HIGHER-ORDER SZEGO THEOREMS
WITH TWO SINGULAR POINTS

BARRY SIMON' AND ANDREJ ZLATOS?

ABSTRACT. We consider probability measures, du = w(@)%erus,
on the unit circle, 9D, with Verblunsky coefficients, {a;}32,. We
prove for 61 # 65 in [0, 27) that

/[1 — cos(0 — 01)][1 — cos(0 — 62)] log w(6) ;ﬁ > —00
™
if and only if
Z [{(6 - e 02)(5 — e‘wl)a}j|2 + ||t < o0
5=0
where 0 is the left shift operator (63); = 8j+1. We also prove that

df
1- 2] &
/( cos 6)*logw(9) 5 >~

if and only if

o
Z|O£j+2 — 20&j+1 —+ Oéj|2 —+ |Olj‘6 < 0
=0

1. INTRODUCTION

This paper is a contribution to the theory of orthogonal polynomials
on the unit cirle (OPUC); see [6, 15, 16, 18] for background. Through-
out, du will be a nontrivial probability measure on the unit circle, 9D,
in C, which we suppose has the form

do
du:w(Q)%—i-dus (1.1)

where dpus is singular with respect to Lebesgue measure df on 9D.
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The Carathéodory and Schur functions, F' and f, associated to du
are given for z € D by

Fo) = [ S ) (12)

e — 2z
1
_1HefE) (1.3)
1—zf(2)
The Verblunsky coefficients {a;}32, can be defined inductively by the
Schur algorithm

g+ 2fi(2)
f(Z) - 1 + Z@()fl(Z)

which defines oy € D and f;. Iterating gives ay, o, ... and fo, f3,. ...
That a; € D (rather than just D) follows from the assumption that du
is nontrivial, that is, has infinite support so f is not a finite Blaschke
product. Actually, (1.4) defines what are usually called Schur parame-
ters; the Verblunsky coefficients are defined by a recursion relation on
the orthogonal polynomials. The equality of these recursion coefficients
and the Schur parameters of (1.4) is a theorem of Geronimus [5]; see
[15]. We will use the definition in (1.4).

The most famous result in OPUC is Szegd’s theorem which, in
Verblunsky’s format [19], says

os( [T0 - oy ) = [ tostaio o7 (L9

Jj=0

(1.4)

In this expression, both sides are nonpositive (since |a;| < 1,
and Jensen’s inequality implies [log(w(6)) 2 < log([w(0)L)

log(p(0D))). Moreover, (1.5) includes the statement that both sides
are finite (resp. —oo) simultaneously. Thus (1.5) implies a spectral

theory result.

Theorem 1.1.

/1og(w(e)) % > —00 e S Jayf? < oo (1.6)

=0

This form of the theorem has caused considerable recent interest due
to work of Deift-Killip [1] and Killip-Simon [7] which motivated a raft
of papers [2, 8,9, 10, 11, 14, 17, 20].

In [15, Section 2.8], Simon found a higher-order analog to (1.6) that
allows log(w(#)) to be singular at a single point:
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Theorem 1.2.
do = ) .
(1—cost) log(w(®)) o > —o0 & > g —aj P 4oyt < oo (1.7)
j=0

Remark. This result allows a single singular point of order 1 in
log(w(#)) at & = 0. By a simple rotation argument [15], if cos(f) is
replaced by cos(0 — 601), |aj11 — a;]? is replaced by a1 — e Pra .

Our goal in this paper is to analyze two singularities or a single
double singularity. We will prove that

Theorem 1.3. For 0, # 0s,
/(1 —cos(0 — 61))(1 — cos(0 — 0s)) log(w(6)) 5. > T

o | | ) (1.8)
& Zy{ (6 —e™)(6 — e ™)a} |+ |ay|* < o0

In this theorem, ¢§ is the operator on sequences
(0ar)j = ajp (1.9)

We will also prove a result for 6; = 6.

