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Recall the interpretation of partial derivatives :

f. (a.b) = align Kath
's) - Eca, b)

h f, Ca, b) = yea . bthh
- Ka, b)

this plane is
"

x: 'm

#¥÷÷÷÷:



Directional derivative in Directional derivative in
the direction of ( 1,07 the direction of CO, I >

f. (a.b) =

om
Kath 's) - Eca, b)

h f, Ca, b) =

om
ka . bthh

- Ka, b)

this plane is
"

x: 'm.
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Natural question : what about the

directional derivative in the direction of

a general unit vector ii. IR
'

I

••
,

' this plane is

e ,
has normal

#÷÷÷÷÷÷÷÷. i



if i' = ( a. b) is a unit vector
,
then

the directional derivative of f at (xoxo)

in the direction of Ji is

Duifcxo,yo) = Iim lcxotah - Yo -ish) - fcxo,yo)
tho h

Example : if ii -- 4.07 , D-uifxo.to/=fxCxo.yo)
if i -- 50,17

, Diifcxo.to/=fylxo.Yo)



Duiflxo,yo) = Iim lcxotah - Yo tbh) - fcxo,yo)
tho h

Example : if ii -- 4.07 , Diifxo,yo)=fx(xoxo)
if i -- 50,17

, D-uifcxo.to/=fylxo.Yo)

Theorem : if flx ,y) is a differentiable

function of x and y and ii. (a. b) is a unit vector
,

Dutfcxo .Yo) -- 41×4o.yd.fycxo.yoD.la , b)



Duifcxo,yo) = Iim llxotah - Yo -ish) - fcxo,yo)
tho h

Example : if ii -- 4.07 , D-uifxo.to/=fxCxo.yo)
if i -- 50,17

, D-uifcxo.to/=fylxo.Yo)

Theorem : if flx ,y) is a differentiable

function of x and y and ii. (a. b) is a unit vector
,

Dutfcxo .Yo) -- 1×4 . ,yo) at fylxo,ydb



Theorem : if flx ,y) is a differentiable

function of x and y and in = (a. b) is a unit vector
,

Dutfcxo .Yo) -- 41×4o.yd.fycxo.yoD.la , b)
(Cxotah , yo tbh) - ((xoxo)proof : Diillxoilo)= Limo h

chain rule !flet g#
= fcxotat , yotbt) 7 l l

x y

si:÷:÷÷÷÷::÷:::÷÷i.÷÷.



Any unit vector ( a. b) can be written

as La, b) = Casca)
,
since) ) for some QEEQZTI

1¥/ i
⇒ -

f- - - - - i

Diiflx ,y)= fxcx.ylcosco-l-ifylx.gl since)



Example : find Diifcx ,y ) if fcxy) -- exytlncxty)
and ii is the unit vector given by angle Q -

- E

what is Delhi) ?

Ans :



Example : find Diifcx ,y ) if fcxy) -- exytlncxty)
and ui is the unit vector given by angle Q : IF

what is Delhi) ?

Ans : @Cx.y) : Ey t ¥ fix.y)
-

-E -1¥
cos I -- E since )=E

Delay) -- Ceiy -1¥)# + (e'' +¥)¥

Defeat) -- ( e't Et Ce't E



Duifcx , y ) -- 41×4 ,y ) , fix ,yD
. ( a. b)

-
the gradient Of

in other words
,

Dirk x.y) = Of - E

Tis a vector !
the vector of partial derivatives



Example : if fcx , y ) = ex't "it3Y" + cosey)
,

find Rfcxx) , Tfl 1,0) ,
and Dq ,r÷> (Clio)

Ans :



Example : if Lex , y ) = ex't "it3Y
"

+ cosey)
,

find Tlfcxiy) , Tfl 1,0) ,
and Dq ,r±> (Clio)

Ans : TfCx,y)=4f× .

= fexhtxyh"Y"(2×+5)
,
£44434"cz×y+hy3) - sincy ))

Dfa ,O) -- ( 2e , 07

D⇐,r⇒K ' .co)
-
- Decies .CI?z7-- e



Example : find the directional derivative of

((x.y) = x'y
'
- lncxty

') at (2,1) in

the direction of the vector E - Zi' -14J

Ans :



Example : find the directional derivative of

fcx ,y) = x'y
'
- lncxty

') at (2,1) in

the direction of the vector E - Zi' -14J

Ans : Tf -- ( f. f.7=53×41×+4 , 2×4
- ¥1241)

