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1

Preliminaries

1.1 The spectral theorem for symmetric matrices

Let A be a real N x N matrix,

ai;r a1 ... aiN
ag1 a9 ... AN
= , (1.1)
anN1 aN2 ... QNN
and
fl
f2
f=1".|erY

f'N

be a given vector. As usual we will let e; denote the vector in RY with all entries
being zero except for the " which is taken to be one.
We will write

N
(u,v) :==u-v= Zuivi = u""v and

i=1
2 _ 2 tr
|ul —(u,u)—Zui—u u.

Recall that {vi}fil C R¥ is said to be an orthonormal basis if

lifi=j
o) = b= { o1 5 (12)

The following proposition and its infinite dimensional analogue will be the basis
for much of this course.

Proposition 1.1. If {vl}N1 C RV satisfies Eq. (.) then {vz} _, 15 a basis
for RN and if u € RN we have

N
Z u, v;) v;. (1.3)
i=1

Proof. Suppose that u = Zf\il a;v; for some a; € R. Then

N N
(u,vy) E a;v;,v; | = E a; (v;,v5) = E a;0;; = aj.
i=1 i=1

In particular if u = 0 we learn that a; = (u,v;) = 0 and we have shown that
{vl} _, is a linearly independent set. Since dim (RN ) = N, it now follows
that {vl} _, is a basis for RY and hence every u € RY may be written in the
form u = vazl a;v;. By what we have just proved, we must have a; = (u,v;),

ie. Eq. (1.3) is valid. ]

Definition 1.2. A matriz A as in Eq. is symmetric A = A%, q.e. if
ai; = aj; for all i, j.

The following characterization of a symmetric matrix will be more useful
for our purposes.

Lemma 1.3. If A is a real N x N matriz then, for all u,v € RV,
(Au,v) = (u, A"v). (1.4)
Moreover A is symmetric iff
(Au,v) = (u, Av) for all u,v € RY. (1.5)
Proof. Eq. is a consequence of the following matrix manipulations
(Au,v) = (Au)" v = u'" A"y = (u, A"v)

which are based on the fact that (AB)" = B"A". Hence if A is symmetric,
then Eq. (1.5]) holds. Conversely, if Eq. (1.5)) holds, by taking v = e; and v = e,
in Eq. (1.5)) we learn that
@14 a1j
aj; = Dol | = (Aeiseg) = (e Aej) = [ e | = Qi

aN,; an,j



2 1 Preliminaries

Corollary 1.4. Suppose that A = A" and v,w € RN are eigenvectors of A
with eigenvalues A and p respectively. If u # X\ then v and w are orthogonal,
i.e. (v,w) =0.

Proof. If Av = Av and Aw = pw with X # p then
A(v,w) = (A, w) = (Av,w) = (v, Aw) = (v, pw) = p (v, w)

or equivalently, (A — p) (v,w) = 0. Sine A # u, we must conclude that (v, w) =
0. ]

The following important theorem from linear algebra gives us a method for
guaranteeing that a matrix is diagonalizable. Again much of this course is based
on an infinite dimensional generalization of this theorem.

Theorem 1.5 (Spectral Theorem). If A in Eq. is a symmetric ma-
triz, then A has an orthonormal basis of eigenvectors, {v1,...,on} and the
corresponding eigenvalues, {A1, A2, ..., An} are all real.

Ezxample 1.6. Suppose that
1_3
A= [_% %} , (1.6)
2 2

then

D=

p(A) =det (A — ) :det{

1 2
:(_A) _9
2 1

which we set equal to zero to learn

2
(1_A> _9
2 4

or equivalently, (A — 3) = £2 and hence A has eigenvalues,

ol
rol—
|
>
—_

A1 =—1and Ay = 2.

Since ) s 3 L
=] 371 = o]

e A—2I 23 L1
~a=[Z3 7] = o)
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we learn that
v = |:}:| <—>)\1:71

Vo = |:_11:| <—>>\2:2

Notice that (vi,v2) = 0 as is guaranteed by Corollary The normalized
eigenvectors are given by 271/2y; and 272y, Consequently if f € R?, we have

f = (2_1/2’01, f) 2_1/21]1 + (2_1/2’1}2, f) 2_1/21}2

1 1
:i(vlaf)vl+§(v27f)v2~ (17)
Remark 1.7. As above, it often happens that naturally we find a orthogonal but
not orthonormal basis {Ui}fv:l for RV, ie. (v;,v;) =01if i # j but (v;,v;) # 1.
We can still easily expand in terms of these vectors. Indeed, {|vi|71 vi} is

i=1
an orthonormal basis for RY and therefore if f € RY we have

3 L (fo0i)
f:Z(f, |v¢\71vi) |vi\71vi :Z » s v;.
i—1

2
i=1 ‘vi|

Ezxample 1.8. Working as above, one shows the symmetric matrix,

17 -2
A=|7 1 =2/, (1.8)
—2-210

has characteristic polynomial given by
p(A) =det (A— M) = — (X* — 127 — 36\ + 432)
=—A=6)(A=12)(A+6).

Thus the eigenvalues of A are given by Ay = —6, Ao = 6 and A3 = 12 and the
corresponding eigenvectors are

-1 1 -1
vy = 1 — =06, vpg:=|1]| <6, v3:=|—-1]| < 12.
0 1 2

Again notice that {v1, v2,v3} is an orthogonal set as is guaranteed by Corollary

Relative to this basis we have the expansion
U1
f={v)—

ot (frve) 2

v3
5 + (f,v3) —5
|vs]

|v1] |v2]

=%(f,vl)vl+é(f,v2)v2+é(f,v2)v3.
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For example if f = (1,2,3)", then

1 1
f= 51)1 + 2vg + 5’()3. (19)

Exercise 1.1. Verify that the vectors {v; } _, are eigenvectors of A in Eq.
which have the stated eigenvalues. Hint: you are only asked to verify not solve
from scratch.

