Lecture 24 - The Divergence Theorem

- I have my usual OH this week (right after this lecture and
Thursday from 11 to 12)

- HW7 is due Thursday 11/18 at 11:59 pm

- Read section 8.4 (the divergence theorem)

Midterm 2 Solutions:

Problem 1 (20 points)

Let the surface S be the graph of the function z = g(z,y) = 1 — 22 over (z,y) € [0,1] x [0,1]. Let
f:R3 = R be given by f(x,y,z) = zy. Evaluate

/Sde.

Solution. Parametrize S via the usual parametrization for a graph, ® : D — S,

(1,0, 9§/2x)

(0,1, % hy)
We need f(®(x,y)) = zy and m; 2 '
(R R )

Ix
IT: x Tyll = /1 + (89/0z)2 + (8g/0y)? = V1 + 4a2.

Then, amPhS
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where we used the substitution v = 1 + 422, du = 8zdx to do the z-integral. O

-
T =
B(z,y) = (@,y. 9(2,v)) = (2.9,1 —2?), D=1[0,1] x [0,1]. d T.

<<

% .
o
=9 -
2

x

Problem 2 (20 points)

Let S be the closed surface which is the union of two surfaces, S = S; U S, where Sy is the upper half
of the unit sphere,
S1 = {(z,y,2) 2?4+’ +22=1and z > 0},

and Ss is the unit disk in the plane z = 0,
Sy ={(z,y,2) : 22+y?><1andz = 0}.

Let S be oriented with the outward normal. Let F : R® — R3 be given by ﬁ(w, y,z) = (0,0,z + 1).

Evaluate
/ F.ds.
s

Solution. Split the surface integral into the sum of the two pieces,

//F-d§=// ﬁ.d§+/ 7. ds.
o S Sy

Since S is oriented with the outward normal, Sy is oriented with the upward normal (in the positive z
direction) and S3 is oriented with the downward normal (in the negative z direction).
Let’s calculate the surface integral for S, first. Parametrize S; via the usual spherical coordinate
surface parametrization,
D (6, ¢) = (cos b sin ¢, sin f sin @, cos @),

where (0,¢) € D = [0,27] x [0,7/2] (here, ¢ ranges from 0 to 7/2 since we only want the upper half of
the sphere). The normal vector field is

Ty x Ty = (cos@ sin? ¢, sin @ sin? ¢, sin ¢ cos o)

(we take f¢ x Ty and not Ty x f¢ because we want the upward pointing normal; see HW 6 Problem 1).
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Solution. Split the surface integral into the sum of the two pieces,

//ﬁ.ds::// ﬁ.d§+/ 7. d8.
S S, Sy

Since S is oriented with the outward normal, Sy is oriented with the upward normal (in the positive z
direction) and S5 is oriented with the downward normal (in the negative z direction).
Let’s calculate the surface integral for S, first. Parametrize S; via the usual spherical coordinate
surface parametrization,
D(0, @) = (cos O sin ¢, sin @ sin ¢, cos @),
where (0,¢) € D = [0,27] x [0,7/2] (here, ¢ ranges from 0 to 7/2 since we only want the upper half of
the sphere). The normal vector field is

T¢ x Ty = (cos @ sin? ¢, sin § sin? ¢, sin ¢ cos @)

(we take f¢ x Ty and not Ty x f¢ because we want the upward pointing normal; see HW 6 Problem 1).

The vector field F on Sy is =
F(®(0,0)) =(0,0,cosp + 1).

//S Foas— //Dﬁ(@(e,da)) . (s x T) dbde

/2 27
= / (cos @ + 1) sin ¢ cos ¢ dfd¢p
0 0

Hence,

/2
=27 / (sin ¢ cos® ¢ + sin ¢ cos o)dp
0

/2 5

—cos?p  cos?o
W( 32 ) o 3T
Now, let’s calculate the surface integral for S;. You could parametrize it directly, but I will use the
geometric formula for the surface integral. Observe that Ss is contained in the plane z = 0, so its normal
vector 1s just n = k= (0,0,—1) (pointing downward because S is oriented with the outward normal).
Then along the surface, F.h= —(z + 1) = —1, where we used that z = 0 on S;. Using the geometric

formula for surface integrals,

/ ﬁ~d§=/ ﬁ-ﬁdS:/ (=1)dS = —Area(Ss) = —.
Sa Sa S2

[
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Adding these two results together,

L. L. . . 5 2
//F-dS:// F~dS+// F.d§=2x_n=>2n
S S Sy 3 3

In the coming lectures, we will see a much easier way to do this problem using the divergence theorem. [

Problem 3 (20 points)

Let S be the part of the plane z = 2 — 2 —y over 22 +y2 < 1, equipped with the upward pointing normal
(i.e., in the positive z direction). Let F : R® — R® be given by F(z,y, z) = (, 2z, —3z). Evaluate

//ﬁ-d§.
S

Hint: You can evaluate this directly by parametrizing S as the graph of a function of (z,y), but it is
easier to use the geometric formula for the surface integral: what is the unit normal vector field to S and
what is its dot product with F'?

