Hence

] < / B()| (@) | ()] / [ COF 1)

< AN N2z

because the inside integral is bounded by C(1+ ||f'||%.,,). The same bound can be obtained
for Ji in exactly the same way.
Finally, J can be estimated similarly via (5.4), using (3.5) to get

y (S"(0) + f"(=y))(f(0) + f(=y) _ y(F"(0) + f"(w)(f(0) + f(y))
[y? + (f(0) + f(=u))*? y? + (f(0) + f(y))?]?
<yIf" (W) = £ (FO0) + F(=0) + 17 0) + £ W) () = (=)
+2y117(0) + f (W) (F(0) + fF)If () — F(=y)l.
Then the above bounds together with (recall (2.9) and that f(0) <1)

1f"(y) = (=) < 20"l ¢ min{1, 37},
|f(£y)] <201 + || f']ler) min{y, y°},

)= £l = 27 O - [ (e = s ) (e
<AL+ (|1 ens)(VTO) + )y
for y > /f(0), bound the right-hand side of (5.6) by
COU+ |1 [22-) [7 min{1, y™+7} + y? min {y, (/7O + 5"y }|
+ OO+ £ E0) min {y*, (VFO) + 57y}

min{1, (/f(z) + yl“)y}dydx
y3

5

(5.6)

<2/ O)ly + I/ lle-y™”

and we obtain
+ " " > 113
|J7|§/Rh(x)|f (@) f (I)|/m0(1+||f||cm)

< CAA eI Nzl -

wind1 V/IGT +0
)
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So the above arguments yield the bound

15| < COL+ (118D UL 13 + 1L 1%s). (5.7)
Let us now turn to I3’ and consider its inside integrand, again for x = 0. This is
y(f"(0) + f"(—y)) B2AT(0,y) = 6yP(—y) — 8y°Q(—y) — 2yS(—y), (5.8)
where
_ ("0) + ") (f"(0) + f'()*
PO = GO s
_ (O + ") (f(0) + f1(y)?
R VD17
st9) o= LOLL PO +0)

[y? + (F(0) + f(y)*)?

Let us first deal with S above.

Lemma 5.1. We have

£(0)
/ yS(y)dy

when f(0) < 1, where

< CLA+fllen) (1£7(0)] + M (0)) (5.9)

My (z) —sup—/ |f"(x+ 2)|dz

y>0 2

is the Hardy-Littlewood mazimal function for f".

Remark. This result and Lemma 5.2 below, which is its analog with 6yP(y) — 8y3Q(y) in
place of yS(y), now yield

1< CO+ 171713 + 113 (5.10)

This is because both results equally hold with any € R instead of just = 0, and it is well
known that | M|z < C|f"||z2 for f € L*(R), which easily implies || M||;2 < C||f"z2.
because for y > 1 we have

1 Y " 1 x/+1 /// i
5 | 1@z < g [l < e
-y

z'eR z'—1
Together with (5.2), (5.3), and (5.7), this yields
15 < CA+ I flee) U172 + 1F71172)- (5.11)

We note that, as the proof of Lemma 5.2 shows, (5.9) does not hold individually for integrands
yP(y) and y*Q(y)!

Proof. Let
a=fO) €01, b=r0) € [F2ALREVa ALV, =10
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(see (2.8)). Then

') =ctgoly), fl)=btey+aly), fly)=atby+ gyz + g2(y)

for all y € R, where

y) = /Oy " (2)dz, a(y) = /Oy(y —2)f"(2)dz, 92(y) == /Oy v —22’) f(2)dz.

Let also

. (y ;!Z)j f”’(z)dz,

Fi(y) := (£(0) + f())* + (F(0) + f(=y)".

Gi(y) = g9;(y) — g;(—y) =

By (3.5) we have

S(y) — S(=y) = S1(y)Go(y) + Sa(y) + S3(y), (5.12)
where

Si(y) = 2f"(0) + f"(y) + f"(=y) (f(0) + f(y))

[y? + (f(0) + f(y)*)? ’
So(y) = (2¢ + go(—y))*(2by + Ga(y))

[y*+ (f(0) + f(y))*]
Sy(y) = (24 9o(=9)*(f(0) + f(=9)) 24" + F>(y)] Fi(y) (2by + Ga(y))
[y? + (f(0) + f()** [y* + (f(0) + f(—=y))*]?
First consider S; and let

= @F0)+ f"(y) + (=) (f(0) + f(y))
Sily) = [y? + 4a?]? ’

From (2.9) we have

1F(0) + f(£y)l <3+ [1f]ler)a

5.13
1£(0) + £(&) — 2a] = [£(£9) — FO) < 201+ | or)vay 513
for all y € [0, /a], and so for these y we have
(£(0) + f(y))* — 4a®| < 20(1 + || f'[121)a*y
and then , , "
y° + 4a 12 a
PN (IS E=n) i e A e vy o4
This yields
Q /114 a5/2
1S1(y) = Si(y)| < C(A+ || f ||01)W (5.15)
for all y € [0, /a]. Similarly, (5.13) yields
S| < CO+ [ F112) —— (5.16)

max{y, a}*
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for y € [0,+/al, so
2

S WGy < C+ 17120 [ — ay(0)dy < C(1+ 12 M0
| uSimGmias < c 171 [T S0y < OO+ 1)1, 0).

An analogous bound can be obtained using (5.15) in place of (5.16), and we thus have

Va
| si@Guwlay < €+ 171E)M5(0), (.17
0
which is dominated by the right-hand side of (5.9).
Let next

~ bc? 128a2bc? 3 — 12a?

Guly) = 8bcty  128a”bc7y _ 8bczu,
[y +4a?P? [y? + 40P [y? + 4a?]?

which is Ss(y) + S3(y) after dropping all G5 and gy terms and replacing all f(0) + f(Zy)
by 2a (including those in Fj(y)); this is also the leading order term of Sy(y) + S5(y) when
be # 0 and 0 < y < v/a. When |b| ~ y/a and ¢ ~ 1, in the latter region we have y|S(y)| ~
Vay?*max{y,a}~* which is too large to yield an upper bound on fo‘/ay]&(y)]dy that is
independent of a when a < 1. However, we observe that

~ 8bc?y?
=0y —— 5 1

yS4(y) 8y [y2 _'_ 4@2]2’ (5 8)
so this and [b] < 2||f”||2/£\/5 yield

va o nnl/2 2

i ySa(y)dy| < Cl[f |l f=c, (5.19)
which is dominated by the right-hand side of (5.9).

Now let
Si(y) = (2 + go(—y))*(2by + Ga(y))  16a°(2c + go(—y))*(2by + Ga(y))

[y2 +4CZ2]2 [yQ +4a2]3 ’

which is obtained from S3(y) + S3(y) in the same way as §4(y), but without dropping the G5
and go terms. From (5.13),

2¢+ go(—y) = f(0) + f" (=),
20y + Ga(y) = f(y) = f(=y),
(2.9), (5.14), and |go(—y)| < 2yM¢(0) for y € [0, 1] we obtain

1Sa(y) + S5(y) — Sa(y)]
< Ol "l (lel + MyO)Wa)(1 + | flen)Vay (

(12

(5.20)

(L4 1 f1IZ)a*? s 1£11Z1)a*y
max{y, a}® max{y, a}®

< C(LA+ 1/ llen) (el + M (0)) (5.21)

max{y, a}*
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for y € [0, \/a], similarly to (5.15). This bound follows after we first replace f(0) + f(—y) b
2a and Fy(y) by 4a in S3, and then all the (f(0) + f(+y))? by 4a* in both Sy and S;. Thus

Ja
/0 y|Sa(y) + Ss(y) — Sa(y)ldy < C(L+ || f'lle2) (el + M (0)), (5.22)

which is again dominated by the right-hand side of (5.9). For y € [0, /a] we similarly have

. 2y M¢(0)a
. < N2, \/ay +y / m < N2, f '
) ~5i0)] < CLHIP I L [l < cO-r ) o s, 529
so we obtain
ve Q 1112
| o1Sit) = Sutwlay < €1+ 1125 0) (5:24)
0

The result therefore follows from (5.12), (5.17), (5.19), (5.22), and (5.24). O]
Next we consider the terms P and Q).
Lemma 5.2. When f(0) < 1, we have

7O 3 1114 1"
/ - ByP(y) — °Qy)] dy| < C(L+ [ f'llca) (1f"(0)] + M;(0)) (5.25)

Proof. This proof will follow along the same lines as that of Lemma 5.1 so we will skip some
details. Let a,b, ¢, g;, G;E be as above, and let us start with P. By (3.5) we have

