
Cross product



Last time : dot product E.I c- IR

(informally , measures the extent
to which I and 5 point in the same direction)

Today : cross product cixb

- is a vector perpendicular to E and I

- natural geometric interpretation



Torque Note : Etr

Z t ELE
'

→

bi
-r

I I depends on IFI

IFI

y - - -
AND angle Q between T and E

i ¥ the length 151 -- IE't since
I



E -' so
,
the magnitude

¥ of our torque is
a

IEI depends on tri / E 1=15/1 E' / sin (Q)IFI

AND angle Q between r→ and E

⇒

-

the length hit -- IE't since What about the direction?

Let n' be a unit vector in the direction in which

the right - handed bolt moves

Then r→xE
'

= (Ii'll E't since)) ri
- Y

magnitude direction

This is the cross product



General definition of the cross product

If E. 5 are vectors in IR
'

,

then iixb = (toil 151 since)) in
,

→

where 0 is the angle between E and b

with O-EEO.it] ( recall E ) 5×5

and ri is a unit vector perpendicular to both at

and 5 and whose direction is given by the

right - hand rule : curl your fingers through the

angle from E to 5 ( NOT 5' to E )
,

then your
thumb points in the directions of ri



iixb -
- foil 151 since)) in

Immediate properties : 5×8 = - a→xb→
→

n →
s s

7 7

r⇒
.

¥
→

I i' a'

Again , a' xp LE
EXE t 5 ⑤⇒

If E. It
,

then

Ji and I are parallel ⇐ Ii = 8



Example
A bolt is tightened by applying a 100N

force to a .
I m wrench as below

of-
c-

j

E'

Find the magnitude of the torque
121=400 NX.im/sin(fI--5N-m



(a , .az , az
)

standard basis vectors = ai-azJ-ia.be
n n

ixj = k jxi = -k

^

k n
^

→
'

a.
¥ ' n

.
.

✓
-k

Exercise : Txt's = -J j×h=T
Taxi -- J iixj = - i



Some warnings
Ex 5
'

= - 5×2

(Ex 5) x E t a' x (EXE ) in general
example : Cixi ) xj = xj = 8

ixcixj) - ixk = -j t 8

in other words
,

not associative



Properties of the cross product
You will not be responsible for the proofs, but we need
these properties

i
.

Exit = - 5×27

2. Cia 1×5 = c ( a' x5 ) = Ex (e5 )

3
.

a' x ( 5+8 ) = E' XI + EXE

4
.

Coit 5) x E = a→xE + 5×5



Geometric interpretation

→
a -7 Area of the parallelogram

a
→ i, is tall 51 sin CO)

,b ifblsinco) b

'
7 which is the magnitude

a) r"
→
a of the cross product a→xb→

In other words
,
tax 51 is the area

of the parallelogram (note tax51=15×51)
£55 = - Exe



Intermission



Components

(a, .az , as)
- ( b

, , bz , bz) = a.b , tazbztazbz

La
, .az .az) x ( b , .bz , bz) = ?

or

Rewrite ( a , .az
, as
> = a. T -192J task

( b , .bz
,

b
,
> = b

,
T t bag + b

,
t

(a.Ttazj taste ) x ( b. it bzjtbsk ) = ?

Use properties of the cross product
and our earlier calculations for the standard

basis vectors



La , .az , Az) x ( bi , bz.bz >

= ( a.Ttazj taste)x( b. it bzjtbsk )
→

= (a.9) x ( b. it bzjtbgk ) ←
Caiilxcsii ) = 0

a

1- (a.T) x (bzj ) = a,bzk

+ (azj ) x ( b.Ttbzjtb, te )
+Cai)× (bst) = -a,bzJ

+ Caste )xCb,T + bzjtbzti)
= . - -

= (azbz - azbz IT + ( azb , - a .bz)j + ( a.bz - azb , )k^
=L azbz - azbz , azb , - a , bz

,
alba - acts ,>



Ways to calculate the cross product

Determinants

2×2 determinant looks like / Ibd / = ad - be

example : / . } ¥ / = (1) (4) - (2) C- 3) = 10

3×3 determinant looks like

1 !! !! !:/ -- a. Kii:L - a. kick 'll:c:/



3×3 determinant looks like

1 !! !! !:/ -- a. Kii:L - a. kick 'll:c:/
Example : / ! ! 71=1/511-5/3 :/ -121351

= I - lo t 12=3



La , .az , Az) x ( bi , bz.bz >

= (azbz - azba IT + ( azb , - a .bz)J + ( a.bz - azb , )k^

= Is: Ii - Ias: T.li + Isaias: Iii

/ :! !! !:/ -- a. Kii:L - aalii 's task:c:/
So
,
La . .az , a,> x lb , .ba .bz > = / ! I. /b

, bz bz



Exampled Find a unit vector perpendicular to

( I
, 1,07 and 50,2 , 3) .

( i. 1,07×592,37 =/ To to /
= I 's :/ i - lo

' 51J + to'Ll ti
= 3T - 3J + Zte = I

hit - IET = Iz

→
V is one answer

¥,
= ( ¥2 ' ' ÷?

other answer ?



Exampte Find a vector perpendicular to

the plane that passes through the points
P( 1,2 , 3) , Q (4. 5,6 ) , R ( 2. 1,3 )

i
Ph

Q

- ⇒- ⇒ R
-

take cross product POT x PTI



Exampledt
P( 1,2 , 3) , Q (4. 5,6 ) , R ( 2,1 , 3)

POT = ( 3,3 , 3) ,

PTI = LI
,
- I
,
O )

II It = it I -51%1 -iii.
'il

^

= 3T -13J - 6h



Exampled
Find the area of the triangle with vertices

P( 1,2 , 3) , Q (4. 5,6 ) , R ( 2. 1,3 )

p
1p→QxFI )
-

p a Z
R 137+39 - 6Th1/2Q

R
- →

PQ

a Tr IT'axTRl= area
p) of parallelogram

.! a

parallelogram



Intermission



Let E. 5. E be vectors

Note that the three vectors determine

a parallelepiped a *

a
^
a, a

E f n fo ! 7 7

> :

E
> >

What is the volume ? 15×81/121 cos co) )
= II. c5xE ) )



E. C5xE ) is called the scalar triple product

The volume of the parallelepiped determined

by E. 5.E is the absolute value of the

scalar triple product : II. ( ExE) I
* * Note : ii. c5xE ) -- E. (EXE )

T K

1¥ ! ' a
=⇐x5

'

) -E

> Proof ! tilt head or work
→
-f it out using the formula with
- b

- E components



How to compute I. ( 5xE ) ?

-
- a .cl?::;li-l:i::li-ils:# Iii )
= l ! la . - Id.

'# la. -11 !:{ la .

=l÷÷÷l



Application : are the vectors

( 1.1.27 , 42 ,4,77 , 45 , 9 , 16 ) coplanar

( do they all lie on a single plane )

✓ s
s

not coplanar coplanar

how to tell ? no volume because the

parallelepiped would be flat !



Application : are the vectors

( 1.1.27 , 42,477 , 45 , 9 , 16 ) coplanar

( do they all lie on a single plane )

II. I # 1=14,711 - IE Eli -113412
+

= (64 - 63 ) I - ( 32-3 5) It (18-20) 2

= I + 3 - 4
→

= O
,

coplanar


