
Equations



Reminder : in the plane ( or IR' )
,

the

equation of a line looks like

slope
+ y - intercept

y -_ mxtb ←

alternatively , we could use point- slope form

Y - yo = m (x - xo)
T^"°c%,yo

) is a point on the line



ix. +
t.yo.tn/-Yo=mcx-xo,

tm
(Xo,-107

Em
=m

t
t

yet another way to describe the line

(x.y) = (xoxo)
+ tcl , m)
T t

how far slope
to slide along



Equation of a line in IR
"
: (x.y) = cxo.yoi-tcl.hn)

→ →

Equation of a line in IR
'
: r = Fo t t v

11 11 11

vector eqn
of line (x ,Y,Z) sxo.yo.zdha.b.cl

r→=Cx,y,z
>

pit
=L' ' T

- cxott.Yottm-ro-sxo.yo.FI 75=6,44
#

ix.ios
tm fEm

=m

t
t



→ →

vector eqn
of line r = To t t v

11 -l l l

(x.Y ,Z) sxo.yo.zdsa.b.cl
r→=Cx,y,z

>

+ (XYZ) = (xotta.yottb.zo-tc7-ro-sxo.to#7E.b.c7
/ x -- x. + ta

y
= yottb

parametric eqns of
a line

z = Zo +to

Note : each value of t EIR gives a point on the line

Informally , you can think of this as a time parameter



Example : find a vector eqn
for the line that

passes through the point ( 8. 6,7) and is

parallel to the vector < 5. 3,97

also find parametric eqns for this line

Ans : F -- Totti'

F' = 58,677+-1453,97=18 -its)T+(6t3tIJtC7t9t)k
Ans : x= 8 -15T

, y=6t3t , -2=7 -19T

Note : many possible answers , can use any vector
v→

parallel to 453,97



Example ( cont)
Ans : F -- Totti'

F' = 58,677+-1453,97=18+1-5)T+(6t3tIJtC7t9t)k
Ans : x - 8 -15T

. y=6t3t , -2=7 -19T

Find two other points on this line

Ans : plug in different values of 1- ¥0

-1=0 ⇒ get back original point
-1=1 ⇒ 413,9 , 167

1- = - I ⇒ (3,3 , -2)



If a vector 8=6
, b. c) is used to give the

direction of a line
,

then a,b, c are called

the direction numbers
→

Note : not unique , Sv -- ssa.sb.sc) also

describes the direction of the line for any s #
0

Ways to write eqn of a line in IR
'

:

F
-
- Totti x - xotta , y -- yottb , Z -- Zottc

Another way : solve for t ⇒ ×- =
''II = -2-222

symmetric eqns



Ways to write eqn of a line in IR
'

:

F
-
- Fo + tf x - xotta , y -- yottb , Z -- Zottc

Another way : solve for t ⇒ ×-a×o_ = ''II = -2-21
If a -- O

,
then X=Xo

, Y = Zito
C

l

- -
-
- - -

- - -

X= Xo

If a=0
,
b :O

,
then X= Xo , y '- Yo

- -
-••'
"

( xoxo ,0)



Example : find parametric eqns and symmetric eqns
for the line that passes through A- (0,1 , - t)

and BC2,5
,
-3)

where does this line intersect the xz - plane?

Ans : EB = 42,4 , -2) = I

x= Ot 2T =2t
,
y = I -14T , z = - I -2A

or

X - 2+2t y =
5 -14T

,
Z =-3-2T

I

f- = Y =
Z
-2



Example ( cont.) :

where does this line intersect the xz - plane?

Ans : EB = 42,4 , -2) = I

(A) x= Ot 2T =2t
,
y = I -14T . Ze - I -2T

°"

x=2t2t
, y =

5 -14T
,

2- =-3-2T !
i

E- = = i r
-

-z -

,

j

Xz - plane means 4=0 ,
I

using eggs in CA)

y= I -14T =O ⇒ t = IT ⇒ x=zt= I

@ C -I. o .
-iz)

Z= - I -2t= -I



What if we just want a line segment ?
A A
• B • BI.••

versus

ACO , I . - l) , B (2,5 , -3)

x =2t y = I -14T , Ze - I -2T
/

t=0 ? get A 1- eco,i) ? somewhere in
between

t= I ? get B



Conclusion : the line segment from rj to rj
is given by Fct) = Fox t Cri - Fo)

= ( I - thro + tr
,

for 1-Elio, ']

Fth
→•To

7

→
r ,



Example : show that the lines L
, and La

with parametric eqns

X = Ztt y =3 -12T ,

Z = I -13T
I

× = 2T y = I -t z - 2. +t
t y

are skew lines ( i.e .
.
do not intersect and

are not parallel )

direction : ( 1. 2,3) direction : ( 2 ,-1,17

if they intersect, 2ft = Zs ⇒ t - 2. (s - l)
3t2t = I- s ⇒ t=-2z = - I - E
I -13T = 2-15 ⇒

+ = Is
3



Example ( cont .)

t -- Ks - t) yr us - 1) = - l - E
t = -2 = - l - I

4 (s - 1) = -2 - S
t = it

3 55=2

s .- E ⇒ t - ¥

- E HI
3

no intersection !