P(y) — P(~y) = Pi(y)Go(y) + P2(y) + Ps(y), (5.26)
where
(f'(0) + f'(y))?
AW = (Fo) + )P
Pyly) = (2¢ + go(=y)) (21'(0) + f'(y) + f'(=y)) (2cy + G1(y))
[y? + (£(0) + f(y))*]? 7
Py(y) _ et go(=9)(f(0) + f'(=))* 25" + Fa(y)] Fi(y) (2by + Galy))
[y? + (f(0) + f()22 [y? + (f(0) + f(~y))??
Let

2 (f'(0) + f'(9))?
P, = .
1('3/) [yg 4 4@2]2
Then similarly to (5.15) and (5.16) we obtain

a5/

max{y, a}>’
a

max{y, a}*
for y € [0, y/a], where we also used the first bound from (2.9). Just as (5.17), we now get

[Pu(y) = Pi(y)l < CA+If[IE)

[Py < CA+If1120)

Ja
/O y[Pu(y)Go()ldy < C(1+ || £|4)M;(0). (5.27)
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Let now

~ 16bc2y 128ab3cy v — 12a%y (2ac — b%)y
P = — = 16bc* ——2 + 128abe~———2
W)= i raap O praep TR e

which is P5(y) + Ps(y) after dropping all G; and gy terms, replacing all f(0) + f(xy) by 2a
(including those in Fj(y)), and replacing all f'(0) + f'(xy) terms by 2b. Then

~ (2ac — b?)y? 16bc?y?

but this time the first term means that
va oo
| Py
0

for a < 1 whenever a # 0, |b| & v/a, |¢| £« 1, and |2ac — b?| & a. We will therefore leave P,
for now and return to it at the end of this proof.
Next let

Py(y) ==

~a 1?2 (5.29)

4b(2c + go(—y)) (2cy + Gi(y))  32ab®(2¢ + go(—y)) (2by + G2(y))
[y? + 4a?)? [y? + 4a?)?

which is obtained from Py(y) + Ps(y) in the same way as P,(y), but without dropping the
Go and g terms. Similarly to (5.21), we now obtain

|P2(y) + Ps(y) — Pay)|
M;(0)y®
max{y, a}*

+C(le] + My (0)/a) (1 + |1 |2)Vay (

a® + y3
max{y, a}*

2,2
< C|f"|2 + C(le] + Mp(0)a) (1 + || £ ) ——=2

max{y, a}’

(L+[Lf/][2)a®? L A E 1 len)a*y
max{y, a}’ max{y, a}°

< COA+[1£lle)(el + M (0))

for y € [0, v/a], where we also used |b| < 2||f”[|}22/a and

2cy + G1(y) = f'(y) — f'(—y),
(F/(0) + f/(£y)" = (2b)"] < Cul(L+ || f[[E)al "D 2y, (5.30)
121'(0) + f'(y) + f'(=y) — 4] = |g1(y) + 91(—y)| < 24> M (0)

for y € [0,+1/a] and n > 1 (here we only need n = 2 but other n will be useful in Lemma 6.1
below). The above estimate is obtained if we first replace all the terms f’(0) + f'(£y) by 20,
where the errors are the first two terms after the first inequality above (in the first of them
we use the first line in (5.20) and the first and third line in (5.30); in the second we use the
second line in (5.20), (2.9), the second line in (5.30), and (5.13)). Then during the following
replacements we use the bound |b] < 2| f” ||2/£ Va, obtaining essentially the same errors as
in Lemma 5.1 (these are collected in the third term after the first inequality above; here we
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used the second line in (5.20), the first line in (5.30), the second line in (5.13), and (5.14)).
From this we see that

Ja
/ yPo(y) + Ps(y) — Pa(y)ldy < C(L+ || f'][ea)(e] + M (0)). (5.31)
0
By (5.20), the first line in (5.30), and (2.9) we again have
. v M;(0)a
. < 112 . a " < 1 112 . f
P = P < CO I s [ 1l < €Ot 1) s
for y € [0, v/al, so we obtain
ve » 112
| 0lPo) = Pulldy < €+ 17120 05(0)
0
Finally we can conclude from this and (5.31) that
ve D 114
/ yIP2(y) + Ps(y) — Pa(y)ldy < C(L+ || fllcn)(lel + My (0)). (5.32)
0

The treatment of () is the same as P, with two adjustments due to the power 3 in the
denominator of Q. First, all the pointwise estimates on @; have an extra factor max{y,a} 2,
but this is cancelled in all the integrals by the extra factor y? in front of @ in (5.8) (relative
to P). Second, the term @3, corresponding to Ps, has an extra factor % relative to Ps (besides
max{y, a}?). This means that we still get

Ja
| @Gl < O+ 171 My00). (53)
0
and
ve 3 S 114
/ v lQ2(y) + Qs(y) — Qu(y)ldy < C(L+ |[f'lca)([el + M (0)) (5.34)
0
via the same arguments as (5.27) and (5.32), but now the critical term (analogous to P;) is
~ 16bc?y 192ab3cy w2 — 20a’y (2ac — b?)y
= — =1 Y + 192abc———F—.
Qa(y) (2 +4a2]? [y + 4a?]* Gbe [y + 4a?]* + 1J2abe [y + 4a?)
Hence
~ 2ac — b?)y* 16bc%y°
P Quly) = 192abe 20 W L6y (5.35)

[yQ + 4@2]4 Y [yQ + 4a2]3’
which together with (5.28) yields

3yPy(y) — 4y°Qu(y) oyt — da’y? 3bc2y? 4bcyP
= —24abc(2ac — b — I
16 abe(2ac ) [y? + 4a?]4 % [y? + 4a?]? % [y? + 4a?]3
be(2 _ b2 3 b 2,,3 4b 2,5
_ ,Babcl2ac — D)y sy ¢y (5.36)

[y? + 4a?]3 Y [y? + 4a?]? Y y? + 4a?]?



26 ANDREJ ZLATOS

This way we essentially cancelled the problematic term in (5.28) by adding to it its equally
problematic counterpart from (5.35), and using |b| < 2||f”||2/£\/5 we obtain
ve D 3 A 1m1/2 2 13/2 113/2
[3uP\(y) — 4°Qutu)] du| < P12 + 120D < CUF 2Ll (5.37)
0

In view of (5.26), (5.27), (5.32), (5.33), and (5.34), this finishes the proof. O]

6. ESTIMATES ON I
Finally we will treat I;". Note that I, = 6.J; — 24.J; + I, , where

[ [ 9@~ P~ ) ) — f = ) a) ~ fo - )R
5= [ n@se | P+ (@ — @)

’]
dydzx.
Similarly to (5.1) we now obtain

IO [ h@If @)1 = s minL, o] ) dodyds

R2x[0,1]

< Cllf’ll‘élIIf”Hpr’”HLz/ min{L, |[y| ™"} dyds < Ol llea (1F"172 + 1£717)-

Rx[0,1]

This, (4.2), and (5.1) now yield

11 < CA+ e )AL + 17172 (6.1)
Term I will again be the Challenging one. As with I, split I} = I} + I} + I} + I}",

where with R, := R\ [—+/f(2), /f(z)] and h(z) := x01(f(2)) h(z) we have
= /[RX(l,m)(f(x))h(x)fm<x)/R [y (f’(fﬁ)+f’(x—y))5§A+<w,y)+2yW(w,y)} dydz,

3

Ij = /Rﬁ(x)f’”(:v) PV/ Ly (f'(2) + f'(x = ) RAT (2, y) + 2yW (2, y)] dydz,

T

- f(x)
1= / R(a) " (2) / WU ) A ) + 2 ()] dud

" = —/Rh(x)f (:v)/RQyW(:r,y) dydzx,

and

oy e U0 £ 1@ =) () + S =) ) + S =)
| W2+ (F(x) + [z — )
Note that I} = I}, so (4.4) yields

[13"] < CO+ [ F eI (6.2)
Next, the inside integrand in I is (6.5) below with (x,z — y) in place of (0, —y), so

73] < CHf’H?él/ )| f" () \Z LfP@)] + 1f (@ — y)]) min{L, |y|*} dudyds
< ClFIE 17 + ||f”||p +1F1172)-
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We also have I} = 6(J5" + 6J5 — 8.JF) — 24J¢, where

e [ U@ PG ) @)+ @)@+ ) ],
K “/R’”‘( 2 >/ I P+ (@) + fl@—y)) dydz.