FC2.lt = ( 12 - I , 16 - f- 2) = ( 35 , 4S)
i'
i i ;iI = =

' ¥7
DEK2.lt = 842,1 ) . I = Is THE



Functions of three variables

if fcx ,y , -2) ,
we can again define

the directional derivative D-gfcx.az) for

u→ a unit vector in IR
'

if ii. La,b,c7
,

Diifcxo,yo,zo)= lim ((Kotah .Yotbh - Zotch)
- fcxo,%,zo)

hao h



if ii. La,b,c7
,

Diifcxo,yo , Zo) = lim (
(Kotah .Yotbh - Zotch) - fcxo,%,zo)

hao h

if = (Xo ,yo,zo) ,

we can write this as

Dirk = lim lciothu) - LCE)
h

h-70



if I = La,b.c)
,

Diilcxo,yo , -2.) -- thing lcxotahilotbhszotch
) - fCx%,zo)

h

714.y,z)=Cf× . fy.cz) is the gradient

Theorem : D-uifcx.y.tt/--TfCx.y ,-2 ) -I

proof : chain rule again !



Example : if ((x.y ,z)= XEYZ
"

find TfCx,y,z) and the directional derivative

→
at (2,1 , 2) in the direction of v = ( 3. 4,57

Ans :



Example : if fcx.y.tt/=xeYZ
"

find TfCx,y,z) and the directional derivative

→
at (2. 1,2) in the direction of v = 53,4

,

57

Ans : 81=4 ,f, . =Le'7xe''EE
,
xe"%yzI)

Tekla) -- Ce
"

,
see
"

.se
")
,
i' = T={IY?m -

-

ftp.IFo/EFo)DhfC2d.2)=Ce4.8e4.se47.fsfo.sIfo.Efo)--



Maximizing the directional derivative

if (Cx ,y) ( or (Cx ,y , z)) , which direction

I EIR
'

( or ie EIR
' ) maximizes

Dekay) (or Diifcx .y.z)) ?

what is the value of this maximum?



Theorem : the maximum value of Delhi)

is IT fall and it occurs when I has

the same direction as Tfc #I

similarly ,

the minimum value of Delhi)

is - 17K¥71 and it occurs when it has

the opposite direction as Tfc #I



Theorem : the maximum value of Delhi ) proof !
is IT @Ill and it occurs when I has

the same direction as Tye,
Dii (( 5) = TICE ) . it

similarly ,

the minimum value of Delhi ) = IT 11151 cos )
t

is - 17K¥71 and it occurs when I has
= ,

the angle G- EEO.TTthe opposite direction as Tfc #)
between Off) and in

maximum : 0=0
,
cos(f) =/

, Diifcx
' ) = 1711531

minimum : f=T
,
cos (f) = - I

, Diifcx
' ) = - 1711531



Interpretation : gradient tells you where

to go
to increase your attitude as quickly

as possible

going in the opposite direction decreases

your attitude as quickly as possible



Example : if fcx ,y) = Xy't I =p
L

find the rate of change of f at (2,1 ) in
the direction from (2,1) to (1,2)

in what direction does f have the maximum rate of

change at P ? what is this rate ?

Ans :



Example : if fcx ,y) = Xy't I find the rate

of change of f at P = (2,1 ) in the direction from

P = (2,1 ) to Q = (1,2)

in what direction does f have the maximum rate of

change at P ? what is this rate ?

Ans : Tf -- 4×1,7=42 , 2x, - Ia)

016,11 -- 51,37 ,
Fa -

- C - 1.17
,

ii. FEI, -- strife)



Example : if fcx ,y) = Xy't I find the rate

of change of f at P = (2,1 ) in the direction from

P = (2,1 ) to Q = (1,2)

in what direction does f have the maximum rate of

change at P ? what is this rate ?

Ans : Ofa.lt -- 51,37 ii. FEI, -- strife)
Dii fc2.lt-OLCz.is = ¥ -

- Fs



Example : if fcx ,y) = xy't ÷
in what direction does f have the maximum rate of

change ? what is this rate ?

Ans : Tfc2. 1) = ( 1,37

the direction of maximal rate of change is

Dfa ,l)

1¥, =L
'pot) and this rate is

1042,111=10



Example : suppose the temperature in a room

75
is given by 1- (XYZ) = 1+2×43 y

' -14ft

in which direction is the temperature decreasing the fastest

at the point ( I , -1,1 ) ? what is this rate ?

Ans :



Example : suppose the temperature in a room

75
is given by 1- ("YZ) = 1+2×2+3 y

' -14ft

in which direction is the temperature decreasing the fastest

at the point ( l ,-1,1 ) ? what is this rate ?