Exercise 1.2. Find eigenvectors {vi}le and corresponding eigenvalues {/\i}?zl
for the symmetric matrix,

-2 1 1
A=|1 -21
1 1 =2

Make sure you choose them to be orthogonal. Also express the following vec-

tors,
f=1(1,0,2)" and g = (0,1,2)" and h = (=1,1,0)""

as linear combinations of the {vi}?zl that you have found.

Exercise 1.3. Suppose that A is a N x N symmetric matrix and {vi}ivzl is

a basis of eigenvectors of A with corresponding eigenvalues {)\i}ﬁvzl . Suppose
f € RY has been decomposed as

N
f = Z a;V;.
=1
Show:

1. Anf = Ef\il ai/\?vi.
2. More generally, suppose that

p()‘):&0+a1)\+a2)\2+...+an/\n

is a polynomial in A, then

N
A)f:Zaip(/\)v

and in particular p (4)v =p (A) v is Av = Av.
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1.2 Cylindrical and Spherical Coordinates 3
1.2 Cylindrical and Spherical Coordinates

Our goal in this section is to work out the Laplacian in cylindrical and spherical
coordinates. We will need these results later in the course. Our method is to
make use of the following two observations:

1. If {ui}?zl is any orthonormal basis for R then

3

Vf-Vg=) (Vfu) (Vg u) Za fOu,9

i=1

and
2. if g has compact support in a region {2, then by integration by parts

/Afngz—/ Vf-VgdV. (1.10)
2 2

The following theorem is a far reaching generalization of Eq. ((1.10).

Theorem 1.9 (Divergence Theorem). Let 2 C R" be an open bounded
region with smooth boundary, n : 92 — R™ be the unit outward pointing normal
to 2. If Z € C1(£2,R™), then

/Z(x) n(e)do(z) = /v 2(@) da. (1.11)
o (%}

Corollary 1.10 (Integration by parts). Let 2 C R™ be an open bounded
region with smooth boundary, n : 92 — R" be the unit outward pointing normal
to Q. If Z € CH(2,R") and f € f € C1(2,R), then

/f W Z(x /Vf (x)dx—l—/f(x)Zx
o0

Also if g € C*(§2,R), then

n(x)do(z). (1.12)

/f )Ag(x /Vf -Vy(z dx+/f )Vg(x) -n(x)do(z). (1.13)
2

Proof. Eq. (1.12)) follows by applying Theorem with Z replaced by fZ
making use of the fact that

V-(fZ)=Vf-Z+fV-Z

Eq. (1.13) follows from Eq. (1.12) by taking Z = Vg. |
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4 1 Preliminaries

Fig. 1.1. Cylindrical and polar coordinates.

1.2.1 Cylindrical coordinates
Recall that cylindrical coordinates, see Figures are determined by
(z,y,2) = R(p,0,2) = (pcosb, psinb, z).
In these coordinates we have dV = r? sin pdrdfdep.
dV = pdpdfdz.

Proposition 1.11 (Laplacian in Cylindrical Coordinates). The Laplacian
in cylindrical coordinates is given by

Af = 20, (00,) + 081 + 01 (1.14)

Proof. We further observe that

R,(p,0,z) = (cosb,sinb,0)

Ro(p,0,2) = (—psinb, pcosb,0)

Rz(p, 97 Z) = (07 07 1)
so that

{R,(p,0.2),p 'Ra(p,0,2),R(p,0,2)}
is an orthonormal basis for R3. Therefore,
(vf7 VQ) = (vf7 RP) (ng R[)) + (va PilRQ) (ngpilRé)) + (vf7 Rz) (Vga Rz)
_0fdg 10fdg  Of 9g

T 9pdp  p206000 " 0z 0z
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If g has compact support in a region {2, then by integration by parts,

/QAfng:—/QVﬁngV

__ [ |9f9g 10fdg  0f0yg
= /Q [5;) op F o600 " 92 82} pdpdidz

i 1
= /Q 9y (PO, f) + p3§f+p8§f} g - dpdfdz

1 1
= /Q 00 (00,1) + p23§f+5§f} gpdpdfdz

1 1
= [ 500 00,01+ 085 + 634 gdv.
QLp P
Since this formula holds for arbitrary g with small support, we conclude that

1 1
Af = ;ap (Papf) + pﬁagf +a§f~

1.2.2 Spherical coordinates

We will now work out the Laplacian in spherical coordinates by a similar
method. Recall that spherical coordinates, see Figures are determined by

Fig. 1.2. Defining spherical coordinates of a point in R?.

(x,y,2) = R(r,0,9) = (rsingcosf, rsinpsiné, r cos ).

In these coordinates systems we have

macro: svmono.cls date/time: 7-May-2004/7:09



SAB: rs\"‘P de

Fig. 1.3. A picture proof that dxdydz = r? sin ¢pdrdfdep, where r2 sin ¢pdrdfde should
be viewed as (rsin ¢df)(rde)dr.

dV = r%sin pdrdfde.

