
Tangent planes and linear approximations



Before : tangent line

zoom in here and we see
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Moral : we can approximate a function by
a linear function



Today : tangent plane

Moral : we can approximate a function by
a linear function (note ! we assume our function

has continuous partial derivatives )



How to find the

Tangent linetangent plane ?
exo,yo)
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Example : find the tangent plane to

-2=3×2+2y
'

at ( 1,1 )

Ans :



Example : find the tangent plane to

-2=3×2+2y
'

at ( 1,1 )

Ans : Xo -- I
, yo = I

,
-20=5

f×Cx,yl= Gx
, fycx,y)=4y

µCl , 11=6 fycl.lt - 4

Z -5=64-17+4 (y - l )



Linear approximations

(Cx ) I fxcxo ) (x -Xo) + yo
for x near Xo

T
tangent lineapproximation

"

"""

tangent..ir?naen.eri.aar:r.YimationfCx.y)=fxCxo.yolCx-Xo)tfyCxo.yoKy- Yo) + Zo
for (x,y) near (xoxo)



Example : approximate the function

-2=3×2+2y
'

at C.9
,

1.1)

Ans :



Example : approximate the function

-2=3×2+2y
'

at C.9
,

1.1)

Ans : tangent plane at ( 1,1 ) is

Z - 5=61×-17+4 Cy - l ) ⇒ z= 66-11+44-1) -15

our function 3×425=66×-11+44-1) -15

hear ( 1,1) actually 4.85
d

so 36.95-124.1122 6C- i) -1461) -15=4.8



Differentials

let y=fCx)

suppose x changes from a to at Ox

the 0y= flat ox) - Lca)
is the corresponding change in y
tangent line y - flat -- fxcalcx - a)

says Oy I f×Cal0x



let y=fCx)

suppose x changes from a to a+o×

let Z = X.Y )
the Oy -- fcatox) - Kal suppose X changes
is the corresponding change in y

tangent line y -④=f×caVx - a) from a to at DX

says Oye excalox and y changes
from b to btoy
tangent plane z

.

- f.ca,:b) Gca, b) (x- a) tfycaiblly - b)

says. 0-2=1×4,510×-1 Lyla, b) Oy



for Z=fCx ,y)

Liza f×Ca, b) ox 1- Lyla, b) Oy

we define the differentials dx and dy
the differential dz is called the

total differential and is defined by

dz = fix,y)dx t fylx,y)dy=f¥dxtd¥dy



Z = fix ,y)

Oz I f,Ca, b) Ox t ly Ca, b) Oy

d z = fix,y)dx t f, Lx ,y)dy = 8¥dxt IFdy

Oz a dz



Example : if z=fCx,y)=e×t2xy?
find the differential dz

if x changes from 0 to
<
01

and y changes from l to
.
99

compare Oz and dz

Ans :



Example : if z=fCx,y)=e×t2xy?
find the differential dz

if x changes from 0 to
<
01

and y changes from l to
.
99

compare Oz and dz

Ans : dz=f×Cx,y ) dxtfycx,yldy=Ce×t2y
')dx+(4xy)dy

02=4.01 , -99) - No, 1) = e'
O 't 2C -0111.9912 - II. 0297

dz = ( I -127.01 t (4 - o - 1)f.01) = . 03

Tx ,y) -_ coil )



Example : the base radius and height of a

cylinder are measured as 5cm and 10cm

respectively , with a possible error of as much

as -

I am in each dimension

use differentials to estimate the maximum error

in the calculated volume of the cylinder
Ans :



Example : the base radius and height of a

cylinder are measured as 5cm and 10cm

respectively , with a possible error of as much

as .

I am in each

use differentials to estimate the maximum error

in the calculated volume of the cylinder
Ans : Z'- flex , y) = Tixhy ,

dz=2iTxy dxttxdy
dz = 100T C. I ) t 251T C. 1) = 12.5 IT



Functions of more than two variables

single variable y
-

- (Cx) dy = f, dx
two variables 2- = ((x-y) dz= fxdxtfydy
multi variable w

-
- fcx ,y,Z) dw = fxdxtfydytfzdz

( or y -
- ((X, ,Xz , . . . ,Xn )) ( dy=f×,dx , tfxedxzt " - tfxndxn)

t
still a linear approximation
to try



Example : the dimensions of a rectangular
box are measured to be 10 am , 20cm ,

and

50 cm with a margin of error of -1cm in

each dimension

use differentials to estimate the largest possible error

when the volume of the box is calculated

Ans :



Example : the dimensions of a rectangular
box are measured to be 10 am , 20cm ,

and

50 cm with a margin of error of -1cm in

each dimension

use differentials to estimate the largest possible error

when the volume of the box is calculated

Ans ! V - lwh dV= whdltlhdwxlwdh

DV = 1000 all t 500 dwt 200 dh = 1001-50-120 = 170