Estimates from the last section show that

5|+ 1T+ 16 < COA M) 1T + 17 1),

while we obtain

[T 1< C+[1fllen) /R2 o (@) @)I(1f'(@)] + | f"(@ = sy)|) min{1, [y|~*} dzdyds
X9,
CA+F M) U + 1172 + 171172
if inside the integral we split one factor f'(z) + f'(z —y) into 2f'(z) and f'(z —y) — f'(x),
and then use (2.9) to estimate both integrals (the latter in the same way as J; ). Therefore
170 < CA+F o) U + 110 + 17 1F2) (6.4)

It remains to estimate [}’. Consider again x = 0, and then we have

y(f(0)+f'(—y)) O2AT(0,y) +2yW (0, y) = 18y P(—y) —24y°Q(—y) — 24yU (—y) +48y°V (—y),

(6.5)
where
C(PO) + FW)FO) + F)
e N T ES ) B
(PO + P W) FO) + F)
YO = T o feE

We can use Lemma 5.2 to estimate the first two terms on the right-hand side of (6.5). Since
the next lemma will deal with the other two terms, similarly to (5.10) it follows that

11T < CA+ AN U + 1717 + 177172

by using these results for all z € R instead of just x = 0. This, (6.1), (6.2), (6.3), and (6.4)
then yield

151 < CA+ NI UL NZ + 11 + 11122 (6.6)
Lemma 6.1. When f(0) < 1, we have
V()
'/_ - 20°V(y) —yU ()] dy| < CA+[If][ea) ([F(0)] + 17 (0)] + M (0)). (6.7)
Proof. By (3.5) we again have
Uly) — U(=y) = Ui(y) + Ua(y) + Us(y),

V(y) = V(=y) = Vily) + Valy) + Vs(v), (6.8)

where

Ui(y) =

(f(0) + f(y)(2cy + G1(y) 320, (f/(0) + £/ ()" (f/(0) + f'(—y))> ™"
[y2 + (F(0) + f(y)2 ’
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(f"(0) + f'(=))*(2by + Ga(y))

e N O ES )
) e IO PEUDHO) + S () Haly) Fil) by + Gat)
) P U0+ F@) PR + (0 + ()P
and
%@):(ﬂ®+fwﬁﬂw+%h@NZiJ F10) + F )" (F(0) + F(—y))*"
W+ U0 T 7@ ’
O+ S o) Chy + Galy))
Valw) = SR 0) + A
Vi) = — SO+ F'=y)) (£(0) + f(—y) Hs(y) Fiy) (2by + Ga(y))
3(y) P U0+ TG T O+ I
with |
H(y) =Y _[y* + (FO) + fFW)]" [v* + (F(0) + f(=)* "

n=0

(so in particular, Hi(y) = 2y* + Fy(y)). None of these terms is analogous to S; and P
because U and V' do not have the f”(0)+ f”(y) term. Instead Uy + Uy + Us and V; + Vo + V3
are treated the same way as Sy + S3, Po» + P35, and Q2 + (03 in Lemmas 5.1 and 5.2. We leave
some of the details to the reader, but provide here the main estimates, discuss how to deal
with an extra complication, and show cancellation of the critical leading terms

Taly) = 128abcy 32b%y 768ab°y
R T N T
— 4a*y (2ac — b?)y
— 996 (dac + 1) LAY 510, LR
Mae ) e © 7+ da?jt”
i(y) = 128abcy N 32b%y 1024a2b°y
a\Y) = 2 +4a?]* " [12 +4a?]t [ + 4a?]
3y — 20a%y (2ac — b%)y
= 320 (dac + b*) =————= + 2048a*h’ ——2-.
(ac+ b s g T 208 )

These were obtained from U; + Uy + Us and V; + V5 4 V3 by dropping all the G terms, and
replacing all the f(0) + f(£y) and f'(0) + f'(+y) terms by 2a and 2b, respectively.

Doing the latter but keeping the G terms defines terms U, and Vj, and we first obtain
an estimate on Uy 4+ Uy + U3 — Uy. We can do this similarly to the analogous estimates
for So + S35 — Sy and P, + Py — Py, using (2.9), (5.13), (5.14), (5.20), and (5.30). But if
we simply estimate each f/(0) + f'(£y) by 4(1 + || f'||c1)v/a and each b by 2| f”||¥2/a, our
final estimate will lack the term |c| + M;(0) from (5.21) because Us, Us, V3, V3 do not contain
the factor 2c¢ + go(—y) or 2cy + G1(y), which can be estimated by 2(|c| + M(0)y/a) and
2(Je| + M£(0)+/a)y, respectively. (This would add 1 to the last parenthesis in (6.7), which is
not an issue when we consider solutions with f” € L?*(R) but would become one for those
with f” € L?(R), relevant to (1.12).) Instead, when we first replace (f'(0) + f'(—y))*
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(2b)* in either of these terms and estimate the difference, we need to use
['(=y) = FO)] < 2(lef + M(0)Va)y < 2(|e| + M;(0))y,
which replaces the second line in (5.30) by
[(£/(0) + £/ ()" = (20)"] < Ca1+ [IF 1) (] + Mp(0))a™ D2y,
In the case of U, we then also need to estimate
160" (2by + Ga(y)) 160 (2by + Ga(y))
v? + (F(0) + f(9)*)° [y +4a?®
but doing this by only using (5.14) and |b| < 2||f” ||2/£\/5 is again insufficient. However, we

do obtain the desired estimate, with |b|+ |c|+ Mf(0) in place of |c|+ Mf(0), if we also employ
the bound

b* < 4(|b] + |c| + M (0))a
once. This clearly holds when [b| < 4a, while if [b] > 4a, then f(£2%) > 0 forces
b _
5 < sup |f(y) = F(0)] < (le| + M, (0))2ab7".
ly|<2a/|b]

With a similar adjustment when estimating Uz, we eventually obtain
2

04 (9) + Uly) + Us(y) = Us(w)] < CCL I ) 01+ el + My(0)
a(9) + Valy) + Vo(0) = Va(u)| < OO+ I 01+ Jel + My (0) o

for y € [0, y/a], so that

va
/0 ylU1(y) + Ua(y) + Us(y) — Us(y)ldy < C(1+ ||/ lea) (0] + e + M£(0))

and

Vva
/0 v’ IVily) + Va(y) + Va(y) = Va)ldy < C(L+ || f'le) (6] + e] + M (0)).

We easily also get

J / ’ Y " , M:(0
[Us(y) = Us(y)| < CA+ || f II%l)maX?y’a}ﬁ . 17" (2)|dz < C(1+ || f HzCl)ﬁyE]ﬁ’

¥ / ’ Y " / M:(0
Vi) = Vi) < €O+ I ) s [ 17l < 0+ 15 1) 00

for y € [0, +/al, so

Va . .
[ (010w = D)+ 97 Vatw) = Talw)l) dy < O+ 172 My 0).
0
Finally, we now have the crucial identity

20°Va(y) —yUily) _  20%(dac+b%)y° . bP(dac +b%)y°
32 Y 3y 4 4a?)t Y 3[y? + 4a?)?

5yt — 12a2y?
3[y? + 4a?]®

+ 16ab*(2ac — b*)
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20° (4ac + b*)y° b*(4ac + b*)y? 16a%b*(2ac — bv*)y?

=0 3ly? + 4a?)* 9 3[y2 4+ 4aP % 3[y? + 4a?* (6.9)
hence
va 37 7 211 £ 3/2 "2
20 Va(y) = yUi() | dy| < CRIFIZE(L+ a) < CIf" 3ol
0
The result now follows from the above bounds and (6.8). O

7. A PRIORI ESTIMATES FOR AN APPROXIMATING FAMILY OF EQUATIONS

We will find solutions to (1.5) as ¢ — 0 limits of solutions to the mollified problems

Y On(@e  fo)(@,) £ 0u(0e * fo)(x — 9, 1))

Oife(x,t) = ¢, *PV/ dy, 7.1

) = C 2 (o 0 & (oo G- D

where ¢.(z) := 14(%) for € € (0,1) and ¢ € C(R) vanishes on R\ [—1,1], is even, decreasing

on [0,1] with ¢(0) = 1 and ||¢'||r~ < 2, and f_11¢(:n)d:v = 1. Dropping again ¢ in the
arguments, denoting ¢’ := 0,g, and letting F. := ¢. x f. for f. > 0, we obtain

d 2

. h "
dt H\/_fg L2
where with AX(x,y) = [y? + (F.(z) £ F.(x — y))?]~* we have

o ” y (F"(x) £ F"(z —y))
i = /Rh( ) (@) 9 » / V2 + (F.(0) £ Fu(z —y))2 V4

o= [ W) oo [ 5P a) £ PG =) 0,42 ooy duda,
o= / W) £ () b # / g (F/(x) £ F(a — y)) 2A%(a,y) dyde,
Iy r=/Rh( ) fI'(x) ¢e * / (Fl(z) + F!(x — y)) B2 AX(x,y) dydz.

