
Functions of several variables



Previously : vector - valued functions

f : IR → IRS

g
: IR → IR
'

h :k→kn

Now : functions of several variables

f : IR
'
→ IR

g
: K' → IR

h : IR
"

→ R



Example : the Cobb - Douglas production function

Idea: production output is determined by
the amount of labor involved and the amount of

capital invested

Model : PCL
,
K) = BL

"

K
' - -

after fitting the historical data : PCL.kt-1.GL?5K
.
"



Example : the Cobb - Douglas production function

Model : PCL
,
K) = BL

"

K
' - -

after fitting the historical data : PCL.kt-1.GL?5K
.
"

Domain ? D= L CL , K) : L 20
,
Kzo }

door



Example : domain and range of

gcx ,y) --Fi

Ans :



Example : domain and range of

gcx.yt-F.az
Ans : 9 - x

'
- y
'
zo ⇐ x'ty's 9

D= { (x.y) : x'ty 's 9 }

⑨fffffpp for the range , note that

OE x'ty's 9 5-7 Osa-x'- y's 9

so 0 STEP E3
R= { z : OE Z E3 }



Is there a simple way to understand some

crucial aspects of the function ?

,•

Graphing ! ! .



Example : gcx,yS= 9M¥12

Ans :



Example : gcx,yS= 9M¥12
z=F¥
ZZ = 9 - XZ- y

'

x'+ y't z
'
= 9

First (wrong) ans :

* in' ,



Example : gcx,yS= 9M¥12
z=F¥
2-2=9 - X

'
- y
'

x'+ y't z
'
= 9

bottom half
Ans :

# is given by
-

hay)= -FEZ



How to draw the graph ? Use level curves

The level curve of a function fcx,y) is the

curve fcxiy ) --k for a fixed constant

Idea : take a slice of a graph
then piece them together

Example : fcx.yt-Fxyo-ra.EE ⇐ x4y'=9
f- = FE ⇐ 5+5=4



→*slice.am. -¥
to xy-plane

Example : fcx.yt.ME
circles

o=FEic⇒x45=9t)
f5=F¥2 ⇐ 5+5=4

'



Note : level curves are curves

live in IR
'

ecx.yt-T.EE

÷:: /
I



Example : topographic maps



Example : sketch the level curves

of fcx,y)= I -12×+3 y

Ans :



Example : sketch some level curves

for fcx,y)= I -12×+3 y
k - I - 2xAns : k=lt2xt3y ⇐ y= -3



Example : sketch some level curves for

(Cx ,yl= x'+2-5+3
Ans :



Example : sketch some level curves for

(Cx ,yl= x'+2-5+3
Ans : ke x'+2×2+3 ⇐

x' + 2y
'
-
- k-3

note k 23

✓
Bs



Functions of three or more variables

(: IR
"

→ IR

more generally , f : D → IR

n

for some D E IR

Example : fcx,y,z)= iffy + log (z)

Ans :



Functions of three or more variables

(: IR
"

→ IR

more generally , f : D → IR

for some D E IR
"

Example : fcx,y,z)= rxfyt log (z)

Ans ! D= { (x.y,z) : xzy and z >O)



Problem : graph of f : IR
'
→ IR

would be four - dimensional

"

solution
"

: still can use the level curve idea

(now level surfaces in IR
')



Example : find the level surfaces of

fcx.y.tt/=x4y2tz
'

Ans :



Example : find the level surfaces of

fcx.y.tt/=x4y2tz
'

Ans : k= x'+ y't z
' is a sphere

⑥⑤



Example : a company uses n different

components in making a product and c ;

is the cost per unit of the ith component
and Xi is the amount of the ith component
that is used

then the total cost is

(( x
, ,Xz , .. . ,Xn) = Cixi 1- CzXzt - - - tcnxn

= E. E E -
- Lc, . . . ..cn)

¥ -- LX , . . . . ,Xn)



A function f : D -71k with DEIR
"

can be

thought of as

• a function of n real variables X
. . . .

.,Xn

• a single point Cx
, , . .

. ,Xn)EIR
"

• a single n - dimensional vector (x, . . . . ,Xn)

we will use each of these later as appropriate


