
Iteratedintegrals



Recall : by definition ,
Riemann sum

b
d

of fcxldx = lim II @xi ) Ox
n-70 T

sample point

In practice , we evaluate definite integrals

using the fundamental theorem of calculus :

[ fcxldx = Fcb) - Fla) if F'Cx) -- (Cx)



Today : how can we do this for double integrals ?

Problem ! for a rectangle R -
- Ea,b]xEed]

,

tf fcx ,y) DA E Fcb-d) - Fca, c) for

F'Cx ,y) = ((xx)
T

what are we differentiating
with respect to ?



Recall : for a function of two variables Lay ) ,

we have PARTIAL DERIVATIVES

Today : PARTIAL INTEGRATION

& Lex .y) dy
with respect to y.
treat x as a constant

(integral analogue of ¥)



I fcx .y) dy
with respect to y.
treat x as a constant

(integral analogue of ¥)
this defines a function of x :

ACH = & @xx) dy (Example :

Aca) = ! y ) dy)



this defines a function of x :

ACH = & @xx) dy
now we integrate this function

'

.

{ Acxldx = & [ I Lcxy) dy]dx
✓ note : we could have

" iterated integral
"

done dx first and then

dy to get { [ { ecxiddx]dy



4

Example : evaluate If x'ydydx and
2

"

if x'ydxdy
Z O

Ans :



4

Example : evaluate If x'ydydx and
2

jgxydxdy
Z O

4

Ans : I x'ydydx l l
'

x'ydxdy
Z O

e e

I=tE - II-- Gx' ÷FI=3¥=qy
t t

§ Gx- d×= 2×3/0--2635=54 §9ydy= L
"

= 9¥ - 9 = 912=54



Conclusion : the same !

Recall : Clairant 's theorem says order of partial

differentiation doesn't matter in certain situations

Fubini 's theorem : if f is continuous on the

rectangle R= Ea,b) x Ted] = { C.xx) : aexeb, ceyed}
,

then § ! fcx , yldydx = !! @x.yldxdy = Influx .y)dA



Idea for § ! , yldydx = !! llxiyldxdy = Influx ,y)dA
b

area
-
- flex,s)dx
I

a

volume
"

adds
"

up

these slices
S§{it" § slices dy

C



Idea for § ! ffx , yldydx = !! @x.yldxdy = Influx ,y)dA

volume
"

adds
"

up
b

these slices f slices DX
a

=. T
r

d

area
-
- lect,y) dy
C



Example : compute ft x- 3y
' DA for

R= { Cx ,y) : OEXEZ
,

I ⇐ye 23=50,23×51,2
]

Ans :



Example : compute ft x- 3y
' DA for

R= { Cx ,y) : OEXEZ
,

I ⇐ye 23=[0,23×51,2]

Ans : tf x -3y2dA= § ! x -3y' dy dx
-

xy - y
' 1=(2×-8) - (x - 1) = x-7

d

{ x -7dx= I-7×1--12-14=-12
Try I } x - 3y' dxdy at home !



Sometimes order matters from a practical point

of view

Example : compute § ysincxy ) DA for

R -- [ 1,2]X[0,1T]

First ans :



Sometimes order matters from a practical point

of view

Example : compute Irs ysincxy ) DA for

R -- [ 1,23×[0,1-1]

First ans :
"

I I ysincxy ) dxdy
-
- coscxy) I

,

= - costly) t cosCy)

i

- costly ) + cos Cy ) dy =
-sin{ + sing = O



Example : compute ft ysincxy ) DA for

R -- [ 1,2]X[0,1T]

Second ans : ! y sincxy) dydx
-

integration by parts

( ysincxy) dy =
-

ycoslxxyL-f-cosfx.it#dy=-ycosxxyL+ sing



Second ans ! ! ! y sincxy) dydx
-

integration by parts
*

ysincxy) dy =
-

ycosxxyt + sin{ !
O

=
+ singh ) - Coto)x

- Ticositx) sin (xx)
= - t -

x x
'



Second ans ! ! y sincxy) dydx
2

- Ticositx) sin (xx)
= f- t - dx

x x
'

I

t
focus on this for now

I d× =

- sinG× - f sincId×
X x

integration by parts

so I
'

+ singe) dx =
-sint

x x



Second ans ! ! !
"

y sincxy) dydx

2

- Ticostx) sin (xx)
= f- + - dx

x x
'

I

2

=

-

sinI / =
-

int - f sing))
I

= - O t O = 0

Moral : if one way seems long and tedious , try
the other way

C.be careful about this though ! )



Example : find the volume of the solid bounded

by the elliptic paraboloid x't 2y't E- 16 , the

planes x=2 and y=2 , and the three

coordinate planes

Ans :



Example : find the volume of the solid bounded

by the elliptic paraboloid x't 2y't E- 16 , the

planes x=2 and y=2 , and the three

coordinate planes

Ans ! R-- [0,23×50,2]

R



Example : find the volume of the solid bounded

by the elliptic paraboloid x't 2y't E- 16 , the

planes x=2 and y=2 , and the three

coordinate planes

Ans : § I 16-5-2-1' dxdy =§( 10x- E -

zxy
' ! ) dy

= § 32 - F - 4 y' dy = 32y -Ey - 4¥ 1=64 - 'f - E
= 48

Do dydx at home !



A special case : what if our function

LCx,y ) -

- gcxlhcy) factors as a

product of functions gcx) and hey) ?

Example : fix ,y) -- x'y
'

-_gCx)hCy)

for gcx) -- X
'

and hly)=y
'

Non - example : fix ,y) - loglxy)
-
- logcxltlogly)



If R-- Ea
,b) x Ec,d] and

IX.y)
-

- ghdhly)

then It fcxy)dA= & & gcxlhly) dydx
= I gcx) (& hly) dy) dx

= ! hey)dy & gcx) dx



Example : if R - to, XIE , IT ] ,

evaluate § sincykoscx) DA
Ans :



Example : if R - to, Tx EE , IT ] ,

evaluate f! sincylcoscx) DA

Ans : tf sinlykoscx)dA= cosG) dx sinlyldy

= ( sink)o)( - cosa, ) -- ( t -OKE -IE)

= Tz