As explained at the end of Section 2, we can drop PV in the last three integrals, and below
we will also drop it in I3 (where it is only needed as |y| — o). Note that now F. does
have the degree of regularity required for the arguments in the previous sections (it is in fact
smooth), which carry over with the following adjustments.

Let us first consider I};. From [, F(¢ x G)dx = [,(¢ * F)Gdz for even ¢ we have

e [ [ W@ E R )
=T 4 g .—/Rh( Y )/Ry2+(Fa(l‘)lLFg(%_y))2 dyd
# [ ) = hoe — ) [ AT v,

We can estimate J;; in the same way as I;-, and similarly to (3.15) we obtain
T Ty < OO RlPa) 1712 (7.2)
with some e-independent C, where we also used
16 = gll7. < 2llgll7

=21 + I, + I+ 1))+ 6(I) + I, + I, + I3),
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On the other hand, we have

(7.3)
From (2.3) we obtain
Y
d < FE < 3 Y
| rmm e < 1Pl < Al
N Cllf|
yde(z —v) elics
e dyl < 120 (e — 7.4
T (Bl £ Ry = T el T
because ¢.(x — z) = 0 when |z — z| > e. When |z — v| > 2¢, then
d Y CA A+ [1fe=)
dy y? + (Fe(z) £ Fo(xz —y))*| — |z —of?
forally € [x —v—e,2 —v+¢], so from
T—vte z—v+te
/ Pz —y—v)=0 and / Lz —y —v)| =2e7!
we get
/ _ _ 1 / .
Ly | UL -
R Y +(Fe(f€)iFs(I—y)) |z = vl
When |z — v| < 2e, then from |¢. (x —y—v)— ¢l (x —v)] < Ce3y| and the fact that (7.4)
also holds with integration over [—y/, y | for any 3’ > 0 instead of over R,
wleyd )| seron) ) OO+
% 92+ (Fu(a) £ Fa(o —y) w P (E@ER@—ypY| = e
From this, (7.3), (7.4), (7.5) and the propertles of h it now follows that
rotare 1+ |[fellc2)
le: < /// /// d d < C 1 . 5 " %
< [ e [ Do Utz < O+ e 2T
because
elfe ()] € /2% m
£ < —_ <4aM .
= max{|z _ U|,€}2 dv < ; 92(n—1) 22 o ‘fa (Z + w)‘ dw < fs(z)
Hence this and (7.2) show that
I+ I7 < OO+ 122212 (7.6)
As for I, similarly to (4.2) and (4.4) we will obtain
1131 < CA+ A DN (7.7)

if we can prove the same bound for

T o= [ () = ha)onte = 2)72() [ 0P @) & o = ) 0,AZ (w,y) dydad:

R
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=2 [ 1) [ () = ha)onle 2
/ y (bl —v) £ ¢e(x —y — ) (Fe(x) £ Foz — y)) (Fi(x) + Fi(z
R [y + (Fe(2) + Fo(z —y))°]?
Similarly to (7.3), this will follow once we bound the inside integral by

CAA+/201E)

max{ |z — vl|,e}?’

—Y)) dydxdzdv.

and we do this analogously. First, the estimation of Kj* from (3.2) yields

y(Fe(z) £ Fe(r —y))(F(x) £ Fl(z — y)) 2 2
I T P E= A ] < O+ IRE) < 001+ ”fs”i:;)
for any S C [0, 00), so .
yoe(r —v)(Fe(x) £ Fo(x —y))(Fl(x) + Fl(z — y)) C(L+ [ f2l[E1-) .
/ P+ (F(2) £ Pl — )P dy' STl (7')9'))
When |z — v| > 2¢, then .
y(Fe(z) £ Fe(r —y)) (F(x) iFé(l’—y))‘ Fl(x) £ Fl(x —y) Cll f2l L
[y + (Fe(2) + Fo(x —y))?)? Tt (o) £ F(r—y)? | T [z —of?
forally € [x —v—e,2 —v+¢], s0
yoe(r —y —v)(Fe(z) + Fe(x — ) (Fl(x) £ F(z — y)) Cll f2l L
I [+ () & Fala ) o <GEE oo

When |z — v| < 2¢, then from |¢.(z —y —v) — ¢.(x — v)| < Ce?|y| and (7.9) we obtain
ycbe(fﬁ —y—v)(Fe(z) + Fo(z — y)) (Fl(z) £ Fl(z —y)) dy’
[v? + (Fs(fv) + Fe(z —y))?P

‘/ yde(r —y —v)(Fe(x) + Fo(z — y))(Fl(2) £ F(x —y))
[v? + (Fe(z) + Fe(z — y))*]?

This is immediate when =+ is —, while in the other case we use (2.9) to bound the last integral

(7.11)

CA+1f21)
£3/2 :

dy‘ <

with ¢.(z —y —v) — ¢-(x — v) in place of ¢.(x —y — v) by
CL+||Flfler) [* max{y, \/F. } CA A+ fler)
e? o max{y, F, (l’)} - e

The required bound on J;? now follows from the above estimates.

Integral I is estimated in the same way as I ;E because we did not use integration by parts
in & or symmetrization in the process; instead, estimates on all the relevant integrals imme-
diately followed after we obtained appropriate bounds on their inside integrals or integrands.
The first inequality in (5.1) becomes

[Ty | < ClIFL[En / h(@)| £ ()] (= = [F') (@ — sy) min{1, |y| ™} dadyds,

R2x[0,1]
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which yields the same estimate on J;, as we obtained for J; , with f; in place of f. Bounds
on the terms analogous to J; and Ji are adjusted in the same way. The term analogous to

J:~ will be bounded by

C1+ IIFéll?ém)AM@“)Ifé”(%’)I(@ « [F/))(x) dr < CU LA L2 2 12 ] 2

those corresponding to Jg, J, and I} are treated the same way, and (5.10) becomes

[Iz] < C(1+ HFéH‘él)/Rh(x)lfé”(-’r)!(qba * (IF| + Mp.))(x) da
< COA+ e UFNF: + 1£217)-

However, in all those terms that constitute 1. ; , the estimates on the inside integrals/integrands
carry over only when |f(z + z) — f(z)| < 1 for all |z| < € because in the relevant bounds in
Section 5 we assumed that f(z) is away from either 0 or co. We therefore need to assume
here that & < | /]| ;.

The same adjustments apply to the terms constituting Iy (except for I;f, which is bounded

by (7.7)) in a decomposition analogous to that of I in Section 6. These estimates, together
with (7.6) and (7.7), finally yield

d 2
VR, < CO 1) (A% + 1A + 1 21) (7.12)

in place of (2.12), provided & < 1| f/||7%.

8. UNIQUENESS OF SOLUTIONS

Assume that fi, fo > 0 are classical solutions to (1.5) on R x [0, 7] that both satisfy (1.8).
Then the second claim in Theorem 1.1(ii) holds for f; (j = 1,2) because (2.7) yields

152 7) = £, 0) [ < C / (1 + 5;(t)) dt (8.1)

for all 7 € [0,77], where s;(t) := || f;(-, )HHB(]R Therefore f := f1 — fo € L>([0,T); H*(R))
whenever f1(-,0) — fo(-,0) € H*(R), and for all ¢ € [0,T) we have

dtH\/_f H 2IF + 15+ IF + 1)

with h := ho(- — o) as above, where (we again drop ¢ in the notation and let ¢’ := 0,¢g)

B V@)
‘/Rh / 7+ (@) £ Ll — g2

= [ ho)fa) / B .0 = 9)dyds = [ W@)f(e) [ (o= ) B*Go.y) dyda,

and with f3 := f; + fo we have

By BOERW B =A)
=0+ (W@ = AP @9+ (he) £ L)
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L B@EBDGEEED U)o
T 0 (A £ AW - vP 1 G £ ] o )

The arguments in Section 3 estimating I identically apply to I with (f, f1) in place of
(g, f), and just as (3.15) they now prove

Iy +15 <C(1+ Hfl”ép)”f”igo (8.2)

