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Last time : finding extrema

Today : finding extrema subject to constraints

"

Lagrange multipliers
"

Idea : suppose we want to find extrema

of fcx ,y ) subject to the constraint gcx ,y)=k



"""
h
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Ex .y) -- II fcx.yt.IO Tf(Xo ,Yo)=XTg(Xo,yo)

Idea : if gradients aren't parallel , we could pick
a different level curve for lcxiy) in a way that still
intersects gcx ,y) --k but increases/decreases our function e
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h
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Lexx) -- II fcx.yt.IO Tf(Xo ,Yo)=XTg(Xo,yo)

second idea : we should consume to the

point at which the relative costs are the same

as the relative gains



Same idea for fcx.y.tt) subject to gcx ,y,z)=k

Formally , if ((Xo, yo ,Zo) is an extremism subject to gcx ,y,z) --k ,
then let Fct) be a curve on gcx ,y,z)=k passing through

(xoxo , Zo) at t - to lie
.
F' (to)=4Xo,yo,zo7) e

l l l

it htt)= KELTY ,
then h'Cto) -- O T TF

chain rule says htt)= TCCECT)) . E'(t)
t t t

h'Cto) -- TKxo.yo.to) -F'Cto) = 0

recall that Tgcxo.yo.zoy.ir'Ctd=o if Lagrange multiplier
Tglxoiloiolto

so TfCXo .Yo , -20) -_XTg(Xo ,yo ,Zo) for some



ethod of Lagrange multipliers

To find Max and min values of ((x.x.z) subject to

gcx.az/=k ( assuming extrema exist and Tg #
E on

the surface gcx ,y,z) -k) :

( t) find all points (x.y ,z) and values X such that

Tfcx.y.it/=X7gCx.y.z)ANDgCx.y,z)=k
(2) evaluate f at the points from Cl)

the largest is the Max value of f subject to gcx.az/=k
the smallest is the min value of f subject to gcx.az/=k



Note : Tf Cx ,y,z)=XPgCx,y,z)

can be written as the set of equalities

f×=Xg× . fy -- Xgy ,
and fz=Xgz

we also still have the constraint gcx,y,z)=k

for a function of two variables fcx,y) subject to
gcx.yk.hr we have

f×=Xgy . Cy - Xgy , gcx ,y)=k



Example : a rectangular box without a lid is

to be made from 12 m
' of cardboard

find the max volume

Ans :



Example : a rectangular box without a lid is

to be made from 12 m
' of cardboard

find the max volume

Ans :

fcx.y.tt/=xyz,gCx.y,z)=xyt2xzt2yZ=l2(#-Zfx--yz, g×= y -127 ⇒ yz=XCyt2z)

y fy=xz , gy= Xt2Z ⇒ Xz= XCX -12-2)
x

E- xy , gz=2Xt2y ⇒ Xy=X(2xt2y)

X=E=x±= T
X-1-0 since

y-122 X-127 2×-124 gcx ,y,zI= 0¥12



Example : a rectangular box without a lid is

to be made from 12 m
' of cardboard

find the max volume

Ans : fcx ,y,z) -- Xyz ,gcx.y.tt/=xyt2xzt2yZ=l2IZ=xZ-
=

y-122 Xtzz 2×-124

= ⇒ (Zxtzylyxz -_xy¢yt2Z) ⇒ 2xzt2yz=xyt2xz
⇒ 2yXz=xyX⇒ 2Z=x

= ⇒ (xt2z)y¥=x¥Cyt2Z) ⇒ xyt2yz=xy -12×2
⇒ Xy*=X2x*⇒ x -- y



Example : a rectangular box without a lid is

to be made from 12 m
' of cardboard

find the max volume

Ans : fcx.y.tt/=xyz,gCx.y,z)=xyt2xzt2yZ-- 12

×=×⇒ plug into constraint
T

(Zz)(2Z) -12GHz -12(22-12=12

122-2--12

2- =/ , X=y=2 ,
Max Vol is 4 m

'



Example : find the extreme values of the function

(Cx,y)=x42y
'

on the circle x't y
-

=L

Ans :



Example : find the extreme values of the function

(Cx,y)=x42y
'

on the circle x't y
-

=L

Ans : f×= 2x , g×=2x ⇒ 2x=XC2x)

fy=4y , gy=2y ⇒ 4y=XC2y)
¥+0 since

otherwise

x't-1=0
# I

x=Xx ⇒ XCI- X) -- O if I-X -
-O if x=o

2y=xy⇒ ycz-4=0 than '

o
then y

-

- II

and X = It and fco, -111=2
Tand CCI 1,01=1 ← min may



Example : find the extreme values of the function

(Cx,y)=x42y
'

on the disk X't y's l

Ans :