Theorem 1.4.
2 dg S 2 6
(1—cos0)* log(w(0)) 5y Z T0E Z |ajro—201 4] +oy|” < oo
=0

(1.10)

Again, one can replace cos(#) by cos(6 — 61) if {aj12 — 20541 + a5}
is replaced by {(0 — e~"")%a};.

Given the form of these theorems, it is natural to conjecture the
situation for arbitrarily many singularities:

Conjecture 1.5. For {6}, _, distinct in [0, 27),

/H(l — cos(f — 6;))™ log(w(0)) % > —00

& go { i[l[é — ewk]mka} |

j
Independently of our work, Denisov-Kupin [3] have found conditions
on the a’s equivalent to the left side of (1.11) being finite. However,

their conditions are complicated and even for the case Zf;:l my = 2,

) (1.11)

+ |Oéj‘2max(mk)+2 < 00
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it is not clear they are equivalent to the ones we have in Theorems 1.3
and 1.4 (although they must be!).

In Section 2, we review the features we need of the relative Szegd
function which will play a critical role in our proofs, and we compute its
first two Taylor coefficients. In Section 3, we prove Theorem 1.3 in the
special case #; = 0, 6, = 7, and in Section 4, we prove Theorem 1.4.
With these two warmups done, we turn to the general result, Theo-
rem 1.3, in Section 5. The details of this are sufficiently messy that we
do not think this direct approach is likely to yield our conjecture.

We would like to thank S. Denisov and S. Kupin for telling us of
their joint work [3].

2. THE RELATIVE SZEGO FUNCTION

In Section 2.9 of [15], Simon introduced the relative Szegé function,

defined by ) )
1—aof(z) 1= 2zfi(z
(8oD)() = ol =2 2.1)
where
pr = (1= |ax)"/? (2.2)

and f, fi are given by (1.3) and (1.4).
The key property of doD we will need and the reason it was intro-
duced is

Theorem 2.1 ([15, Theorem 2.9.3]). Let du, be the measure whose
Verblunsky coefficients are (aq,aq,...). Let w be given by (1.1) and
wy by

do
dpy = w1 (0) o9, T dHs (2.3)

Suppose w(f) # 0 for a.e. € in OD. Then the same is true for w; and

(6oD)(2) = exp (i / Zz—fz log (;”f(?) ) d@) (2.4)

As in [7, 14, 17], this is the basis for step-by-step sum rules, as we
will see.

To prove Theorems 1.3 and 1.4, we will need to start with computing
the first three Taylor coefficients of log((dgD)(z)).

Theorem 2.2. We have that
log(0oD(2)) = Ag + A1z + Ax2® + O(2%) (2.5)

where

AO = log £o (26)



HIGHER-ORDER SZEGO THEOREMS WITH TWO SINGULAR POINTS 5
Al = oy — o) — apy (2.7)
Ay =1af—1ai+ a1 —as — ai|a)® + as|ai|* — Gpasp] + 5 agad
(2.8)
Proof. f2(0) = ag, so

fi= % = ay + zagpt + O(2%)
Thus

2fi + o
1+ Zdofl

Plugging these into (2.1) yields the required Taylor coefficients. O

= ap + zaypy + 22 pa(anp: — apad) + O(2%)

f=

Remarks. 1. Denisov-Kupin [3] do what is essentially the same
calculation using the CMV matrix.

2. (3.2) and (3.3) below show that (2.4) implies

/ 1og($1((?)) % — 24, (2.9)

w(@)\ ;e df An m=1,2
1 imb 7 1 2.10
/Og(wlw))e om {A_m m=—1,-2 (2.10)

3. SINGULARITIES AT ANTIPODAL POINTS

As a warmup, in this section we prove the following, which is Theo-
rem 1.3 for #; = 0, f; = w. By the remark after Theorem 1.2 this also
gives the result for any antipodal 8, and 6,.