Symmetrization shows that

[ @@ PV [ @) B o) £ dude = 5 [ (160) = b)) = 0B ) F ) ) dd

R
so with E := [zg — 4,z + 4] we have

/R W) f(z) PV / (x — 4)By (2, y) f () dydz

R

/ xe(®) + xe(y)
< Clfilor [ XD )| 70)

) xe(x) + xe(y) 2 ) 5
< 1 d < C 1 72 -
< Cllfslle o ax{L 7 — y|2}f(fc) dydz < C|| fylle HfHLZO

On the other hand, letting ¢ := min{|y|, 1}, a; := f;(z) (j = 1,2), ag := max{a;, a2}, and
A:=14+f1llcr + || f5llcr, changing variables back via y <» x — y, and using also (2.9) yields

/R W) f(x) PV / (z — ) Bi (z,9)f(y) dyda

R

(xe (@) + xB(x — y))gly| max{y, Va,} max{gly|, as}
<o | e e f(@)]1f (@ = y)] dyds.
where we used |h(z) — h(z — y)| < §(xp(z) + xp(z — y)) and

file —y) < C+ | filler)(a; + min{y?, [y[}) < C(1+ || fjller) max{gly|, a;} (8.3)
for j = 1,2. If we employ |f(z)||f(z —y)| < f(z)*+ f(z — y)?, split the integral in two

accordingly, and change variables x <> x — y in the second, we find that

/R h(z) f(z) PV / (z — ) B (2,9) f (y) dyde

R

< C«/\Z/f(m)Q/ (xe(7) + x5(r = y)glyl max{y, va, } max{g|y|, as} dydz,
R R max{|yl, a1} max{[yl, a; }*

so we need to estimate the inside integral. It is clearly bounded by

y [ maxty, s}
o max{y,as}?
for any = € R, while for |x — 2| > 5 it is bounded by

/x zol+4 1 by < o

|

x—z0|—4 y2 N |$ - IL'()|2'

<1
dy+4/ —dy <C
1 Y

From the above estimates it now follows that

/R h(z) f(z) PV / (z — ) BE (2, 9) f(y) dyda

R

< NI, (3.4)
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Finally, we will show that

[ n@rsap PV [ (@ 0)Bi ) dyde| < O£, (8.5)
R R
with A, := 1+ || fill 2 + || fol| 2+ This and (8.4) then yield

|15 ] <C(1+||f1||2zw+||f2||22w)||f||L2 , (8.6)

which together with (8.2) implies

S VRSO, <€ (L IR + 1A 0I ) IS0l - 6D

Uniformity of (8.7) in zp € R (recall that h = ho(- — x¢) =: hy,) and
17 D)llz2 < O sup ||y £ 1)
o
yield
. 2 . 2 .
& s | Vi 70, < € (14 DACOIE + 16 1E) s | Vi 10, 89

for all t € [0,7]. So Gronwall’s inequality shows that f; = f, whenever fi(-,0) = f5(-,0),
proving the first claim in Theorem 1.1(ii). From H¢HH§ < oo and (2.7) we also obtain (1.11).

To prove (8.5), it clearly suffices to show

PV/ yBi (x, 2 —y) dy‘ <CN (8.9)
SuU(—S)

for any S C [0,00). Using a version of (3.5) with an extra term in the denominator yields

4
y|B (z, 2 +y) — B (z,2 — y)| < CABi(2,y) + CA* ) Bu(,) (8.10)

n=2
for y > 0, where (recall (2.9), a; := f;(z) (j = 1,2), and a3 := max{a;,as})

v (f3(x) + fa(x —y))

Bilw,y) = max{y, a; }2 max{y, as}?’
e max{y,aQ/ } max{y,a3 }
Bolay) = max{y, a; }2 max{y, as}?
Bu(a.y) o L4087} (@) + fola + ) @) + Ale+9) + Al —y) max {5,877
[v? + (fule) + file = )T ly? + (L) + filz +9)? 2 + (fo(2) + falz — )7
Bu(n.y) = e 087} (@) 1 fila +9)) 2a(w) + folw 1) + fole — y) max {5.8;)
[* + (fi(@) + filz + ) [° + (fo(@) + folz = 9)?] (2 + (fo(@) + fo(z + y))?]
We have

1 2 00 1—v
max{y ,ag}d ,+/ 2a3 + CA\yy dy < O\,
1

o max{y,as}? max{y, a3}2

/ Bi(z,y)dy < CA
0
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> max{7?, as}
o max{y,as}?
> max{y?, s}

B dy <
RS =

where in the last line we used max{gy, a;} < max{y,a;}. When a; > ay, we also obtain

/ Bs(z,y)dy <
0

while in the case as > a; we have
00 . .1/2
max{y,a,"” } max{y, a,

Bs(x,y)dy <
/0 s(x,y)dy o max{y,a;} max{y,az}

because in the last inequality we can assume without loss that a, < 1, and then use
N RCIVE
/ — dy < C,
) max{y, ar} max{y, o}

' max{y, ay'*}

/ By(x,y)dy < dy < C,
0

dy < C,

> max{gy?, a, }

dy < C
0 max{y,a1}2 ="

LA1/2

}dySC’

Vai max{y, (Zg} 0 maX{y> GQ}
These bounds and (8.10) yield (8.9) when + is +. To prove (8.9) with —, write the numerator
of By (x,x —y) as

[f5(x) = fole —y)] Ufs(z) = fs(z —y) = f(@)] + yfs(@) [fo(2) — folz —y)].

The first term is bounded by CA\2j?y, yielding the desired estimate for the fraction involving
it directly. The integral involving the second fraction is evaluated analogously to

/ y1By (2,2 +y) — By (@2 — y)ldy,
S

and then we use a version of (3.5) with one term in the numerator and two in the denominator,
together with the bounds

dy < C.

2f5(x) — fa(x +y) — fole —y)| < 2| fallera 97,
| f3(x) = f3(z —y)|12f;(x) = fi(z +y) = fi(z —y)| < CN§Py.

It remains to prove the last claim in Theorem 1.1(ii), which we do at the end of Section 10.

9. ESTIMATES ON THE DIFFERENCE OF APPROXIMATING SOLUTIONS

We will construct solutions to (1.5) as € — 0 limits of appropriate solutions to (7.1), so we
first need to extend the estimates from Section 8 to involve solutions f; and f; to (7.1) with
e € (0, %) and €’ € (0, ), respectively. Let again f := f; — f» and drop ¢ in the notation. Let

y (f'(x) £ ['(z —y))
v+ (f(x) £ flz —y))*

o) = 8

so that
O,f (x) = Gox PV / (o (2. 0) L HE oy (2, y))dy — 60 PV / (. (o g+ HE L (2 )dy
R R
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(we drop PV below). Then

dtH\/_fH oIL + 15+ I3+ I + I3 + 1)

where F; == ¢ x f; (1 =1,2), F:=¢.x f = F} — F,

£ ._ y (F'(x) + F'(z —y))
Iy = /Rh(if)f(if) Pe * /R P+ (Bi@) £ Bz —y))? dydz,

[é? ::/Rh(x)f(x) ¢5*/RyB§[(w,:z:—y) dydzx,
I [ ho)f@) (qbg* [ 9Bt dyts = 60 [ 485 (0.0) dydm),

and with F3 := F} + F5 and Fy := ¢ % fo we let
Fy(z) £ F3(y) Fy(x) + F3(y)

+ o
By = o (R £ AR @9 + () £ BE)?
(B £ BW) (B £ BY) (F@) £ F) R
@y 1 (@) = B[ — ) + () £ B o oy E@ W),
e Bty
Brew) = B £ B - g)?
Bgt(x,y)tz F2,(£L‘)ZEF2,(£L'—y)

v+ (Fy(z) £ Fy(z —y))*
Similarly to (8.2), we obtain
L5 + I < C(L+ | Al )17 (9-2)

by applying the argument yielding (7.6) to (f, 1) in place of (f”, ¢ * f.).
Integrals [gf can also be estimated in the same way as IGi in Sectlon 8 and we obtain