See Figure [1.3]

Proposition 1.12 (Laplacian in spherical coordinates). The Laplacian in
spherical coordinates is given by

1

1 9 1 . 1
Af = 2 8r(r arf) + 2 Singoap(snl(paﬂf) +

———0; f- (1.15)
r2sin” ¢
Proof. Since

R, (r,0,¢) = (sin pcos b, sin psin b, cos p)
Ry(r,0,9) = (—rsingsiné, rsinp cos 6, 0)
R, (r,0,¢) = (rcospcosb,rcos psinf, —rsin p)

it is easily verified that

1
{Rr(raea@v Re(p,@,Z),er(p,Q,Z)}

rsin @

is an orthonormal basis for R?. Therefore

(Vf, Vg) :(vaRr) (ngRT) + (vfa RG) (VgaRG)

r2sin? o
1
+ 7,,72 (Vf, ch) (v.gaRgo)
_0fag 1 0fog 1090f dg

~or or r%in%p%% 200 dp’
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1.2 Cylindrical and Spherical Coordinates 5

If g has compact support in a region {2, then

/QAfng:—/QVf-ngV

af dg 1 afdg 18fdg] .
- [\¢e, 2 999, 29T 99 drddd
/Q[3rar+r281n2¢3989+7’28gp8@ T sinpdrdy
= / 2 sin g@Jr ! ﬁ@+sin ﬁ@
-/, Yoror " sing 06 90 Y9, 0p

} - drdydf

= / Oy (r*0,9) sinp + ;63]‘ + 0, (sing - Qaf)] g - drdpdf
o sin

1 1
:/Q 30 (20,9) + ———— R f +

r2sin® r2sin g

O, (sin <p8¢f)] g - 72 sin pdrdedd

1 1
:/Q =0, (r?0,9) + 0 f +

Lr r2sin” ¢ r2sin @

0, (sin <p0¢f)] g-dV.
Since this formula holds for arbitrary g we conclude that

1 9 1 . 1 2
Af = T—Q(?T(T' Brf) + ma@(sln @awf) + maaf

1.2.3 Exercises

In the following two exercises, I am using the conventions in the Lecture notes
and not the book.

Exercise 1.4. Compute Af where f is given in cylindrical coordinates as:
f=p3cosf+ zp
Exercise 1.5. Compute Af where f is given in spherical coordinates as:

f=7r"14cosfsine.

date/time: 7-May-2004/7:09



2

PDE Examples

2.1 The Wave Equation

Ezample 2.1 (Wave Equation for a String). Suppose that we have a stretched
string supported at + = 0 and * = L and y = 0. Suppose that the string
only undergoes vertical motion (pretty bad assumption). Let u(¢, x) and T(¢, )
denote the height and tension respectively of the string at (¢,z), 6(z) denote
the density in equilibrium and 7 be the equilibrium string tension. Let J =

®x + Ax

Ay

1
t
1
!
|
I
|
t
B
+

X o ———

x + Ax

Fig. 2.1. A piece of displace string

[z, + Az] C [0, L], then
Py(¢) ::/Jut(t,x)é(a:)dx

is the momentum of the piece of string above J. (Notice that d(x)dx is the
weight of the string above x.) Newton’s equations state

dP;(t)
dt

= / ugt (t, 2)d(x)dx = Force on String.
J

Since the string is to only undergo vertical motion we require
T(t,x + Az) cos(azqnz) — T(t, x) cos(ay) =0

for all Az and therefore that T'(¢,z)cos(a,) =: H for some constant H, i.e.
the horizontal component of the tension is constant. Looking at Figure the

2
M/T it,a

? (ly=uktr) Tihe
g Ly xte)
Zion

v
i
'
)
\
\
§

A
7

b ba x

Fig. 2.2. Computing the net vertical force due to tension on the part of the string
above [a, b].

tension on the piece of string above J = [a, b] at the right endpoint b must be
given by H (1, u, (t,b)) while the tension at the left endpoint, a, must be given
by —H (=1, —uy, (t,a)). So the net tension force on the string above .J is

b
H [ug(t,b) — uz(t,a)] = H/ Uy (¢, ) da.
Finally there may be a component due to gravity and air resistance, say
b
gravity = —g/ d(x)dxz and
b
air resistance = —/ E(x)u(t, x)dz.
So Newton’s equations become
b b
/ ug (¢, 2)0(x)de = / [Hugy (t,2) — gd () — k(x)u(t, )] da.
a a

Differentiating this equation in b at b = x then shows



8 2 PDE Examples
ut (8, 2)0(2) = Uge (¢, ) — go(x) — k(x)us(t, x)

or equivalently that

1 k(z)

t = <7 N Uzx ta - Y-
Utt( ,$) (5(1))“ ( Z) g (5(.%')
Ezample 2.2 (Wave equation. for a drum head). Suppose that u (¢, ) represents
the height at time t of a drum head over a point x € 2 — (2 being the base of
the drum head, see Figure As for the string we will make the simplifying

ue(t, ). (2.1)

%nw,vuu)-nw)
21t #‘Lt\l\a“(_v\u),vuttpﬂ-b\kﬁ)\

|
3 Rno

Y
K mv e e

3

Fig. 2.3. A deformed membrane attached to a “wire” base. We are also compute the
tension density on a region of the membrane above a region V' in the plane.

assumption that the membrane only moves vertically or equivalently that the
horizontal component of tension/unit-length is a constant value, H.

Let V C {2 be a test region and consider the membrane which lie above V'
as in Figure 2.3] Then

Py (t) ::/Vut(t,x)é(x)d:c

is the momentum of the piece of string above V' where §(z)dz is the weight of
the membrane above x. Newton’s equations state
dPy (t)
dt

= / ugt(t, x)d(x)dx = Force on membrane.
v

To find the vertical force on the membrane above V| let « € dV, then

Page: 8 job: 110notes

d
(n(z), Vu(t,z) -n(z)) = —-lo

s
is a vector orthogonal to the boundary of the region above V' and by assumption
the tension/unit-length at x is H (n(z),Vu (t,z) - n(z)). Thus the vertical
component of the force on the membrane above V' is given by

(x4 sn(x),u(t,x + sn(x))

H 8VVu(t,ac)-n(x)d€(x):H/‘/V-Vu(t,x)dx:H/VAu(Lx)d:E.