Ans : TT =hT×
, Ty , Tz)

- 7514×1 - 75 ( Gy ) - 75 (⇒
= ( (1+2×435+4 Fe)' ' (1+2×435+4 Fe)' " ( I-12×435+4 FE)' )
TTU ,-1,11=4-3

,
I

.

-

I 7



Example : suppose the temperature in a room

75
is given by 1- (XYZ) = 1+2×43 y

' -14ft

in which direction is the temperature decreasing the fastest

at the point ( I ,-1,1 ) ? what is this rate ?

Ans : TTCI ,-1,11=4-3
,
I

,

-
I )Z

-
9 - 3 -

i' =
.

-i' = misaxithme.si#eiosneo'

the rate is - 187151,111 -- -Tty



argent planes to level surfaces

Recall that a level surface is defined

by an equation of the form FCX,y,z)=k

Example : FLx.y.tt/--x4y2+zZ

(②÷ k= x'+ y't z
' is a sphere



F- (x.y,z)=k defines a level surface

let P= (Xo, yo ,Zo) be a point on this surface

let F' (t) -- Cxctl
, yet) , zct ) ) be a curve on the

surface that passes through the point at t -- to

( i.e
.

.
F(to) -- (xoxo ,Zod

÷::÷÷÷:
"÷÷¥fE. Eet Eft Eeo t't 't



Takeaway
'

.
f- ( Fct)) -k for all t f

l l l
so aIt[ f- ( Ect))) -- O x y Z

" ' '

E. ¥et¥f¥+¥a¥=o
ttt

l l

TF . E'(t ) = O

in particular , FFCxo.yo.to) . F'(to)
-
- O

this is true for any differentiable curve F



TF . E'(t ) = O

in particular , FFCxo.yo.to) ' F'
'

(to) -- O

this is true for any differentiable curve F

¥e¥E



TF . E'(t ) = O

in particular , TF (Xo ,yo , Zo)
. F'(to) = 0

this is true for any differentiable curve F

Conclusion : TFCxo.yo.to) is perpendicular to

the tangent vector F'Ctd of any curve

on the level surface that passes through
the point P -- (xoxo ,Zo)



if OFCXO,y. ,zo) t ⑤ ,

then we define FFCxo.yo.to) to be

the normal vector of the tangent plane to the level surface

f- (x,yz)=k at f- ( Xo
, yo , Zo)

TF¥
Equation : TFCxo.io , Zo) . (x-Xo,y -yo .

-2 - Zo)=0

or fxcxo.yo.to/Cx-Xo)tFyCxo.yo,zo)Cy-yo)tFzCxo.yo,zo)CZ-zo)-- O



if OFCXO,yo ,Zo) t ⑤ ,

then we define FFCxo.yo.to) to be

the parallel vector of the normal line to the level surface

f- (x,yz)=k at f- ( Xo
, yo , Zo)

( perpendicular to the
TF

tangent planes

Equation : x -Xo Z - Zo
=
Y#

=
-

Fylxo,yo,-20) Fzlxo ,yo ,-20)



Recall : if z=fCx,y) then the tangent plane at

=fCXo,Yo)
t

(Xo,Yo , Zo) is given by f×CXo , yo) (X - Xo) -1 fycxo ,yo)(y - yo)
= z - Zo

rewrite z=fCx,y) as FCX.y.tt/--fCx.y) -Z
want tangent plane to level surface Flay,zl=0

at (Xo,Yo , Zo) : TFCXo.yo.zol.LX-xo.y-yo.tt -2-07=0
11

( fxlxoilol , fycxo,yo) , - l)

or Lxcxo ,yoKx - xoltfycxoyoky - yo) - (z-Zo)=O



Example : find the equations of the tangent plane

and normal line at the point C -2,1 , -3) to the

ellipsoid t y
-

t ZI =3
-

ns : •

J



Example : find the equations of the tangent plane

and normal line at the point C -2,1 , -3) to the

ellipsoid II -1 y- t ZI =3
-

ns : FCx.az/=IIty4ZI •

,

PF=CF×
, Fy, Fz)

-
- LI , 2y , ZF)

-
Z

TFC -2,1 , -3) =L- I , 2 , J )
Plane : - (x -12) -124-1) - 3-(-21-3)=0
Line : = YI = 2I



Moral : the gradient tells us a lot

• gradient tells us the direction

of fastest increase ( opposite direction

gives fastest decrease) ; magnitude of

the gradient is the rate

• gradient is orthogonal to level surface



look up
"

gradient descent
"

if interested


