
MATH 10C - MIDTERM #1

REMEMBER THIS EXAM IS GRADED BY A
HUMAN BEING. WRITE YOUR SOLUTIONS
NEATLY AND COHERENTLY, OR THEY RISK
NOT RECEIVING FULL CREDIT.

THE EXAM CONSISTS OF 4 QUESTIONS. YOUR
ANSWERS MUST BE CAREFULLY JUSTIFIED TO
RECEIVE CREDIT.

IF YOU DO NOT ASSIGN THE PAGES OF YOUR
WORK TO THE QUESTIONS OF THE EXAM IN
YOUR UPLOAD TO GRADESCOPE, YOU WILL
LOSE POINTS (1 POINT FOR EVERY QUESTION
THAT YOU FAIL TO ASSIGN THE PAGES TO).

WRITE YOUR NAME AND STUDENT ID ON THE
FIRST PAGE OF YOUR UPLOAD
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You DO NOT need to copy the questions down. Your upload only needs to contain your
work (with the pages properly assigned in Gradescope).

1. (15 points) Find two unit vectors orthogonal to the plane that contains the points

P = (0, 1, 2), Q = (2,−1, 2), and R = (−1, 0, 1).

Also, find an equation for this plane.

Solution. Note that
−→
PQ = 〈2,−2, 0〉 and

−→
PR = 〈−1,−1,−1〉. We then compute the cross

product

−→
PQ×

−→
PR =

∣∣∣∣∣∣
i j k
2 −2 0
−1 −1 −1

∣∣∣∣∣∣ =

∣∣∣∣−2 0
−1 −1

∣∣∣∣ i− ∣∣∣∣ 2 0
−1 −1

∣∣∣∣ j +

∣∣∣∣ 2 −2
−1 −1

∣∣∣∣k = 2i + 2j− 4k.

This gives a vector orthogonal to the plane that contains the points P , Q, and R; however,
this is not a unit vector. So, we divide by the length to get

u =
2i + 2j− 4k√

(2)2 + (2)2 + (−4)2
=

2i + 2j− 4k√
24

=

〈
1√
6
,

1√
6
,
−2√

6

〉
.

A second unit vector is obtained by (scalar) multiplying by −1:

v = −u =

〈
−1√

6
,
−1√

6
,

2√
6

〉
.

We use the original orthogonal vector and the point P to write the equation of the plane:

2(x− 0) + 2(y − 1)− 4(z − 2) = 0.
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2. (10 points) Is the triangle with vertices P = (0, 1, 2), Q = (2,−1, 2), and R = (−1, 0, 1)
right-angled? (Note: the points P , Q, and R are the same points from 1.)

Solution. Note that
−→
PQ ·

−→
PR = 〈2,−2, 0〉 · 〈−1,−1,−1〉 = −2 + 2 + 0 = 0. This means that

two of the sides of our triangle are perpendicular, and so our triangle is right-angled. �
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3. (10 points) Determine if the vectors

u = 〈1,−1, 2〉, v = 〈2, 0, 3〉, and w = 〈3,−1, 5〉
are co-planar.

Solution. We compute the scalar triple product

u · (v ×w) =

∣∣∣∣∣∣
1 −1 2
2 0 3
3 −1 5

∣∣∣∣∣∣ =

∣∣∣∣ 0 3
−1 5

∣∣∣∣ 1− ∣∣∣∣2 3
3 5

∣∣∣∣ (−1) +

∣∣∣∣2 0
3 −1

∣∣∣∣ 2 = 3 + 1− 4 = 0.

This means that the volume of the parallelepiped determined by the vectors u, v, and w
has volume 0, which is only possible if it is degenerate (flat) and is contained in a plane. So,
the vectors u, v, and w are co-planar. �
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4. (15 points) Consider the planes

−x− 3(y − 2) + 2(z + 3) = 0

and
2x + 6(y − 1)− 4(z − 4) = 0.

Determine whether or not the planes are parallel. If they are parallel, find the distance
between them. If they are not parallel, find the line of intersection between them.

Solution. Our planes have normal vectors n1 = 〈−1,−3, 2〉 and n2 = 〈2, 6,−4〉 respectively,
which are multiples of each other (for example, −2n1 = n2). So, they are parallel. To
compute the distance between them, we pick a point on the first plane. An obvious point
(based on the form of the equation) is (0, 2,−3). We then rewrite the second plane in the
form that allows us to apply the distance equation:

2x + 6(y − 1)− 4(z − 4) = 0 ⇐⇒ 2x + 6y − 4z + 10 = 0

So, the distance between the planes is

|2(0) + 6(2)− 4(−3) + 10|√
(2)2 + (6)2 + (−4)2

=
17√
14
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