Finally there may be a component due to gravity and air resistance, say
gravity = f/ go(z)dz and
1%
air resistance = 7/ k(x)ue(t, z)dx.
1%
So Newton’s equations become
/V w(t, )8 (x)dwr = /V [HAu (t,) — g3(x) — k(@)us(t, 2)) da.

Since V is arbitrary, this implies
0(x)uy(t,x) = HAu (t,x) — gé(x) — k(x)u(t, )

or equivalently that

H k(x
mAu (t,x) —g— 55363 w(t, ). (2.2)
Ezample 2.3 (Wave equation for a metal bar). Suppose that have a metal wire
which we is going to be deformed and then released. We would like to find the
equation that the displacement u (¢,x) of the section of the bar originally at
location z must solve, see Figure below.

To do this will write down Newton’s equation of motion. First off, the lon-
gitudinal force on the left face of the section which was originally between x
and x + Az is approximately,

Utt(t7 l’) =

u(t,z + Az) — u(t, z)

—AF
Az ’

where E is Young’s modulus of elasticity and A is the area of the bar. (The
minus represents the fact that we must pull to the left to get the current con-
figuration in the figure.) Letting Az — 0, we find the force of the section that
was originally at x is given by —AFu, (¢,2). Now suppose that Az is not nec-
essarily small. Then we have the momentum of the region of the bar originally
between x and z + Ax is given by

macro: svmono.cls date/time: 7-May-2004/7:09



Undeformed bar

x T+AL

I‘\ [ I

I I I

I I 1

(] Vg i

\I/ \I/ \
1 . 1
|y(t7x): ' y(t#]}}A[L‘) i
1 1 1 1
f\ /I \ /,
I I I
|| [ |
\ \ g \
\ / \/ N

Deformed bar

Fig. 2.4. The picture represents an elastic bar in its un-deformed state and then in a
deformed state. The quantity y (¢, z) represents the displacement of the section that
was originally at location z in the un-deformed bar. In the above figure y (¢,2) < 0
which y (t,z + Az) > 0.

x+Ax
/ ug (t,2) 0 () dz

where § (x) is the linear mass density. Therefore,

r+Ax

d rz+Ax
Mass x acceleration = pn / ug (t,2) 0 (x) doe = / ug (t, ) 0 () de

x

= the net force on this section of the bar
= —AFu, (t,x) + AFEu, (t,z + Ax)

where —AFu, (t,z) is the force on left end and AFu, (t,z + Azx) is the force
on the right end. Hence we have

x+Ax
/ ug (t, ) § (x) de = ABu, (t,x + Az) — AEu, (t,x)

which upon differentiating in Az at Az = 0 shows

uge (t,2) 0 () = ABug, (¢, 2) .

2.1.1 d’Alembert’s solution to the 1-dimensional wave equation

Here we are going to try to find solutions to the wave equation, ¥y = @Y.
Since this equation may be written as

Page: 9 job: 110notes
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(02 - 02) y = 0 (2.3

and

(0} — a®92) = (0y — ady) (0y + ady)

we are lead to consider the wave equation in the new variables,
u=2x+ at and v = x — at.

In these variables we have

ou ov

O = Eau + aav = a0, — ad, and
ou ov

from which it follows that
Oy — a0, = —2a0, and 0 + a0, = 2ad,
and hence the wave equation in (u,v) — coordinates becomes,
0 = (0; — ady) (0 + ady) y = —2a0,2a0,y = —4a* Yy,

i.e. yup = 0. Integrating this equation in v shows y,, = F' (u) and then integrating
in u shows

y= [ Fdutv ) =+ 0).
Thus we have shown if y solves the wave equation then
y(t,x) = ¢ (z+ at) + ¥ (z — at) (2.4)
for some functions ¢ and .

Exercise 2.1. Show that if y (¢,2) has the form given in Eq. (2.4) with ¢ and
1) being twice continuously differentiable functions, then y solves the wave Eq.

23).

To get a unique solution to Eq. (2.3) we must introduce some initial condi-
tions. For example, let us further assume that

Yy (0,.17) = f (.TI) and Yt (O,J}) =0.
This then implies that

f(x)=¢(x)+¢(x) and
0=ay (z)—ay (z),

macro: svmono.cls date/time: 7-May-2004/7:09



10 2 PDE Examples

The latter equation shows that i (z) = ¢ (z) + C and using this in the first
equation implies that
f(@)=2p()+C

or
1

¢(@)=5(f(2) = C) and ¢ (2) =

Thus we have found the solution to be given by

(f (2) +C).

| =

y(t.) = 5 {f (o at) + f (e — at)}.

In the homework you are asked to generalize this result to prove the following
theorem.

Theorem 2.4 (d’Alembert’s solution). If f (z) is twice continuously dif-
ferentiable and g (x) is continuously differentiable for x € R, then the unique
solution to

Yt = > Yo with (2.5)
y(0,2) = f(z) and y, (0,2) = g (x) (2.6)
is given by
x+at
y(t,z) = % [f(x +at) + f(z—at)] + % /_ t g(s)ds. (2.7)

Ezxample 2.5. Here we wish to solve for z > 0 and ¢ > 0,
02y = 0%y with y (0,2) = f (z) and g (0,z) = 0 with y (¢,0) = 0.

As before we know that y (¢, z) = ¢ (z +t)+9 (¢ — t) . We must now implement
all of the boundary conditions,

f) =y (0,2) = ¢ () + ¢ (z)
0=y(0,2) =¢ (z) - ¢/ (z) and
0=y(t,0) =) +¢(-1).