151 < CA+ 1 AlZeq + 122 1 (9:3)

provided we prove the same bound for the integrals
I = [ () = h@)enle = 1) [ (o= 0) B 0. Plo) dydad:
R2 R
f(z)f(v) /(h(z) — h(x))p(x — 2) / y o (x —y — v)BF (x, 2 — y) dydadzdv
R2 R R

that arise when symmetrizing the integrals at the start of the argument. We obtain
51 < CA+ NG + I1E 12D 1172 < CQ+ I fillens + 1121 F117

via the argument bounding J3 in Section 7. This involves first bounding the last dydz
integral above with ¢.(x — v) in place of ¢.(x — y — v) (see (7.9), but now use (8.9) instead
of (7.8)), then bounding the original integral when |z — v| > 2¢ (see (7.10)), and finally
bounding the integral with ¢.(z —y —v) — ¢-(x —v) when |x —v| < 2¢ (see (7.11), and again
use (8.9) instead of (7.8)).
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We finally claim that
17] < CQA+ I fallgz) Ve + & [1£llz (9-4)
(note that || f||72 is not squared here). Assume that € > €', as both cases are identical. Since
|pe  F = por 5 G| e < [[(¢e — der) x Fllpoe + (|6 % (F' = G|l < el|F'| e + [|1F = G|,
to prove (9.4), it suffices to show

[ 0.8 @, dy| < COU+ 1Rl (9.5)
/R y(BE(v,y) - BE(z,y) dy| < OO+ | fal22) VE. (9.6)
/R y(BE () — BE(x,9)) dy| < C(L+ 1 f2)120) V. (9.7)
where o ( ) L ( )
+ L o\ o\ — Y
By@w) = R £ Bl )P
We have

YO, BE (2, y) y(Fy (o) £ Fy (e —y))  y(Fy(e) £ Fyr —y)*(Fa(z) £ Fa(z —y))
T 2 4 (Ba(a) £ Fy(w — y))? [v? + (Fa(2) + Fy(x = y))°]? ’
and from (2.6) we see that
y (Fy(2) + Fy(z — y)) ' 2

dy| < C(1+ || Fy||52)-
/Ry2 (R = Ry Y| = OO Feler)
Hence (9.5) will follow once we show

y(F3(x) + Fy(z — y))*(Fa(x) £ Fy(x —y)) ‘ /2
dy| < C(1+ ||Fy]|en)-

L e e | 0 1A
This is immediate when =+ is —, while (2.9) shows that in the other case the left-hand side is
bounded by

> max{y?, Fy(z)}

o(1+||F2’||%1> max{y, Fy(z)}?

dy < C(L+ || Fl[é)-

To prove (9.6), we use
|(Fy(2) + Fy(x —y)) — (Fy (@) £ Fa(w —y)| S Ol fyllz~ e
for |y| > € to see that

1
3 ymin{y, e}
/1|y||B7<x,y>— T ()| dy < C| f2 ||oo/0 y—{d < O\ fY =€ Inel,

/ lyl|BF (z,y) — By (z,y)|dy < C[| fy||r= £ |Inel, (9.8)
<Jy|<L1

while (2.9) shows that

E A/ Fal
/0 yIBj (@, y) =B (=, —y)ldy§0(1+||f;||2cl>/ ymax {y, /by }

ety T < COH IR VE
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holds for 7 = 7,9. We note that we gave up /¢ here by only estimating |Fy(z) + Fy(z —y)| <
2| f5]l L and |Fy (z) + Fy(z — y)| < 2|/ f4|lz= in one of the terms in the integrand, but this
will not cause a problem. Finally, we have

Fy(x) — Fy(x)) ' . 2
d < C 2 F - F/ [eS] < C 2 E
’/|y|>1 y? + Fy(x) + Fy(x —y))? Y = Hf?”Cw“ 2 yllLe < ||f2HcW

by (2.3), while integration by parts as in (2.5) yields

y[>1 y? + (Fa(z) £ Fo(z —y))

These estimates collectively yield (9.6).
Inequality (9.7) is proved similarly, using

yF’IL’— —F// ’ /
/ (Flz —y) = B =) , ’gcm_FQ,‘,W(HHFQHMsc<1+uf2u%m>e-

|(Fa(z) £ Fo(z — y)) — (Fy(2) & Fo(z =) S Cllfsllr~ e

and with no need to treat integrals over {|y| > 1} separately. But there is an extra compli-
cation in the bound corresponding to (9.8). Namely, with Ga(x,y) := Fy(z) + Fa(x — y) and
Gy (z,y) := Fy(x) + Fy(x — y) we have

amGT(xv y)(G2($7 y) + GQ'(‘T? y)) (Gg(]?, y) - G2’(x7 y))
[v? + Ga(z,9)’ [y* + G (2,9)?]

and |Ga(x,y) — Gy (z,y)| < O f3llL~c. Using (2.9), it follows that

R VRV

. max{y, Fy(z)} max{y, Fy(z)}

Bg(fﬂ,y) - B;(x>y> =

/ WIBE G 3) = By )y < COL A2
'y_€

The last integral is bounded by

> max{y, /Fo (v } Y < C

€ ymaX{yaFQ'( )} N \/57

which yields the desired bound.
We can now conclude from (9.2), (9.3), and (9.4) that

CVas| < e (a1 ) (VETE +1512)

when f; and fs solve (7.1) with ¢ € (0,%) and & € (O,%), respectively, and f := f; — fo.
Similarly to (8.8), it follows that

Vheo £G1))

sup
dt roER

2
Vi 0], <€ <1+Z|\f]~<-,t>uz§,y) (\/T+ sup
j=1

roER

(9.9)
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10. EXISTENCE OF SOLUTIONS

First we claim that the operator in (9.1) satisfies

PV [ (tt5,oo) 4 () dy = PV [ (5 (o0) + 7 (o) dy'

< C(L+ |Rlléz + B2l 1Fy — Bollers.

The inside of the absolute value is

ZPV/ y (@) + Flz — y)) dy+ZPV/yB§E(x,x—y)dy,

sup
z€R

(10.1)

Y2 + (Fi(x) & Fi(z — y))?

where F' := Fy, — F,, F3 := F} + F5, and B?f is from Section 9. The two integrals in the first
sum are bounded by C(1 + [[Fi[lcz + [[F2llc2)|[F | c1~ due to (2.6). The same bound easily
holds for the integral with By, as well as for the one with B: over |y| > 1. We write the last
integral as fol y|Bs (z,x —y) — B (z,2 + y)| dy, and again use (2.9) and a version of (3.5)
with five terms. There we always obtain y? in the numerator, and this cancels the smallest
of y? + (Fi(z) + Fi(z £ y))? and y* + (Fa(x) + Fy(x £+ y))? that appear in the denominator,
so the integral is bounded by C(1 + || F{||Z: + || F5||Z0) | Fllcr times

" max{y®, Fi(z)} " max{y?, Fy(z)} " max{y, \/Fi(z)} max{y, / Fo(x)}
5 dy + 5 dy + dy < C
o max{y, F1(z)} o max{y, F(z)} max{y, F1(z)} max{y, F5(x)}
(see an estimate at the end of Section 8 for the last integral). This proves (10.1).
Then for each € > 0 and n € N we have

63 PV [ (Hy g )+ HE g w)) dy = 60 PV [ (H (o) + By o) dy
< Call+ [ fillEz + 1f2llEz) e 21Lf = fallzoe
for some (n,7)-dependent constant C,. This means that we can apply Picard’s existence
theorem to (7.1) to obtain its local-in-time solutions f for initial data from the metric space
Xy ={g € ¢+ + C*R)| inf g > 0}, where ¢ > 0 with ||[¢)[| 53 < oo is the initial datum
from Theorem 1.1. From (2.7) and (7.1) we see that these are C* if so are the initial data,

and they can be extended in time as long as they remain uniformly positive and f(-,¢) — ¢ *1)
remains bounded in C?*(R). This is because

lgllcz = NIg'llcr + llgllgn— < Mg = @) llor + (@ * ) ller + lld* Pllen— +2llg — &l
and [[¢|cz < oo. For any € > 0, let f. be such C* solution with
fe(+,0) = ¢ x P + 2e € X (10.2)

Let T; € (0, 00] be its time of existence and let F. := ¢, * f..
Recall that hy, := ho(- — o) for o € R and let

Ccn

P,

lgllz, = llgllen

2
Then
mac{ gl zz: gl } < Cllglla, < Cllgllag (10.3)
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because we assume that v € (0, 1] (recall (2.2)), so from (2.7) and (7.12) we see that

d
SO, <€ (1 IECDIE ) 1Dl <€ (1 ILCDIE ) 15,0l (104)
aslongast < T.and e < 1| f/(-,t)|| ;. Let T > 0 be such that the solution to 2’ = C(1+2%)z

with 2(0) = [[¢[| z, +1 satisfies 2(T) = M := ||¢'[| 5 +2, and let T} := min{T;, T} > 0. Then
(10.4) implies that for all € € (0, (CM)~!) we have

sup || fe(+ 1)l 7, < M. (10.5)
tel0,T7)