Theorem 3.1.
2 db . 2 4
(1—cos*(#)) log w(#) o > T e Z|O[j+2_06j| +lay|* < oo (3.1)
=0
Remark. Let «; be given and let §; be the sequence

(a0,0,1,0,02,0,...). Then (see Example 1.6.14 of [15]), w!? () =
Tw®(16) and the RHS of (3.1) for 8 = the RHS of (1.7) for a. Thus
1) for G is (1.7) for a.. This shows, in particular, that if a result like
1) holds, it must involve |a;|*, rather than, say, |o;|°.

We begin by noting that if () is real and

(3.
(3.

Qo) = i bne™” (3.2)

n=—oo
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then

e’ + 2 df N
/ew_zQ(Q)% —bo+2;bnz (3.3)
since (€ 4 2)/(e" — 2) = 14+2>.°7 2"~ ™% Thus, by (2.9), (2.10),
and

1 —cos?(f) = 1 (2 — ¥ — 72 (3.4)

PN

we have

/ (1— cos2(0)) 1og<$l(fe))> % ~ - LRe(d)  (35)

with Ay given by (2.6) and Ay by (2.8).

Lemma 3.2. We have that

Ao — 5 Re(A) = By + Co + Do + Fy — Fy 4+ Go — G (3.6)
where
Bj = 4 [log(1 — |ay[2) + oy * + 3oy |*] (37)
Cj = =1 (1 =yl — ajpof (3:8)
Dj = —g (laj 1 + &GP + 4layaal?) (3.9)
F; = _% Re(% O‘JQ' + QG — aj+1|a|2> + % |O‘j+1|2|0‘j’2 - % |aj|4 (3.10)
Gj = —i ’Oéj|2

Remark. (3.5)/(3.6) is thus the step-by-step sum rule in the spirit of
7, 14, 17].

Proof. This is a straightforward but tedious calculation. The first term
in By is just Ay (since log p; = log(1 — |a;]%)). A, is responsible for
the Re(:) terms in Fy — F and the cross-terms in |a; — ajof* and
laf,, 4+ a3|?. The |a;|* 4 |a;4of* term in Cp is turned into 2|oy]* by
Go — G, and then cancelled by the |a;|? term in By. Similarly, the
o] +|j1]* in Dy (after adding the |o;|* terms in Fy — Fy) cancels the
laj]* term in By. Finally, the |aj1]%(|oy]? 4 |aji2]?) term in Cp (after
being turned into 2|a;;1/?|a;|? by the |aji1]?|y|* term in Fy — FY)
cancels the 4|a;a;1|* term in Dy. O
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By iterating (3.5)/(3.6) and noting the cancellations from the tele-
scoping F; — Fj1; and G; — G4 yields

fo-ssoru 28 )2 |

= Fo — Fop + Go + G1 — Gy — Gay1 + Z(Bj+0j+Dj>

Jj=0

(3.11)
As a final preliminary, we need,

Lemma 3.3. (i) |F}| < 2, |G| <
(ii) |oy] < 3 = e1loy|® < —B;j < eolay|8 for some co > ¢ > 0.
(1) Jagal* + loy* < =8D; < 4(Jag " + |og]*)

Proof. (i) follows from |ay| < 1, (ii) from —log(1l —x) = 372, 27/j,
and (iif) by noting that 2 Re(aZa ) +2|ajaZ, ;| > 0 and repeated use
of |zy| < 5(I2[* + [y/?). m

Proof of Theorem 3.1. We follow the strategy of [7] as modified by [17].
Suppose first that the RHS of (3.1) holds. Let w™ be the weight
for the n'" Bernstein-Szegd approximation with Verblunsky coefficients
(g, 001,y y—1,0,...,0,...), and let w, be the one for the measure
tn with coefficients (o, @py1,...). By (3.11) and (w(™),,, = 1 for
large m,

do

n—1
/ (1—cos?(6)) log(w™(8)) o = FyV+GE+G+y (B 0+ DI

J
3=0

so, by Lemma 3.3, |a;|® < |a;[* — 0, and RHS of (3.1),

inf U(l — cos*(6)) 10g(w(")(9))ﬁ} > —00 (3.12)

n 2w
Up to a constant, [(1— cos?*(6))logw(#)2 is an entropy and so upper
semicontinuous [7]. Thus (3.12) implies
(1 — cos“(0)) log w(0) 5 > (3.13)
T