This suggests that we define ¢ (—t) := —p (¢) for ¢ > 0, and also that

p(@) = (2)+C
f(2) = 20 () + C

or
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Thus our answer is given by

[f (@ +8)+ f(z—1)]

N | =

y(tvx) =

where by above,

and thus

Thus we have

y(tr) = 3 [f (et 0)+ f (@)

where f is extend to all of R to be an odd function.

2.2 Heat Equations

Ezample 2.6 (Heat or Diffusion Equation in 1-dimension). Let us consider the
temperature in a rod 2. We will let

1. 6 (z) denote the linear density of the rod

2. ¢(x) denote the heat capacity of the rod per unit mass at x

3. k(z) be the thermal conductivity of the rod at x. By Newton’s Law of
cooling, the heat flow from left to right in the rod at location x should be
approximately equal to

K (x)
A (u(z) —u(x+ A4)). (2.8)

Notice the A appearing in the denominator represents the fact that the
thicker the insulation in your house the less heat transfer that you have.
Passing to the limit in Eq. then gives Fourier’s law, namely the heat
flow from left to right in the rod at location x is given by

—k(z)u (x). (2.9)
(In the book, it is typically assumed that § (z) = §, k(x) = K and

¢ (z) = o are all constant.)
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4. u (t,x) be the temperature of the rod at time ¢ and location x.

5. H (t,x) represent heat source at x and time ¢. For example we may be
passing a current through the wire and the resistance of the wire is both
spatially and time dependent. Alternatively we may be heating the wire
with an external source.

Let B = [a,b] be a sub-region of the rod, see Figure Then

/@Es-".ﬂoﬂ Scupplys heat
e T o B,
- b

Fig. 2.5. Part of a rod with a test region B = [a, b] being examined.

b
E(t):/ w(t,7) 6 (z) ¢ (2) d

represents the heat energy in B at time ¢. Hence

b
E(t):/ ug (t,2) 0 (z) ¢ () dz

is the rate of change of heat energy in B. This may alternatively be computed
as the rate at which heat enters the system which is given by

b
()= [ H(t.o)do+ () (6) - 5 (0) s (6,0)
b

_ / [H (t,x)—l—%(ﬁ(x}u@» (t,a:))] d.

Hence we conclude that

/ab u (t,2) 6 (z) c(z)de = /ab {H (t, ) + % (k (%) ug (t,x))} da

for all sub-intervals {2 in the rod and therefore (again just differentiate in
b) that
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2.2 Heat Equations 11

0(x)c(x)ug (t,z) = % (k(z)ug (t,2)) + H (¢, ). (2.10)

This equation may be written as

ug (t, ) = Lu (t,x) + h (t,x)

where
1 d d
Lf @)= s (00 /@),
=60 (z)c(z) an T :H(t,z)
p(z)=6(z)c(x) and h(t,z): p@)

If we further assume that the rod in not perfectly insulated along its length
and the ambient temperature is not constant, we may end up with another
terms in computing E (¢) of the form

b
[ @@t -1 @)
and we would then arrive at a heat equation of the form
ug (t,x) = Lu (t,x) + h(t,x)

where
1 d d 1
Lf (@)= st (R@ o f @) e @ f@) @)

for some function ¢ (z) and a modified function h (¢, ).

Example 2.7 (Heat or Diffusion Equation in d - dimensions). Suppose that {2 C
R? is a region of space filled with a material, () is the density of the material
at © € 2 and ¢(x) is the heat capacity. Let u(t,z) denote the temperature at
time ¢ € [0,00) at the spatial point 2 € (2. Now suppose that B C R? is a
“little” volume in R? OB is the boundary of B, and FEp(t) is the heat energy
contained in the volume B at time ¢. Then

EB(t):/Bé(x)c(x)u(t,:c)dz.

So on one hand,
En(t) = /B 5(x)e(z)alt, z)do (2.12)

while on the other hand,

Ep(t) = /aB (k(x)Vu(t,z) - n(x)) do(x), (2.13)
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12 2 PDE Examples

Fig. 2.6. A test volume B in {2 centered at x with outward pointing normal, n.

where k() is a d x d—positive definite matrix representing the conduction prop-
erties of the material, n(z) is the outward pointing normal to B at € B, and
do denotes surface measure on 9B.

In order to see that we have the sign correct in , suppose that z € 0B
and Vu(x) - n(xz) > 0, then the temperature for points near = outside of B are
hotter than those points near x inside of B and hence contribute to a increase
in the heat energy inside of B. (If we get the wrong sign, then the resulting
equation will have the property that heat flows from cold to hot!)

Comparing Eqs. (2.12) to (2.13) after an application of the divergence the-
orem shows that

/5 u(t, x) dm—/ V- t,)(z)dx. (2.14)

Since this holds for all volumes B C {2, we conclude that the temperature
functions should satisfy the following partial differential equation.

d(z)e(x)u(t,z) =V - (k(-)Vu(t,-))(x). (2.15)
or equivalently that

u(t,x) = V - (k(z)Vu(t,x)). (2.16)

d(z)e(x)

Setting ¢ (z) := ki;(z)/(6(z)c(x)) and

the above equation may be written as:

u(t,x) = Lu(t, x), (2.17)
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where

=S @ O+ DA @19

The operator L is a prototyplcal example of a second order “elliptic” differential
operator.

Ezample 2.8 (Laplace and Poisson Equations). Laplace’s Equation is of the
form Lu = 0 and solutions may represent the steady state temperature distri-
bution for the heat equation. Equations like Au = —p appear in electrostatics
for example, where u is the electric potential and p is the charge distribution.

2.3 Other Equations

Ezample 2.9 (Shrodinger Equation and Quantum Mechanics).