It remains to check that f. stays uniformly positive for some uniform time. Fix any small
enough € > 0 as above and ¢ € [0,77). Then for any € R we have (again dropping t)

PV / (i (2,y) + Hi (2,9)) dy = I (2) + I (2) — ALo(z), (10.6)
where
+ L yF&f(x)
B =pv [ o (Folw) £ Bz — )2
r) = y Fl(x —y)Fe(z)Fo(x —y)
fo(@): / 1 E@ 1t R )+ (o) - Fa )™
From (2.3) we see that
I£(2)] < C|| Elles | F ). (10.7)

Writing Iy(x) as [~ y(B(z,x —y) — B(z,xz + y)) dy and again using (2.9) and a version of
(3.5) with two terms in the denominator, we see that
s(@)] < COL+ [[Fllen) | Fe(2)]. (10.8)

The two “worst” terms in the latter estimate are (with the factor F.(x) removed)

/oo yFl(z+y)F(z+y) 2F(r) + Fo(z +y) + Fe(z —y)) (Fe(z +y) — Fe(z —y))
o [+ (Fe(o) + Fo(r — )] [y* + (Fe(z) + Fo(z +9))?] [y? + (Fe(2) — Fe(z —y))?]
* max {§?, F.(z)}

0 max{y, FE(:E)}Q

dy

< C(L+ || FIE) dy < C(1+||F[12n),

which holds because
Fe(x+y) QF.(z) + F.(z + y) + Fo(x — y)) < 2(F(2) + Fo(z +y))* + (Fe(2) + Fo(z — y))?,
and

/°° yFlz+y)F(z+y) 2F(r) — Fe(z +y) — Fo(z —y)) (Fe(r +y) — Fe(z —y))
o WP+ (Fe(e) + Fe(z +9)? [v? + (Fe(z) — Fo(e — )] [y* + (Fe(2) — Fe(z + )]

'max {y? F.(x 2 * 1
sc<1+||F;||z1>[ 10 el dy+/ v
1

dy

5
o max{y, F.(z)}? 2 < O+ [IFZ )

From (10.6), (10.7), and (10.8) we thus obtained

\Pv [t o)+ 11 (e ))

< O+ || Ellez) (IF([¢o Fe() + [Fl(2)]).  (10.9)
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Let now m(t) := inf f.(-,¢) > 0 and consider any 2’ € R such that f.(2,t) < m(t) + €%
Then (2.9) applied to f.(-,t) — m(t) > 0 shows that
sup |a$f€(l‘,t)| SC(1+||awf€("t)HC'l)€7

|le—a’|<2e
0 (10.9) and (7.1) yield

0ufe(a", )] < CA+ I f(,t)llez) (m(t) + &) (10.10)
It follows that

m/(t) > —=C(1+ (-, t)llez) (m(t) + ),

which together with m(0) > 2¢ (recall (10.2)) yields m(t) > ¢ for all ¢ < min{7.,T"}, where
T" := min{T, m} > 0. This, (10.5), and (10.3) show that f. can be continued within
Xy past time T, if T, <T”, hence T, > T" for all small € > 0.

From (10.5) and (10.9) we see that f: = fe—oxy € L([0,T7; H3(R)). Then (9.9) and
f- > 0 show that f. converges to some f > —¢ 1) in L>([0, T'); L*(R)) as € — 0 because
we also have f.(-,0) — ¢ — ¢* 1 in L=(R) C L2(R) (this yields f(-,0) = ¢ — ¢ % 1) as well).
Then (10.5) shows that f := f + ¢ * 1 > 0 satisfies

sup |[f(0)]lz, <M, (10.11)
t€[0,77]
and f. — f holds also in L>([0,7"]; C*(R)). Then F. — ¢ % 1) — f in this space, so (10.1)
shows that

lim |9, f2 — Gl (gxor) = 0, (10.12)

where G is the right-hand side of (1.5). Thus G € C(R x [0,7"]) because all 0 f. are smooth.
But then (10.12) and pointwise convergence f. — f shows that 0,f exists and equals G,
which means that f > 0 is a classical solution to (1.5) that satsfies (10.11). We can now
continue it on some time interval [0,7},) with T, € (0, co] maximal such that

sup 1FC ), < oo (10.13)

te[0,T

for all T' € (0,7T). This and (10.3) yield (1.8). And since (10.4) implies

170, < 0 (116D ) 176D, (10.14)

at t = 0, this then holds for any ¢ € [0, T}) because we can apply the above arguments with

initial time ¢ and initial condition f(-,¢) (the newly obtained f. converge to the same f in
L>([t, T"]; C*(R)) by the uniqueness claim in Theorem 1.1(ii), proved in Section 8).
Next, for any 7" € (0,7] we have || [z, <[ ,, so f is also the unique solution to (1.5)
Y

on the time interval [0, T},) when + is replaced by +' (this is still the T}, corresponding to 7).
Then (10.14) holds also for 4" and any ¢ € [0,7}). Assume now that T}, < oo but (1.10) fails.
Since (2.7) shows that for v € {7,7'} we have

d
ZC Dl < C(1+ £ ONE) L+ LFC ) lem)
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it follows that supyepo ) | f(+s )|l < oo. This with " =, together with the definition of
T, and (10.14) yield

T [ feaa (1) 52 = ox.

But then also
lim 1015, = o<,
so (10.14) with +' in place of 7 forces (1.10) to hold, a contradiction. This now also proves
(1.10) for all v € (0, 1), and shows that T}, is independent of +.
Since f can clearly be continued at least as long as the solution z above that defined T
exists, (10.3) also yields (1.7). Finally, (10.1) with F} := f(- + 2,¢) (¢ # 0) and F; := f(-, 1),
shows that for any ¢ € [0, 7)) we have

i llwre < DD + € (1412 LB e
Then (2.7), (1.8), and (10.3) yield (1.9), which concludes the proof of Theorem 1.1(i).

Proof of the last claim in Theorem 1.1(ii). All the arguments in Sections 3-7 trivially
extend to the case h = 1, with all || - ||;2 and || - [|z2 replaced by || - ||z2, because then we
z0

always have h(z) — h(y) = 0 = I/(x) and so terms with these factors vanish. Taking ¢ — 0
in the corresponding version of (7.12) yields (dropping ¢ again)

d
122 < CQA S Ig) (IF 1T + 11172 + 117711Z) (10.15)

on the time interval [0, 7)), similarly to (10.14).
Let next 1p := ¢ * (¥_0oX(—00,0) + Voo X[0,00)) and fo(x,t) := f(x,t) — o(x). Then

d .2 . y (folz) = fo(z —y)) .
a1l _2;/Rf0< BV [ e fe

y (Yh(z) + Gz — y)
! QE/RM PV [ T flr e

The arguments in Section 3 estimating Ii*, with h = 1, show that the first sum on the right-
hand side is bounded above by C'(1+ ||f||éz,7)||fo||%2. From ||1g]|c2 < Cltheo — ¥ -] and (2.6)

we see that the inside integrals in the second sum are bounded by C(1 + || flc2)[¢sc — ¢—oo]

for all z € R. But they are also bounded by Clto, — ¥ _o||z| ™! when |z| > 2 because 1), = 0
on R\ (—1,1). Therefore

d
7 follz < CQA+ 122N foll 2l follze + [oe — oo,
which together with (10.15) yields

d
7+ foll2) < A+ leza) 7 Niz + 1 foll 2 + oo = sl (10.16)

From this, (1.8), and ¢y € H3(R) we get (1.12) with 1 in place of 1, and then (1.12) holds
as well.
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11. PROOF OF THEOREM 1.2

Proof of (ii). Note that (10.10), f.(-,t) = f(-,t) in C*(R), d,f.(-,t) — fi(-,t) in L=(R),
and (2.7) show that for all ¢ € [0,T},) we have

Cinf £0)| < Cmin { (141Dl nf £C0), (U LGOIz} (11.1)

This, (10.3), and (10.13) imply that inf f(-,¢) = 0 for all ¢ € [0,T},) if inf¢ = 0.
Proof of (i). Since

fa)fe—yxyfle—y d fl&)*flz—y)
v’ + (f(2) £ flz—y) dy y ’

we see that

+ f(z —y))? 0 +is—or f(x)=0

for f > 0 with Hf”Cg(R) < 00. Hence (1.5) can be equivalently written as (1.16).