Conversely, suppose (3.13) holds. Since [ (1 —cos?(6)) log(wan () %2

is an entropy up to a constant, it is bounded above [7], and so the left
side of (3.11) is bounded below as m varies.
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Since F' and GG are bounded and B, C, D are negative, we conclude
—(Bj +Oj —|—Dj) < 00
§=0
Since Y (—D;) < oo, Lemma 3.3 implies Y |a;|* < oo. This implies
a; — 0,50 Y (—C;) < oo implies > |a; — ajja]* < 00. O

Notice that the redistribution of the terms in (3.6) insures that all
the essential terms on the RHS of (3.11) (ie., B;,Cj, D;) are sign
definite. This ultimately allows us to recover (3.1) by passing to the
limit m — oo in (3.11). The same strategy will be applied in the proofs
of Theorems 1.3 and 1.4.

4. SINGULARITY OF ORDER 2
Our goal here is to prove Theorem 1.4. Since

(1—cosf)? =1(2—¢" —e ")

0 6—10 + %16220 + %l 6—210

N

— €

we see, by (2.9)/(2.10) that

w(0) 2% _ — 9Re 1 Re
/IOg(wl(O))(l — cosf) o = 3Ap —2Re(A;) + 5 Re(4y) (4.1)

™
with Ao, Al, AQ given by (26)*(28)

Lemma 4.1. The RHS Of (41) = H() + [0 + J() + K[) — Kl + L[) — L2
where

H; = 3 [log(1 — |ay[*) + [o; ]

Ij = = lajez — 20551 + oyl
Jj = 3 (00 + Gjoyp0)|anl? + § (aFad,, + ajal,))
K; = —2Re(q;) + 1 Re(a?)
+3 Re(aj1) — 5 Re(ajilas?) + Re[ajiaay] — [yl
Lj=—7layf?
Proof. The non-cross-terms in I are
=5 (loa|* +4Jon]* +]awol*) = =3 ool + (Jowo* — Jer|*) + § (lowo]* — |2]*)

which cancel the |ap|? term in Hy, the final |a;|?* term in Ko — K3, and
the Lo — Lo term.
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The cross-terms in I, are
—% Re(asag) + Re(asay + aqap)
= —% Re(azap) + 2 Re(apar) — Re(apay) + Re(ayaz)

The first term comes from a piece of % Re(Ay) (since aganp? = agas(1—
|a1]?)), the second from the last term in —2Re(A;), and the last two
are cancelled by the Re(a;41¢;) term in Ky — K.

The ag — o term in A; leads to the first term in Ky — K. The first
term in Jy comes from the second half of Qgap? = apas — @pas|ay |
(the first half in this expression gave a cross-term in /;). The second
term in Jy is the Jagad term in A,.

The remaining terms in A,, that is, the first six terms on the RHS

of (2.8), give precisely the remaining terms in Ky — Kj. O

Lemma 4.2. The RHS of (4.1) = Hy+ Iy + Jo + Ko — Ki + Lo — Ly,
where

H; =2 [log(1 — |oy|*) + oy |* + Loy |]

Jj = —1lajalPlay — ajeal* — g lady — afl? = 1 (lagal? = [ay?)?
i =K = oyl = §lajaPlag)?
L;=1L;

Proof. The non-cross-terms in the last two terms in Jy give

=5 (laol* + |aa|*) = —F laol* + §(Jaol* — [en]*)
The first term cancels the Hy — Hy term, and the second, the first term
in (K() — K()) — (Kl — Kl)