0

A .
iyt w) = =5 (tw) + V(e o) with [9(,0)]l, =1

Interpretation,

/ [(t, 1:)|2 dt = the probability of finding the particle in A at time ¢.
A

(Notice similarities to the heat equation.)

Ezample 2.10 (Mazwell Equations in Free Space).

OE

g B
5 V x
0B

g0 _ E
5 V x

V-E=V-B=0.
Notice that

0’E 0B

— =V X =-VxXx(VXE)=AE -V (V-E)=AE

or2 ot X (VxE) V-B)
and similarly, 2 at2 = AB so that all the components of the electromagnetic
fields satisfy the wave equation.

Ezample 2.11 (Traffic Equation). Consider cars travelling on a straight road
with coordinate z € R, let u(¢, z) denote the density of cars on the road at time
t and location z € R, and v(t,x) be the velocity of the cars at (¢,z). Then for
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J=la,b] CR, Ny(t) := f: u(t, z)dz is the number of cars in the set J at time
t. We must have

b
/ At 2)dz = Ny (1) = u(t, a)o(t, a) — ult, bYo(t, b)

e
_ / = [u(t,)olt, 7)) do.
Since this holds for all intervals [a, b], we must have
u(t,z) = _9 [u(t, z)v(t, )] .
Ox

To make life more interesting, we may imagine that wv(t,z) =
—F(u(t, z),u,(t,x)), in which case we get an equation of the form

0 0
Frike %G(u,ug;) where G(u,u;) = —u(t, x)F(u(t, x), uz (¢, z)).

A simple model might be that there is a constant maximum speed, v, and
maximum density u,,, and the traffic interpolates linearly between 0 (when
U = Up,) 10 Uy when (u = 0), i.e. v = v, (1 — w/uy,) in which case we get

0 0

U= —Upo— (u(l —u/uy)).
Ezample 2.12 (Burger’s Equation). Suppose we have a stream of particles trav-
elling on R, each of which has its own constant velocity and let u(¢,z) denote
the velocity of the particle at x at time ¢. Let 2(¢) denote the trajectory of the
particle which is at g at time t5. We have C' = &(t) = u(t, (t)). Differentiating
this equation in ¢ at ¢ = ty implies

0 = [ue(t, 2(t) + ua (b, 2() 2 (@) [e=t, = ue(to, To) + ta(to, zo)u(to, xo)
which leads to Burger’s equation
0=wus + u ug.

Example 2.13 (Minimal surface Equation). Let D C R? be a bounded region
with reasonable boundary, ug : 9D — R be a given function. We wish to find
the function u : D — R such that u = up on 0D and the graph of u, I'(u) has
least area. Recall that the area of I'(u) is given by

A(u):Area(F(u)):/[)\/1+|Vu|2dx.

Assuming u is a minimizer, let v € C*(D) such that v = 0 on D, then
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2.3 Other Equations 13

_d _d 2
0—£|0A(u+sv)— d$|0/D\/1+|V(u+sv)| dx
:/Dd%b 1+ |V (u+ sv)|de
_/ 1
Dy /1 4 |Vul?
1
:f/v ——=Vu |vdx
D 1+ |[Vul?

from which it follows that

Vu - Vo dx

1
V| ———=Vu| =0.

1+ |Vaul?

Ezample 2.14 (Navier — Stokes). Here u(t, z) denotes the velocity of a fluid ad
(t,x), p(t, x) is the pressure. The Navier — Stokes equations state,

% + Oyu = vAu — Vp + f with u(0,z) = ug(z) (2.19)

V -u =0 (incompressibility) (2.20)

where f are the components of a given external force and ug is a given divergence
free vector field, v is the viscosity constant. The Euler equations are found by
taking v = 0. Equation is Newton’s law of motion again, F' = ma.
See http://www.claymath.org for more information on this Million Dollar
problem.
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3

Linear ODE

3.1 First order linear ODE

We would like to solve the ordinary differential equation

0 (t) = Au (t) with (3.1)
u(0) = f.

The method of separation of variables or eigenvector expansions pro-
posed to begin by looking for solutions of the form u (t) = T (¢) v to Eq. (3.1]).
Here v is a fixed vector in € RVand T (t) is some unknown function of ¢. Sub-
stituting u (t) = T (t) v into Eq. gives

T (t)v =T (t) Av

or equivalently that )
T(t)

T(t) v.

Since the left side of this equation is independent of ¢t we must have

Av =

T() _
T~ (3.3)

for some A € R. The solution to Eq. (3.3) is of course T (t) = €T (0) and
therefore we have shown the following lemma.

Lemma 3.1. Ifu(t) = T (t) v solves Eq. , then v is an eigenvector of A
and if X is the corresponding eigenvalue (i.e. Av = \v) then

u(t) = eMT (0)v.
Conversely if Av = v then u(t) = e*v solves Eq. (3.1)).

Proposition 3.2 (Principle of superposition). If u (t) and v (t) solves Eq.
then so does u (t) + cv (t) for any ¢ € R.

Proof. This is a simple consequence of the fact that matrix multiplication
and differentiation are linear operations. In detail,

Lt + ev () = 1 (8) + cb () = Au (8) + cAv (8)

dt
=A(u(t)+cv(t)).
Consequently if Av; = \;v; for i =1,2,...,k, then
u(t) = Ze”‘ivi.
solves Eq. (3.1]).

Theorem 3.3. Suppose the matriz A is diagonalizable, i.e. there exists a basis
{vi}ivzl for RN consisting of eigenvectors A. Then to any f € RN there is a
unique solution, u(t), to Egs. and . Moreover, if we expand f in
terms of the basis {vi}f;l as

N
f= Z a;Vq,
i=1
then the unique solution to Fqs. and 18 given by
N
u(t) =Y aev;. (3.4)
i=1

Proof. The fact that Eq. (3.4) solves Egs. (3.1) and (3.2)) follows from the
principle of superposition and the fact that e**: = 1 when t = 0.