Brief summary

Line in IR
'

i need 2 points

OR

I point and slope (
"direction

" )

Line in IR
'
: need 2 points

OR

I point and vector parallel (
"

direction
"

)



Intermission



Plaines

Line in IR
'
! need 2 points

OR

I point and vector parallel (
"

direction
"

)

Plane in IR
'

: need 3 points
OR

I point and vector PERPENDICULAR



F. ( F - ri 1=0
a
f or

→ •r
ro F. E = ii. to

vector eqn
of a plane

if I = (a.b. c) and To = ( Xo
, Yo , Zo)

(a.b. c) . ( x - Xo
, y
- yo , Z -2-07=0

or a (x - Xo) 1- b. ( y - yo) t c( z -Zo)
-

- O

scalar eqn of the plane through PCxoxo, -20)
with normal vector F = La , b. c)



Example : find an eqn of the plane through
the point PCI , 1,1) with normal vector Fi -- ( 2.3.17

find the intercepts and sketch the plane

Ans : (2.3.17 . (x - I
, y
- 1. z - 17=0

•2Cx- 1) t 3Cy- 1) t Cz-17=0 =

or 2x t3ytz= 6 µ-X - intercept : ( 3.0,0)
l l fo

y- intercept : co, 2,0) -

*

2- - intercept : (0,0,6)



mother form of a plane :

acx -Xo) + bcy -yo) -1 ccz -Zo ) - O

axtbytcz + d =0 (D= - axo- byo- azo)
linear eqn in x. x.Z

axtbytcz =D (D= axotbyotczo)



Example : find an eqn
of the plane that

passes through the points PCO
,
1,21

,
QC 's , -1,2)

,

and RC4 , -2,1 )
→
n

Ans : need a normal vector
••P

take p→Q×F£ = ( 3
,-2,07×44, -3, -17

••

←

BE / ! :} ( = ( 2,3 . - l )
2. ( x - o) t Ky- I ) - l (z -2) = O



Example : find the point at which the line

with parametric eqns X= I -14A
, y=2t3t , 2- =3 -2T

intersects the plane 2xt3yt4z= 10

Ans : plug in eggs for x.y,Z

2cL-14T) +362+31-1+4 (3 - Zt) = 10

201-9-1=10

t -- I ⇒ ×= I -14C )

y= 2
-13C )

-2--3 -2C )



Intermission



More on planes

two planes are parallel if their normal vectors

are parallel →

an Example :

ZCX- 3)+Ky -1)+ (z-21=0

106-17+154-7)-15ft-71=0
→

an



More on planes

If not parallel , then they intersect in

a straight line
n

the angle between

→
° the two planes is

- defined as the acute€

y angle between
their normal vectors



how do we actually find this angle ?
→
n, -7

^ n' Ans : dot product !#

I. n→z= Intl trial cos
-

→ →
N
,
" Nz

cos(f) =

⇐

y Intl trial

• = cosy ii. n?
Not quite ! we want one EOE ] Init Init

)
l l

so 0 -

- cos"i÷iE÷i)



how do we find the eqn
of the

line of intersection?

F -7 find a single pointn Nz

n>° find a vector parallel
-

this vector must be

perpendicular to BOTH
•

y ri
,
and Tie

cross product !
nixing



Example : planes - 2x tytz =3

X - y - ZZ = 4

angle between ?

Ans : F
, =L - 2 , 1,17

Fiz -- Li , -1 , -27

* cost cost
- cos"(÷)



Example : planes - 2x tytz =3

X - y - Zz = 4

eqn of
line of intersection ?

Ans : in
, =L - z , 1,17 ,

n?xnI=/ .! 1=-9 -5th
Fiz -- Li , -1 , -27

- 2x t y t Z =3 add together - X - Z = 7

X - y - ZZ = 4
z=o

,
X= -7

, y = - 11

x= -7 -t , y= - H
-3T

,
E- t



Distance between a point and a plane
i
t how to measure

•a
,

how far I travels

•

in the direction of R ?

absolute value of the

scalar projection !

I comp ,
(E) I = 1ri

IF I



Formula : plane acx-xoltbcy-yoltccz-Z.to

point (x
, , Y , ,Z ,)

i
+

= ( x, -Xo , Y , - Yo , Zi - Zo>
•×
E in :(a. b. c)
• I n→ .

I D= - axo
- byo

Icomp # (F)
I = -

czog
Iacx , - Xo) +bly, -yo) -1cL-42011 lax , -' by, -1oz, -1dL

=-- =

-7¥ATE



Example : find the distance between the

parallel planes 2×+3 y -Z = I

n→ 4×-1 Gy -Zz =3

••

-

a point on the first plane :
•

X=y=0 , Ze - I

comp ,
Ie

I

ist
ri = (4,6 , -2)

=
I
FSG



Example : find the distance between the skew lines

X = Ztt y =3 -12T ,

Z = I +3T
l

X = 2T
, y = I -t z = 2. +t

/

how to get
the lime
-

line?

cross product !



Example : find the distance between the skew lines

X = Ztt y =3 -12T ,

Z -

- I -13T
l

X = 2A y = I -t z -- 2. +t
t y

< 1. 2,37×52,-1,17=45,5, -57

-

point on first line ! ( 2,3, 1)

point on second line : (O
,1,2)

plane that has the second line with normal vector 55.5, -5) :

1562 ) -15C 's ) - 54) -1515- (x - o) -154 - t ) - 5 ( Z -21=0 distance :#
or 5xt5y - 52--15=0 , d=5 ¥¥.sy