The cross-term in —1(|ay41]* — |o;]?)? and the non-cross-terms in
— il ’loy — ajial* combine to —gayia*layi[* + flaji[*lay]* and
are cancelled by the second term in (Ko — Ky) — (K7 — K7). The
cross-term in —glaZ, | — a3|* is the second term in .Jy and finally, the
cross-term in —|a;j41|*|oy; — ajy2]? is the first term in J. O
Lemma 4.3. (i) |K;| <%, |L;/ <1
(ii) |aj] < 3 = di|ay|® < —H; < dalay|® for some dy > dy > 0.

(i) J; <0
(iv) (-1 :
(v) 2o520(=15) + |ey|® < oo = 327, (=J;) < o0

Remark. (iv) is essentially a discrete version of the inequality of
Gagliardo [4] and Nirenberg [12].

)+ |oyl® < oo = > iolagsn — a;|* < oo
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Proof. (i) follows from |o;| < 1, (ii) is just (ii) of Lemma 3.3 (since
H; = 3B,), and (iii) is trivial.
To prove (iv), we let § be given by (1.9) and let

0=6-1 (4.2)
so since 0* = ¢! (4 is unitary on ¢?), we have
=5—-1=-6"'0=-050 (4.3)

As a result, if « is a finite sequence, then

S 1(00), = 3 (0),(0a).j0al,
= — 3 "(6).[0{(0a) 00 }], (4.4)

Moreover, we have a discrete Leibnitz rule,

(fg) = (6f)(0g9) — fg

= (6/)09+ (0f)g (4.5)
and since |a — b| > |a| — |b| by the triangle inequality,
01 f]] < 10f] (4.6)
which is a discrete Kato inequality.
By (4.5),
o{(0a)|0a|} = [§(0a)]0]0al + (0*a)|da|
so, by (4.6),

0{(0@)|0al}| < |0%al [6(9a)| + [0*al |0l
Using Holder’s inequality with ¢ + 3 + 3 = 1 and (4.4), we get
19a]l5 < 2[lallslo*allzl 0l

(because [[3a], = [|al],), so

S loa < 22 ol /(Z \<82a>n|2)3/4 @)

n

Having proven (4.7) for o’s of finite support, we get it for any « with
the right side finite since Y |a,|® < oo implies a,, — 0, which allows
one to cut off & at N and take N — oo in (4.7). But (4.7) implies (iv).

To prove (v), we control the individual terms in ) (—J;). First,

laPlo*a — af*lls < [l o®[ls 0% — af* |32
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.. . . . 1 2
(by Holder’s inequality with 3 + 5 = 1)
< Af|alf§ 0] < oo
(by first using ||0%a — |3 < 2]|0a||3 and then (iv)). Next,
a3y — 31 < (laju] + lajial]) g — oy

can be controlled as the first term was and the final term is controlled
in the same way since |a; 41| — |oy? < |ad; — o] O

Proof of Theorem 1.4. Suppose first that the right-hand side of (1.10)
holds, that is, a € % and 9« € (. Tterate n times (4.1)/Lemma 4.2
for the n'® Bernstein-Szegd approximation (with weight w™) to obtain

inf {/(1 — cos §)?log(w™ () ;Z—Q} > —00

n m

since the left side is just

n—1
inf [+ 247 + 207 + S + 10 + )]

=0
which is finite by Lemma 4.3 and the hypothesis. Again we have that
J(1 = cos)?logw(h)2L is an entropy up to a constant and so upper

semicontinuous. Thus RHS of (1.10) = LHS of (1.10).
For the opposite direction, as in the last section, we use iterated
(4.1)/Lemma 4.2 plus the fact that [(1 — cos®)?log(wa,(0))% is

27
bounded from above to conclude
oo

—(Ij]j +ij —|—jj) < 0
=0

Since each is positive, S°(—H;) < oo, which implies 3|a;|® < oo by
(ii) of Lemma 4.3, and } 7 (—1I;) < oo, which implies 0?a € 2. [