Conversely, suppose that u solves Egs. (3.1) and (3.2, then

N
u(t) = Z a; (t) v; (3.5)

for some functions a; (t) with a; (0) = a;. Now on one hand

N
W(t) = a; (t)v;
i=1



16 3 Linear ODE
while on the other hand

N N N
a(t) = Au(t) = AZai (t)v; = Za (t) Av; = Za (t) Aivi.

Subtracting these two equation shows

N N N
0= Za (t)v; — Za ) hivi = > (aq (1) — a; (£) Xi) v;.

i=1
Since {vi}ivzl is a basis for R it follows, for all 4, that
a; (t) = a; (t) A; with a; (0) =1
and therefore, a; (t) = e**ia;. Putting this result back into Eq. gives Eq.
B9). .
Definition 3.4. If f € RN we will write e!Af for the solution, u (t), to Egs.

and (73)

Fact 3.5 Ejgs. and have a unique solution independent as to whether
A has a basis of eigenvectors or not. Moreover we may compute e!* using the
matrix power series erpansion,

etf=>" %An f. (3.6)
n=0

Notice that formula in Eq. (3.6) is consistent with our previous results. For
example if v € RY and Av = \v, then A”v = A"v and therefore,

X in > tn
— A" = E L\ = ey = et
n! n!

n=0 n=0

More generally, if u = Zle a;v; with Av; = \;v;, then

k k
ety = g aiemivi: E aietAivi.
i=1 i=1

Remark 3.6. As the notation suggests, it is true that

etAesA _ e(t-l—s)A

as you are asked to prove in Exercise below. However, it is not generally

true that

(A+B) — (AB _ (BoA

see Proposition [3.8] below.
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Example 3.7. Let us find ¢4 when

110
A=1022
003

The eigenvalues of A are given as the roots of the characteristic polynomial,
pA)=det(A—A)=(1-XN)(2-XN)(3=]N).

These roots are A = 1, A = 2, and A = 3. As usual we find the correspond-
ing eigenvectors as solutions to the equation (A — AI)u = 0. The result is,
eigenvectors:

1 1 1
v1: =0 1, v=[1]«<2 v3:=1]2| «<3
0 1 0] 1
Since _ o ~
0 1 1
1{=1]1]—-1]0
0] 1 0] K
and _ -
0 1 1 1
Ol =|2|-2|1]+10
1 |1 0] 0

it follows that the columns of ¢4 are given by

(17 1
e 1ol =€ |0
1 0| 0
(0] 1 1 1 1
et 1 A1 —etr o]l = |1 =€t |0
1 0| 0 0 0 0
and
0 1 1 1
tA 0 — etA 2 _ 2€tA 1 + etA 0
1 1 0 0
1 1 1
=e3t |2 2% 11| +¢€t |0
1 0 0

macro: svmono.cls date/time: 7-May-2004/7:09



and therefore,
et —et 4 2t ot — 202t 4 (B3t
A — | o 2t _9e2t 4 93t
0 0 e3t

Proposition 3.8. Let A and B be two N x N matrices. Then the following are
equivalent:

1.0=[A,B] := AB — BA.
2. etAB = Bet4 for allt € R,
3. et4esB = esBeth for all st € R.

Moreover if [A, B] = 0 then e(A+B) = e4eB and in particular
ettt = DA for all st € R. (3.7)

Proof. If [A, B] = 0, then

d
%etABe_tA = [A,Ble7™ =0

and therefore, e!4 B = Be!4 for all t € R. It now follows that

d

7etAesB — etABesB _ BetAesB
ds

d sB _tA sB _tA

—ePe' = Be®"e

ds

and so by uniqueness of solutions to these ODE we conclude e!4e*B = esBet4

for all s,t € R. If et4e’B = e*Bet4 for all s,t € R then

d d d d
AB = —\oetAB = f|0%|06tA€SB = %|0£|065B6t‘/4 = %\OBetA = BA.

For the last assertion, let T (¢) := e!4etB, then

d

%T (t) _ AetAetB + etABetB — AetAetB + BetAetB

=(A+ B)T (t) with T'(0) = I.
So again by uniqueness of solutions,

etAetB =T (t) _ €t(A+B).
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3.2 Solving for e'* using the Spectral Theorem 17
3.2 Solving for e*4 using the Spectral Theorem

4

2

Example 3.9. Let

as in Example with eigenvectors/eigenvalues given by

'U1:|:1:|(—>)\1:_1

and

Recall that

and hence

1 1
etAf =3 (vi, f) e'toy + By (va, f) ey

1 _ 1
= i(vhf)e t’Ul—|—§(U2,f) th’UQ' (38)
Taking f = e; and f = ey then implies
1
etle) = iemvl + 56“‘1}2 = 56_%1 + 56%’[}2
L1 L] 1
2° M 2 4
1 [et+ 2t
= 5 et _ 2t
and
1 1 1 1
etAeg = ietAvl — ietsz = ie_tvl — 56%1}2
11 1501
— ¢ M T3¢ |
1 [e—t — o2t
e

et 4 2t o=t _ 2t
et — 2t o=t 4 o2t | "
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18 3 Linear ODE
Alternatively, from Eq. (3.8)

1 1
N f = 5 o f) e ol f 4 St uael f

and therefore

1 1
etA = 3 (v1, f) et + 562%21)3
1,11 1501
= 3¢ L} [11] +5¢" | [1-1]
1 [e—t 4 e2t et — g2t
9 [e—t _ 2t e—t_’_th}
Ezxample 3.10. The matrix
-2 1
=[]
has eigenvectors/eigenvalues given by
1 -1
vy = L} +— —1 and vy := { 1 } — =3

