
Maximumandminue



Maximum and minimum values for functions

of a single variable : recall the second

derivative test

if Ccc) = O

and L'
'

Co) > 0 then f ✓
has a local min at x=c

and L'
'Caso then L #

has a local max at x=c



Maximum and minimum values for functions

of two variables !
-

fcx,y) has a local min #
BB

at Ca
,
b) if Lex,y) > flash

when (x ,y) is near Cass) /
the value flab) is called a
local min value ( if f(x.y)zfCa,b) for all (x,y) indomain , then absolute min)



Maximum and minimum values for functions

of two variables ! ••

IX.y) has a local max

at Ca
,
b) if Lex,ylE flail

when (x ,y) is near (a.s) /
the value flats) is called a
local max value Cif exit) Ella.ba/moarin.al4fexnidabsio7ntemax)



Theorem (Fermat) : if f has a local min

or local max at Ca, b) and the first - order

partials exist at Cass)
,
then

f. ( a. b) = of, Ca,b) = 0

A point (a. b) is called a critical point (or

stationary point) if f×(a.b) =L> ( a.b) = O or

if one of these partial derivatives does not exist



If f has a local min or max at Cass)
,

then Cass) is a critical point of f
The converse is not true

,
even in the

single -variable case ( recall (Cx) - xD

A critical point could be a local min
,

a local max
,
or neither

How to tell ?



Example : let ycx ,y) = x' + y
'

- 4x - Sry -13

find the critical points and classify them

Ans :



Example : let ycx ,y) = x' + y
'

- 4x - Sry -13

find the critical points and classify them

Ans
'

. f. (x.y) -- 2x - 4 = 0 ⇐ x=2

fycx,y)
-

- 2-1-8=0 C⇒ y=4

(Cx ,y)= x'ty
'

- 4×-8×+3=4-214 Cy- 45-17
t t
ZO ZO

so fcx ,y) ? - 17 and LCZ ,4) = - 17 so (2,4 )
is an absolute min



Example : find and classify the critical points
of fcx ,y) -- y

'
- XZ

Ans :



Example : find and classify the critical points
of fcx ,y) -- y

'
- XZ

Ans : f×Cx.yl= -2x :O ⇐ X -- O horse's
saddle

fycx .yl=2y=0 ⇐ y=O
t

flow)
-

- O
,
not a min

I
not a max



Second derivatives test : suppose
the second

partial derivatives of f are continuous on a

disk with center (a,b) and suppose that

① Ca, b) = Lyla, b) = O
2

let D= Dca,b) = @xCa.blfyyCa.b) -Ef,> Cais))
•
if D > O and f××Ca , b) > O ,

then local min

• if D > O and f*Ca,s) so ,
then local mat

- if DCO ,

then Naib) is neither (saddle point)



2

let D= Dca,b) = @xCa.blfyyCa.b) -Ef,> Cais))
•
if D > O and f××Ca,b) > O ,

then local min

• if D > O and f*Ca,s) so ,
then local mat

' if DCO ,

then Naib) is neither (saddle point)

D= / Lxx lxy / ,

where f×y=fyx by
Lyx (YY

clairaut 's theorem

if D= O
,

then no info



Example : find the local max values
,
local min

values
,
and saddle points of ((x ,y) .

- Xttty
"
- 4xy -11

Ans :



Example : find the local max values
,
local min

values
,
and saddle points of fcx ,y) .

- Xttty
"
- 4xy -11

Ans : 6=4×3 - 4y=0 ⇐ x'=y ,
combine

µ=4y
'
- 4x -- O (⇒ x y

' l

g
d

y
-
- y

y
'
- y

-

- O

yCy8 -11=0

y=0 or y
'
-

- I

t

critical points : ( 0,07 , ( 1,11 , C- I , - t) 4=11



Example : find the local max values
,
local min

values
,
and saddle points of fcx ,y) .

- Xttty
"
- 4xy -11

Ans
'

. f×= 4×3-44=0 critical points : ( 0,07 , Cli) , C- I . - t)

µ=4y
'
- 4x=o

(xx : 125 , fyy -- Ry
'

. f×y= - 4

D(0,0)= ⇐ (o.o) fyyco.co)
- fxyco,oY= - 16 saddle

Dcl , 1) = 1×+4,1) C '
,
I ) - fxycl . 15=122-1670

local

((1,11=-1
Min

t
>O

Dtt ,- 1) = ⇐ C-Iii) E' it ) - fxyf ' .-15=122-1670 local
min

+ 70 LC- I ,- 1) = - I



Example : find the shortest distance from

the point ( 1,0 , -2) to the plane xt2ytz=4
Ans :



Example : find the shortest distance from

the point ( 1,0 ,-2 ) to the plane Xt2ytz=4
Ans : aye
,

distance from Clio, -2) to
'f a point (x ,y,z) is

-(x- 1) '+ (y - 0121-(2-+2)
'

minimize Cx - II't Cy - ol't (-2+2)
'

instead

-2=4 - X - 2y

minimize Cx- it't y
-

+ ( G - x -Zy)
'



Example : find the shortest distance from

the point ( 1,0 ,-2 ) to the plane Xt2ytz=4
2

Ans : minimize Cx- it't y't ( G - x -Zy)
11

(Cx .y)

f×Cx,yl= 24 - t) -1216 - x -4)C- 1) =0 C⇒ x- I = G - x - 2y

⇐ 2x =7 -Ly

fycx ,y)=2y -1216 - X -4) C-21=0 ⇐ y -_ 46 - x -2y)
⇒ 2x = 12 - 5y

7- 2-1=12 - 5y ⇐ 3.1=5 <⇒ y - I ⇒ x -- I



Example : find the shortest distance from

the point ( 1,0 ,-2 ) to the plane Xt2ytz=4
Ans : minimize Cx- it't y't ( 6 - x -Zy)