5. THE GENERAL CASE

Finally, we turn to the general case of Theorem 1.3, and we define

T, = / [1— cos(6 — 61)] [1 — cos(6 — 65)] log( w(6) ) b 51

wm(0) ) 21
Using (2.9) and (2.10), we obtain

4 + ei(91—92) + e—i(91—92)
I, = 1

Ag—Re [(€ +¢%) Ar] +4 Re [¢"@1192) 4]
(5.2)
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The situation is now somewhat more complicated than in the pre-
vious sections and it will be more convenient to work with Z,, from
the start, only keeping track of the essential components of the sums
(analogs of S(B; + C; + D;) and S.(H; + I; + J;) above) and ignore
the ones that are always bounded and hence 1rrelevant for us (analogs
OfFO F1+G0+G1—G Gm+1 and KO—Km+L0+L1—Lm+Lm+1)
Hence substituting (2.6)—(2.8) in (5.2) and iterating, we obtain

4 (91 92) 7’L 01 92
Ty = Co + 1€ +€ Zlog1—]aj|

m—1

i Z Re {(6¢91 + ) aya; — 3O [ ha; (1 — | |?) — 5%2“542}}
§=0

where
Cam =—Re [( B4 e2) (a — am)}
+ 3 Re [’ 91+92)(%a3 — 302, + o1 — Qg1 — aq || + g | |) ]

We let

and
a = %(ei(91—92)/2 + e—i(91—92)/2) c (_17 1)
We will assume a # 0 since the case when #; and 6, are antipodal

follows from Theorem 3.1. With Cg,, = C,,,, and all the sums taken
from 0 to m — 1, the above becomes

T :O@m + (% + a2) Zlog(l — |5j|2) + CLZ [6]’—}-15]’ + Bj—i—lﬁj}
IS (B985 (L — 1851 ) + BiraBi(1 — |Bya?)]
+ % Z [ 32+1B]2 + B?Hﬁﬂ (5.3)

In the following manipulations with the sums, we will use Cg,, as a
general pool/depository of terms that will be added/left over in order
to keep all the sums from 0 to m — 1. Its value will therefore change
along the argument, but it will always depend on a few 3;’s with j
close to 0 or m only (i.e., it will gather all the “irrelevant” terms) and
will always be bounded by a universal constant.

Lemma 5.1. With Cg,, universally bounded, we have
Lo =Cpm + (3 +0°) > [log(1 = |8;°) + 18;* + 318;1*]
2
- %Z(l —18j411*)|Bj+2 — 2aBj41 + 55|
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2 2
- iz |ﬁj+1|2}ﬁj+2 - 2aﬁj+1| - iz |ﬁj+1|2‘ﬁj - 2a5j+1|
2
—3 2 18 =B + 30 X151 (5.4)
with all the sums taken from 0 to m — 1.

Remarks. 1. This enables us to prove the “<” part of (1.8) (even if
a = 0) since

{6 —e7)(6 —e7™)a} | = |Bjr2 — 2a8j11 + G| (5.5)
But to prove the other implication, we first need to deal with the last
sum in (5.4), which has the “wrong” sign.

2. Note that we actually did not need to exclude the case a = 0
since then the last sum in (5.4) vanishes and an examination of (5.4)
shows that lim,, . Z,, > —oc if and only if the RHS of (1.8) holds.
An argument from the proofs of Theorems 1.3 and 1.4 then gives the
“=" part of (1.8).