Solution. S is contained in the plane z = 2 — z — y, which can be written as z + y + z = 2. From the
equation for a plane 7 - (z,y, z) = ¢, this means that a normal vector to S is (1,1, 1); so the unit normal
vector field along S is 7 = (1,1,1)/v/3 (the 1/4/3 factor is just so 7 has unit length). Observe that

(1,1,1) (z+2x-3z)
V3 V3 a

Hence, using the geometric formula for the surface integral,

J[[F-a5= [[ Fosas= [[ oas =0

0.

F-i=(z,2z,—3z)-

B Oey)=(xy, 17Xy
()€ D=3y



Solution. S is contained in the plane z = 2 — x — y, which can be written as z + y + z = 2. From the
equation for a plane 7 - (z,y, z) = ¢, this means that a normal vector to S is (1,1, 1); so the unit normal
vector field along S is 7 = (1,1,1)/v/3 (the 1/+/3 factor is just so 7 has unit length). Observe that

(1,1,1)  (z+2z—32)
V3o V3

Hence, using the geometric formula for the surface integral,

J[[F-a5= [[ Fosas = [[ oas =0

=0.

F.h= (z,2z,—3z) -

Problem 4 (20 points)

Let C be the following closed curve in the zy plane: C connects the point (2, 0) to the point (—2,0) along
the upper half of the circle 22 + y?> = 4, and then travels from (—2,0) back to (2,0) along the z-axis.
This is shown in the figure below.
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Let P(z,y) =y + eIz, Q(z,y) = sin(y?) — z. Evaluate the line integral

/ Pdz + Qdy.
c

Hint: Use Green’s theorem.

Solution. Let D be the region contained inside the closed curve C (i.e., 9D = C). Since C is oriented
counterclockwise, Green'’s theorem gives

/ Pdz + Qdy = / / ag ap dmdy_ / / (=1 — 1)dedy = —2 / / dzdy = —2Area(D) =

where we used that the area of a half-disk of radius R is mR?/2; here, the radius R = 2 so the area is
Area(D) = 7(2)%/2 = 2. O

Problem 5 (Extra Credit: 10 points)

Let S be an oriented (regular) surface with unit normal vector field 7. Let Fbea (continuous) vector
field defined over S. Prove the following two statements:

(a) If Fis orthogonal to n along S, then

//ﬁ.d§=0.
S

Solution. F is orthogonal to 7 along S; ie., F -n = 0 at all points on S. Hence, by the geometric

formula for surface integrals,
//F ds = //F ndS = //OdSzO.
s s

An example of where this theorem applies is Problem 3 above. O

(b) If Fis parallel to n along S (that is, they point in the same direction), then

//Sﬁ-d§=/s||ﬁ||ds.

-
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.//Sﬁ-d§=/./s|\ﬁ||ds.

Solution. F is parallel to 7 along S; i.e., the angle § between them is zero at all points on S. Hence,
along S, we have In genasm [ bf our "'SSHVMP‘HaI\S

. o ) v -

Foa X Bl coso S | B

(since the unit normal vector field has magnitude one ||n|| = 1 and cosf = cos(0) = 1). Then, by the
geometric formula for surface integrals,

J[F-a5= [[Faas= [[1Fyas.

O

Remark. You proved a similar result for line integrals in HW3 Problem 9, where instead of the normal
vector field which you need for surface integrals, you consider the velocity vector of the curve ¢’.
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Problem 2 (20 points)

/ Let S be the closed surface which is the union of two surfaces, S = S; U S, where S7 is the upper half

of the unit sphere,
S1={(z,y,2): 2> +y* + 2 =1 and 2 > 0},

and S5 is the unit disk in the plane z = 0,
I
So = {(z,y,2) : 22 +y? <1 and z = 0}.

Let S be oriented with the outward normal. Let F : R3 — R3 be given by F (z,y,2z) = (0,0,z + 1).

Evaluate //Sﬁ-dﬁ. V§ = %(%4, N =)
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