'

II

y - I , ×=¥ ex -y)

f×Cx,yl= 24-1) -1216 - x -Lyle- i) f××= 21-2=4 >
O

fycx ,yl=2yt2C6 - x -4) C-2) fyy = 2-18=10

f×y
-

- 4 4.10 - 4270 always

so
,
(
'f , F ) is a local min ( in fact

,
absolute min)

eI=tEEH -

- Ero



Example : A rectangular box WITHOUT a

lid is to be made from 12 m
' of cardboard

find the max volume of such a box

Ans :



Example : A rectangular box WITHOUT a

lid is to be made from 12 m
' of cardboard

find the max volume of such a box

ani.ee#.:::::::::i:
"

team:¥÷÷÷)
(Cx,y)=xy€Y L

Zcxty)



Example : A rectangular box WITHOUT a

lid is to be made from 12 m
' of cardboard

find the max volume of such a box

Ans : fcx,y)=×y€Y =
l2×y

Zcxty) 2(xty)

zcxty) (Ry - 2×5) - (lay -x'y
')(2)

f. =-(2( xty))'
-x'y
' -1125 - 2×43

=
#

2. (xty)
'

y
- C -Zxy - x't 12)

=-

Z(x -t y )2



Example : A rectangular box WITHOUT a

lid is to be made from 12 m
' of cardboard

find the max volume of such a box

Ans '
. ftp.xy#4=l2xy-xii2Cxty) 2(xty)

e. =i¥ e,

y
-

C -zxy - x'+121=0 ⇒ -2×4-5+12=9
, ⇒ ii. y

'

⇒ x=y

I
×
- L -zxy - y

'-1121=0 ⇒ -Hy - y
'

-112=0
- 3×412=0
I
x=y=2



Example : A rectangular box WITHOUT a

lid is to be made from 12 m
' of cardboard

find the max volume of such a box

Ans : -
II

= 1X'- y =L ,

Z -

zcxty)

Max volume is 4 m
'

no need to do second derivative test since

we can argue that a maximum has to exist

given the physical nature of the problem



Second derivatives test gives info

about local maximin

What about absolute Maximin ?

MEEE



Recall : for a continuous function of a single

variable on a closed interval Ea
,
b]
,

the Extreme Value Theorem says there is

both an absolute max and absolute min

Procedure : find critical points and evaluate

the function at the critical points and the

boundary ( i.e .

. fca) and fcs))
largest is abs max

,
smallest is abs min



What about two variables ?

A closed set in IR
'

is a set

that contains all of its boundary points

Informally ,
the set isn't missing anything

it looks like it should have
~

closed
Examples : ←



What about two variables ?

A closed set in IR
'

is a set

that contains all of its boundary points

Informally ,
the set isn't missing anything

it looks like it should have
~not

Examples : ① ← closed D



A bounded set in IR
'

is one

that is contained in some disk

Informally
, you can trap it in a disk

boundedof finite radius
x x

Examples : ②



A bounded set in IR
'

is one

that is contained in some disk

Informally
, you can trap it in a disk

not
bounded

7of finite radius
← +

Examples : \ \
n



Extreme value theorem for functions of two variables :

if f is continuous on a closed
,
bounded set

D in IR
'

,
then f attains an abs max fcx . ,y ,) and

abs min ((x , ,yz) at some points (x
, ,y ,) , Cxz ,ya) c- D

Procedure : find the values of f at the critical points in D
find the extreme values of f on the boundary of D

the largest of these values is the abs max

the smallest of these values is the abs min



Example : find the abs max and abs min of

(Cx ,y) = x
"
- 2xyt2y on the triangle

D= { (x.y) : O Exel
, OEYE 2x }

Ans :



Example : find the abs max and abs min of

(Cx ,y) = x
"
- 2xyt2y on the triangle

D= { (x.y) : O Exel
, OEYE 2x }

Ans : boundary is y=0 , OE X s I

X= I
,
0 EYE 2

y= 2X , OEXE I

f×= 2x - Ly -

- O ⇐ ×=Y ( 1,1) is the only
① = -2×-12=0 ⇐ x -- I ⇒ y

-
- I critical pf



Example : find the abs max and abs min of

(Cx ,y) = x
"
- 2xyt2y on the triangle

D= { (x.y) : Osx El
, OEYEZX }

Ang : Chl) is the only boundary
critical pf y

-

- O
,
OE X El

Lcl , 1) = I X= I
,
0 EYE 2

y
-

- 2x , OEXE I

f(x.2×1=-3×4-14×14,0) -- X
"

,
OEXEI fc , ,y) = I 1×4,2×1=-6×+4--0 x= }

Max Luso)
-

- l man, is 1
Abs max is µ} , F) = 43

min eco ,01--0 min is 1 Abs min is fco.co/-- O



Example : find the abs max and abs min of

(Cx ,y) = x
"
- 2xyt2y on the triangle

D= { (x.y) : O Exel
, OEYEZX }

Ahs : Chl) is the only
critical pp

abs Max is 4J

faint abs min is 0

((x.2×1=-3×4-14×14,0) -- x
"

,
OEXEI fc , ,y) = I 1×4,2×1=-6×+4--0 x= }

Max Luso)
-

- I max is 1 Max is LCE , F) = It
min eco ,01--0 min is 1 min is 40,01 -- O