Proof. Multiplying out the terms in the second, third, and fourth sums
of (5.4) and after obvious cancellations, we are left with

—i Z [|Bj+1|2(4a2|ﬁj+1|2 - ﬁj—&-QBj - Bj+25j) + ‘5]’4-2 — 20841 + 5;’!2]
But this is just
=3 2 UBixal® +40%1B1a " + 18] + 40®| B |] (5.6)
plus the second and third sums in (5.3), the latter written as
30 Z[ﬁj+25j+1 + Bj12Bj11 + BB + Bj110)]

(with Cjs,, keeping the change). Adding the fifth and sixth sums in
(5.4) to (5.6) and subtracting the last sum in (5.3), we obtain

—1> 244”13, = 1D (2 +4a”) |3,

(again replacing all |3;11] and |5;12| by |3;] and adding the difference
to Cg,y,). But this together with the first sum in (5.4) gives exactly the
first sum in (5.3). O

We define
Vi = Bire — 2008541 + 5
then the second, third, and fourth sums in (5.4) involve |v;|, |v; — ;|

and |7; — Bj42|. Using |z — y[* > [2]* + [y[* — 2|z(|y| for the last two,
we obtain (with a new Clg,;,)

(=8)Tn 2Cpn + ) O(G;1%) + D (2 + 21651 ) Iyl



14 B. SIMON AND A. ZLATOS

+4D 18 P18 = 4 D 1851 (18] + 1851 sl
T Z 18711 5]2‘2 — 4a” Z 161" (5.7)

log(1 = [8;%) + 181" + 318;* = O(1;1°)
Next, we use —4zy > —82% — 3y* with & = [B;41[%(|8j42| + |3;]) and
y = || to estimate the fourth sum by Y~ O(|5;]%) — 1 3= |;|*. Also,
—4a? Z |Bj4]" = — Z |Bj411*1Bj42 + B; — 751
=Y 1Bl 182 + B = D 18 Pl
=23 1B1/’1Bj+2 + Bl
> Cpm — 42 1B+ 718,17 — Z 18411131

=008, = 1> hl?

again using —2zy > —4x? — lyz. Plugging these into (5.7), we have

(=8)Tn > Com+ D OB + D (G418 2+ 82, — 52

The last sum is just Y 1(|3? ez — 224102, — 67]7) plus a piece that
goes into Cg . Letting € = 3 min{2|al,2 — 2|a|} > 0, we obtain

Bi P19 + 51872 = Bial” + 31870 — B71* > 3181/

Indeed, if the third term is smaller than 1e|3;11]*, then |3; — B3| or
|B; + Bj+1| is less than €|3;41|, and similarly for the second term. But
then | Frsa + ;1/18511] € [0,26) U (2 — 26,2+ 2¢) and 50 |ysl/|5 | >
min{2|a| —2¢,2 —2¢ —2|a|} > ¢, meaning that the first term is at least
e2|B;11/*. So finally,

(=8)Zm >Cgm+20|ﬁ] +Z|VJ|2+154Z|BJ|4
that is (by (5.5) and the definition of (;, 'yj)
el _7; 2
T < Camt ) Oy ") =1 D [{ (6= ") (5= ")} ["—5* D lay[*
(5.8)
Proof of Theorem 1.3. 1f the RHS of (1.8) holds, then the RHS of (5.4)

for the n'" Bernstein-Szegd approximation (with m > n) is bounded
(in n), and so

inf [/ [1—cos( — 61)] [1 — cos(f — 65)] log(w(”)(e))d_e] S 00

n 2T

since
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By upper semicontinuity of the above integral (which is again an en-
tropy up to a constant), we obtain the LHS of (1.8).

Conversely, assume the LHS of (1.8) holds. Then the essential sup-
port of w is all of dD, and so by Rakhmanov’s theorem [13], |a;| — 0.
Hence, starting from some j, we have O(|a;|%) < g5e*|o;|* and so

T < Do~ LG — )6 — e ™)a} f — £t Sl (5.9)

for large m and some bounded (in m) D, ,,. As in the previous sections,
[ [1—cos(6—6)] [1—cos(6 —6s)] log(w,,(0)) 2 is bounded above, and
so Z,,, is bounded below by the hypothesis. (5.9) then shows that the
RHS of (1.8) holds. O
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