Example : find the extreme values of the function

(Cx,y)=x42y
'

on the disk X't y's l

Ans : from 11.7
,
we compare the extrema we

found on the boundary (the circle) to the critical

points inside the circle

(×
-

- 2x min

⇒ only critical point is (0,0) f

µ=4Y
eco , -111=2 , fcti.co) -

- I
, 40,0) -- O

maxT



Example : find the points on the sphere x't y't E- 4

that are closest to and farthest away from the point ( 3.1 , - t )

Ans :



Example : find the points on the sphere city
'-12=4

that are closest to and farthest away from the point ( 3.1 , - t )

Ans : FCx.y.zt-F.GE

((x.y . -2) : (x- 35-1 (y -t)'t Cz-115
if XII

,-2=-1×23, Y

⇒ not
on sphere

gcx ,y,z) : x'+ y't -22=4 ,

f× = Ux - 3) , g×= 2x ⇒ 2Cx-3) = X (2x)

fy= 24 - l) , gy=2y ⇒ 2Cy - 1) = day)

(z = ZCZ-11) , gz= Zz
⇒ 2C-2+1) = X(ZZ)



Example : find the points on the sphere x't y
'-12=4

that are closest to and farthest away from the point ( 3.1 , - t )

Ans : FCx.y.zt-F.y.FI 2Cx-3) = X (2x) ⇒

fcx.y.ae) : (x-35-14-15-1 CZ-115 zcy - 1) = X(2y) ⇒

gcx , y,z) : x'+ y't -22=4
2C-2-11) = X(Zz) ⇒

×= = I- Z and and
x x

give ¥ -
- I
, give

'I = ¥
X = = I - I

, or 3y=x or -3-2 -- X

X =
ZI = 1+1 SO x=3y = - 3-2 ⇒ x=3 y
z z Ze-y



Example : find the points on the sphere x't y
'-12=4

that are closest to and farthest away from the point ( 3.1 , - t )

Ans : gcx , y,z) : x'+ y't -22--4 Fcx,y,z)=Tty¥

I ✓ plug into constraint fcx ,y. -2) : (x- 35-1 Cy -II't Cz-115

⇒ aye, y't y
'
-
- 4 ⇒ y=±T¥=y=I¥,

y
-

- I ⇒ z= I
,
x -- I # farthest

x

(E. E. E ) and C . # ' ⇒
← closest



Two constraints !

(Cx ,y,z) subject to gcx ,y,z)=k
hcx ,y,z)= a

strategy : look for the points (xoxo , Zo) where

TfCXo,Yo,Zo)= XTgcxo.yo.zdtnThlxo.yo.to)

f×=Xg×tuh× , Ly -- Xgytuhy , fz
-
-Xgztuhz



Example : find the extrema of the function

fcx.y.tt/=Xt2yt3Z on the curve of

intersection of the plane X -y-1-2=1 and

the cylinder x'ty! I

Ans : gcx.y.tt) -- X - y -12=1

hcx ,y,z) -- X't y
'

-_ I



Example : find the extrema of the function

fcx.y.tt/=Xt2yt3z on the curve of

intersection of the plane X -y-1-2=1 and

the cylinder x'ty! I

Ans : 94,4 .-2) -- X - y -12=1

hcx.az) -- x'+ y
'
-
- I thx " t

. gx =/ , h×=2x

Ly -- 2 , gy =
- I

, hy=2y

ft
-

- 3
, gz= I

, hz -- O



Example : find the extrema of the function

fcx.y.tt/=Xt2yt3Z on the curve of

intersection of the plane X -y-1-2=1 and

the cylinder x'+ y! I lx -- l , gail , h×=2x

Ly -- 2 , gy =
- I

, hy=2y

Ans : guilt)
-
- X - Y -17=1

Lz
-

- 3
, gz= I

, hz -- O
hcx ,y, -2)

-

- X't y
'

-_ I

I -- X tuczx) ⇒ -2=2ux ⇒ - I aux ⇒ u=

z= -Xtulzy) ⇒ 5=2my ⇒ E=uy ⇒ u-- E
,

⇒ ¥ -
- Ey

3 = X tuco) ⇒ 3=1



Example : find the extrema of the function

fcx.y.tt/=Xt2yt3z on the curve of

intersection of the plane X -y-1-2=1 and

the cylinder x'ty! I

Ans : gcx.y.tl -- x - y -12=1 ⇒ -2y=5X ⇒ ×= y

hcx ,y,z) -- X't y
'
-
- I#in

¥ii=I ⇒ y
'
- IT! min

,±¥a⇒ y=±5Ea ⇒ x -- I ⇒ z=



Example : find the extrema of the function

fcx.y.tt/=Xt2yt3Z on the curve of

intersection of the plane X -y-1-2=1 and

the cylinder x'ty! I

Ans : y=±5Ea ⇒ x -- I ⇒ z= I ±¥a

K - Ea . Ea , Itf) =3 -12¥, =3 -1529 ←
max

K Ea .
' l - E) =3 - Ipa =3 - Fg ← min