Assume that M(t) := sup f(-,t) > 0 for some t € [0,Ty) (if M(t) =0, then f(-,t') =0 for
all t' € [t,Ty)). Let 6 € (0,4/M(t)) and consider any x € R such that f(z,t) > M(t) — 6°.
Then (2.3) and (2.9) for the function M (t) — f(-,t) show that (we again drop t)

yf'(x)
‘PV/R FT (@) f@—p)p

and we clearly have

_/ (@) = flz—y) dw/ (@)= [z —y) dyg/| s

f(z ifa:— iyf’(x—)dy:{w +is + and f(z) > 0

o < ca+ s (112)

yzs Y2+ (f(@) = f(z —y))? yzs Y2+ (f(@) + f(x —y))? y>5 Y>
(11.3)
Writing
f@) = flz—y) =[f(x) = flz —y) = [(@)y] + [(x)y
and then using (2.3) and (2.9) yields
P fl@)— fla—y) 2
[ Gt s ] < oa + s ey

Finally,

2f(x 2f(x 2f(x,t
e e < e s T e (9
so from (11.2)—(11.5) and (1.16) we obtain
fox) < O+ || flIEz + oM ()76,
This holds uniformly in ¢ € [0,T] for any T' < Ty, so taking § — 0 shows that
M(t") — M(t)

lim sup <0

t/—tt

for each t € [0,T;). Hence M is non-increasing on [0, Ty).
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Assume now that m(t) := inf f(-,¢) > 0 for some ¢t € [0,Ty) (we already proved that if
m(t) =0, then m(t') =0 for all ¢’ € [t,Ty)). Let § € (0, /m(t)) and consider any = € R such
that f(z,t) < m(t) + 6°. Then (dropping t) we again have (11.2) and (11.4), while (11.3)
becomes

) @ -fe-y R () PR S SO
/M (@) - fa - ™ /| P+ @)+ - y)E = /M g
and (11.5) becomes
~ 2f(x) _ 2f(x) ___2ft)
LT 1o 2 ~ L rerm T ey
So we now obtain
f(z) = =CA+ [ flIgz + om(t)™)s,
and conclude as above that m is non-decreasing on [0, 7},).
Proof of (iii). Let fo := f — f and
A() = sup (14 (= laaDs) [V -0,
for ¢ € [0, min{T}, T;}). Then
L5 (r—lzo])+]
9 : CA(t)n™2 L CA(t)
1ol Dz, < > T+ (= Jwol)s 2, A< L+ (1 — |zol)+

n=1 n>| 5 (u—|zol)+]

for all xy € R. From this and (8.7) we see that

A(t) < C (14 17D Ran + 1FCDIRa- ) AW),

and the claim follows.

12. THE PROOF OF THEOREM 1.3

Proof of (i). Derivation of (1.13) and the proof of Theorem 1.3 are already contained in
Sections 2-11, if we simply ignore all the arguments involving integrals resulting from the
second term in (1.5) (which simplifies the proof considerably). This includes estimates on all
integrals with superscript + and the argument in Section 10 showing that f. remains positive
for a uniformly positive time. Note that these were the only places where we used (2.9), other
than the proof of Theorem 1.2(i) (where it applies even for (1.13), and where we also ignore
all the integrals involving f(z) + f(z —y)).

Proof of (ii). For the Muskat Problem on the strip R x (0,1), we consider (1.4) with the
Laplacian on R x (0,1), which means that with y, := (y1,y> — 2In) we now have

_1 (x—ya)"  (x—¥a)"
u(x,t) = 2m %/}RX(O,Z) ( 2 2 > bua(¥ ) 4. 12.1)

|X_Yn |X_yn
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The derivation of (1.5) in Section 2, together with assuming that p; — pg = 27, now yields
(1.14) with ©; from (1.15) when we also use that

™

) Do e ——Z T gy~ O ) =6 (122)

ne”L

(this derivation, including the proof of the middle equality in (12.2), appears in [12]). Let us
assume for simplicity that [ = 7, as the general case is identical, and define

_ Y
Oolv.r) =5 s

+ __ Y Y
@O (y,?“) T y2 + 72 + y2 + (27‘(’—7“)2’

i B . _ Y (12.3)
O (y,7) == Ox(y,m) — 64 (y,7) Z Y2 + (r — 2mn)?’

n€Z\{0}

@+<y, 7“) = @ﬂ(yar) - @g(yﬂ“) = Z :

e o) y? + (r — 2mn)?
The reason for this is that when r = f(z) — f(x — y) (we again drop t from the notation),
then denominators of all the terms in the first sum in (12.2) are no less than 7%, except for
the one with n = 0. And when r = f(z) + f(x — y), then the same is true for all n#0,1.

We now separate the right-hand side of (1.14) accordingly when replicating Sections 3-6
for (1.14). The integrals I Ji (j =1,2,3,4), arising from differentiation of

PV / (o) £ fulw — ) OF(y, f(2) + F(z — y)) dy

in x are the same as in Section 2, but those with 4+ being + each have a second term that
comes from . All the estimates in Sections 3—6 carry over to this term,

y
) P @ ey
with 7 — f in place of f, and for the integral

0._ h(y)(g(x) — g(y))? dud
he / (e =y + (= f@) +m—f)P
(which is analogous to L]) we also obtain (recall that h = h,, and g = f")
_ h — 2

vpest- iy < [ MR gy < ool
instead of the first inequality in (3.10), which holds because 0 < f < 7 implies

min{ f(z) + f(y), 27 — (f(x) + f(y)} = |f(x) = f(W)],

max{ f(2) + 1), 27 — (F(2) + f()} > .

On the other hand, all the integrals arising from differentiation of
V [ (o) £ fole = ) 0% £(0) £ o = )y

in x three times can be estimated much more easily. First, those involving fourth derivatives of
f (analogous to Ji* and J3°) are rewritten in terms of only third (and lower order) derivatives
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of f via integration by parts (cf. (3.2) and (3.9)):
| s PV/ r) 04y, f(x) £ [z — ) dyd
—— 3 [ M@le@l PV [ S0 1) £ o~ ) dydo
-5 [ W@a@? PV [ 0% 5@ % fla ) dyda (12.9
and

/R h(z)g(x) PV / J(y) 0%z —y, f(x) = f(y)) dydz

- / h(x)g(x) PV / o) %@% g, f(0) % f(y)) dyde.

The other terms are left as they are, and then in each term we separately estimate the integrals
over |y| <1 and over |y| > 1 (in the last integral we first change variables y <+ z — y). For
the former, we use the sum form of ©% from (12.3) because each of these sums (for each
appearing derivative of ©F) is clearly uniformly bounded in |y| < 1. On the other hand,
the integrals over |y| > 1 are estimated using the non-sum form of ©F from (12.3), similarly
to the analogous estimates involving derivatives of e f(x)j’[ e A ly| > 1. This time we
even have bounded f, which makes the estimation easier, with the only difference being that
Or(y,r) — +1 (instead of 0) as y — £oco. But since derivatives of ©,(y,r) decay rapidly to
0 as |y| — oo, this is only relevant to the only term where ©F is not differentiated, namely
(12.4). The part of it that comes from O is

_%/Rh/@)g(x)z PV/ Oy, f(x) £ f(x —vy)) dydx

ly|>1

and this is bounded by C|g||?, due to
0

sup
reR

1 1
@ﬂ(y,r) - 5‘ = el —9

whenever |y| > 1.

It follows that we again obtain (2.12), and Sections 7-11 then extend to (1.14) in a straight-
forward manner, except for the proof of Theorem 1.2(i). The only adjustment needed is in
(10.2), where we instead choose

f-(-,0) = (1 —dem ™) ¢ % ¢ + 2,

which means that we also have sup f.(-,0) < m — 2¢. And then the proof of the last claim in
Theorem 1.3(ii) (with [ = 7) is also virtually identical to that of Theorem 1.2(ii).

It remains to prove the claim of Theorem 1.2(i) for (1.14). When ¢ — L € H*(R) and

| — £|lz < L, then this was proved in [12, Theorem 5]. To obtain the result for general
Y € H3(R) with 0 < ¢ < [, it suffices to apply Theorem 1.2(iii) for (1.14) with ¢) being
Ve = (1 — €)W — L)Xn + £ and p := n, where y, is a smooth characteristic function of
[—n,n]. Then Theorem 1.2(i) for (1.14) follows from this and [12, Theorem 5] applied to the
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solutions with initial data 1, . (after taking first n — oo and then & — 0) because we have
(1.7) and (1.8) holds uniformly in (n,¢).
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