
Dotproduct



Last time : vectors

This time : relationship between

vectors

For example , suppose we have two

vectors E and I
.

We know that

it and at point in the same direction
if cso .

How do we quantify the

extent to which I and I point in
the same direction ? Perpendicular?



Motivation : consider tossing an

object and measuring the distance
it has traveled in a particular

direction
a



Classic example : the work W done

by a constant force F in moving an object

through a distance d is W=Fd

Caveat : formula only applies when

the force is directed along the line

of motion I 7
W # if 1151
in general

>
→

D



E 7

a) )
,

W - ID'll # cos

→

D

The dot product of two vectors

£ and I is E.5 -
-
Ioillblcosco)

,

where O-c-EO.IT) is the angle
between them



Example : A wagon is pulled a distance

of 50M along a horizontal path by
a constant force of 70 N .

The handle of the wagon is held at angle I

Find the work done by the force .

^
^

F

⇒
W -

-
50M - 70N - cos ( Iz )

> = 17500 N 'm = 1750 J
n

D



Two vectors E.I are orthogonal if
and only if i. 5=0

Note : E. 5=121151 cos I

assume E.It

then III. 151>0

so
,
E.5=0 forces cos (f) =O ,

→

which means 0=12 bn
→

7 a



In general , if ii. 5*8 E.5=1*1151 cosset

ii. 5 > O means a EEO, )
I n
→
,

acute angle
b
I 7
n →
I
. a

E. 5 so means O-c-CI.IT ]
I

\
obtuse angle

I 7→

+ T a

→
b



Extreme cases ! E. 5=1*1151 cos

if 0=0
,

ii. 5 = tall 51

what does 0=0 mean?

if 0=17 , E. 5=-181151

what does f- = IT mean?



Components

Computing dot products w/ components :

if I = ( a , .az
,
az) Cana . .az)

b→= ( b
. . bz , b ,)

F

ii.I → €
Lawo-fcosines-my-a.to
IE - 512=1-212+151

'
- 2151151 costa) v.

(b
, .ba .bz)

so

E. is = { ( IET-1151
'

- ta -512 ) = a. b. + azbztazb,



If I -- La , .az .az > and I = Lb
, .bz .bz)

then ii. I = a.bit azbzt a, bz

Example : what is the angle QE [0,1T]

between ( 1.1.07 and 50,1 . - 17 ?

Ans : Kl
,
1,071 = T2 ( 1.1.07 . so , ' ,-17=1

150,1 ,-171=52

IT ( I, 1,07 -so, I , - 1) = T2
- FL . cosCa)

coset) = I ⇒ f = I



Example : A force F' = 54 , 3,27 moves a

particle from P -- a. 1,1 ) to E- (5. 2,3) . Find
the

work done by the force
.

(assume distance is in
meters

,
force in N)

Ans : displacement D= POT = 44,42)

E.⑤ = 4.4+3.1-12.2=23 J



Example : find a unit vector that

is orthogonal to both Ttf and Jets

Ans ! if in - ca . .az .az> is at
.

£145) ,
then a ,taz=0

→aICjxI) , then actor,
-_ 0

SO
,

G
,
= - Az = Az

need toilet
,

so aitaita,
-

= 35=1
can choose in -- C , , 7



if ii. 5
,
E are three -dimensional vectors and

KEIR
,

then

I
.

E - E = lat
'

z
.

ii. 5=5 .a→

3
.

E. (5+5)=5.5 + E. E

4
.

Choi ) - 5 -

- k 5) iii. (KI)
I

5
.

8. E -

- o # (ii.57.E.ci?c5.E)

Try proving these by writing out the definitions



Note : dot product makes sense in IR
'

a→= Ca, .az)
y
n y.cbi.bz) 5=45 , .bz)

¥ > x E.5=1-21151 cos (f)
>• Ca, .az) = a,b , t azbz

why ? think of the Xy - plane in IRS

Ca , ,aa% € J. ( bi,bz ,O)



Show that if I -181 E -I

then lui't = IF I
.

Ans :



Suppose that we are given it ,v→ .

If vi. I =P . for any E ,

then in =P

Moral : think of this as testing in a certain direction
if we test in every direction and

get the same result , we must have

the same thing to begin with

Note : testing in one direction is not

enough (e.g . . i.I is but i #J)



Suppose the vectors E. I
,
I are unit

vectors that can be arranged into an

equilateral triangle
→ →
W

v

f v
→
U

→ →what is a - w =

E. I =
→ →

U - ✓ =



Use vectors to decide whether or not

the triangle with vertices Cl
,
-3
,
-2)
,

( 2,0 , -4 ) , and ( 6
,
-2
,

-5 ) is

a right triangle .

pn.ci , -3 ,
-2) p→q = ( I , 3 . -Z)

Ans :
•

off = ( 4 ,-2 , - t )

-47 & PTR =L 5 , I , -3 )
Q = (210 ' *

pe co , -2 .
-5) TI . Q→r= 4 - 6+2--0



For which values of b are the

vectors L- 6. b. 2) and ( b, 5,57 orthogonal ?

Ans : C - 6, b.27
-G. 5. b) = - 65+53+23

= b
' -46

= bc 5- 4)

↳ (5-4)=0 ⇐ 6=0,12



Projections
→

a E.I = IE 1151 coset)a

→
→

→-

151 cost = = Ea, - b
- -
. LEI
-
,

or " T
this is what we want

the scalar projection of 5 onto at

is comp ,
15 ) = III. 5

informally
,
how far does 5

'
travel in the direction of a→

( note : can be negative )



comp ,
(5) = Ei, . I

informally
,
how far does 5

'
travel in the direction of a→

Recall
,
E.5=5.8

In general , comp ,
(5) f- comp , CE)

Example :
n

→
a

T
→

b



compacts ) is a scalar quantity , not

a vector

the vector projection is

proja, (5)
= compas (5)

at (not quite)

=



→

a

^

→ again , in general,
b

- - - - - T projects
'

) # project )

L-
E
- -



Example :

Ji = ( o , I , 2)

5=43
,
5
,
-77

5- 14

scaleCE) = ¥7.5 =

Ey =

projects ) = scale, CP) = so, 1,27

at home : try scalp = ?

7

project ) = .