As usual, if f € R? then

f:%(ﬂhf)vl‘F%(U%f)Ux

It then follows that
1 1
et = 5 (v1, f) ety + 5 (va, f) ety
1 1
=3 (v1, f) e for + By (v2, f) e .
Taking f = ey and then f = ey gives

1 1
etle) = By (vi,er)e vy + 5 (v2,e1) e g
1 1
= §€7t’01 — iefjtvg
1[et4e3t
= 5 et — =3t

and similarly

etAe B 1 67t _673t
2 2 eftJrefst .
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Therefore,

et = [etde; etdey]

1[et+e e t—¢

2let—eBtette

—3t
—3t

Ezxample 3.11. Continuing the notation and using the results of Example

1 7 =2
A=|T7 1 =2
-2 -210

with eigenvectors/eigenvalues given by

-1 1 -1
vi:=| 1| =6, v:=|1|+<6, v3:=|—-1]| < 12.
0 1 2

and

f =5 oo+ 5 (froa)oa ¢ (fre)vs

For example if f = (1,2,3)", then
1 1
f= 5”01 + 2v9 + 5113

and hence

L1 1
et (1,2, 3)t = iemvl + 2ty + 56“‘03

1
= ie_ﬁtvl + 2€6t’02

A straightforward but tedious computation shows

1
+ 5612%3'

] 36_6t + 2€6t + el?t _36—675 + 26675 + eth 266t _ 261275
etA _ —36_6t + 2€6t + el2t 38—6t + 266t + el?t 2€6t _ 2612t
6

2€6t _ 261225 26625

_ 2612t 2€6t + 4612t

This can alternatively be done using a computer algebra package, which is what

I did.

3.3 Second Order Linear ODE

We would like to solve the ordinary differential equation
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i (t) = Au (t) with (3.9)
w(0) = fand 4 (0) =g (3.10)

for some f,g € RN and A a N x N matrix. Again we might begin by trying to
find solutions to Eq. (3.9) by considering functions of the form w (¢t) = T (¢) v.
In order for u (t) = T (¢) v to be a solution we must have

T (t)yv="TI(t) Av
and working as above we concluded that there must exists A such that
T (t) = AT (t) and Av = \v.
The general solution to the equation
T (t) = AT (t)
is )
T(t) =ex(t)T(0) + 55 (1) T (0)
where

ox () = cosvV—=Aif A <0
AT cosh v/ iEA >0

and

“vgﬁﬁA<o
SA(t) = t if A=0

§¥%&ﬁA>Q

Theorem 3.12. Suppose the matriz A is diagonalizable, i.e. there exists a ba-
518 {”i}ij\; for RN consisting of eigenvectors A with corresponding eigenvalues

{)\i}ﬁ\; C R. Then for any f,g € RN there is a unique solution, u (t), to Egs.
and . Moreover, if we expand f and g in terms of the basis {vi}f\il

as
N N

f= Zaivi and g = wai
i=1 i=1

then the unique solution to FEqgs. (@ and is given by

N
Z aicy, (t) +bisy, (8)] vi (3.11)

i=1

Proof. It is easy to check that u defined as in Eq. (3.11]) solves Egs. (3.9)
and (3.10) which proves the existence of solutions. The uniqueness of solutions
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3.3 Second Order Linear ODE 19

may also be proved similarly to what was done in Theorem |3.3| Indeed, suppose

that
N
t) = Z Q5 (t) (3
i=1

then the equation, i = Au, is equivalent to

N
Zb’zi (t)v; =u(t Zaz ) Av; = Zal t) \iv;
i=1

and since {v;}."_, is a basis for RN we must have
& (t) = Ny (t) for all 4. (3.12)

Moreover,

N N

Zaivi =f=u(0)= Zai (0) v; and
17\[1 1;1

wai =g=1u(0)= Zdi(O)v

i=1 i=1

implies that

This completes the proof, since the unique solution to Egs. and (3.13] - is
given by
a; (t) = a;ey, () + bisy, ().

Notation 3.13 From now on, let us agree that

cos V=Mt := cosh VAt if A < 0
sin v =\t _ sinh v\t if A< 0 and
VA T
sin v/ —At
vV=A
With the above notation it is natural to write the general solution Eqs. (3.9)

and (3.10) as

=t if A=0.

w(t) = (cos V=AL) f + m/;mg

with the understanding that
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20 3 Linear ODE

1. cosv/—At and Sm? V:AAt are linear (i.e. matrices) and
2. if Av = A\v then

(cos \/ﬂ?ﬁ) v = (cos \/TAt) v and

sin / fAtU sin v/ — At
= .
vV—A vV=A
Ezample 3.14. Continuing the notation and using the results of Example [I.8]
1 7 =2
A=|T7 1 =2
-2 =210

with eigenvectors/eigenvalues given by

-1 1 -1
v = 1 <« —67 Vo = ]_ <~ 67 V3 = —]_ < 12
0 1 2

We will solve,

i (t) = Au (t) with
f=(1,2,3)" and w(0) =g = (1,-1,1)".

<
—~

e
=

Il

As above we have

f:1(.]077}1)7]1+%(fvv2)v2+%<fvv2)v3

2
L P A
—21}1 (%) 21}3
and
= 001 + 2 2 (fy02) v = = (205 + 1)
g=Vvu 3112 6 , V2 v3—3 Vg + v3) .
Therefore,

cos (V—At lecos V3t vy + 2 cosh V3t v2+1cosh V12t V3
2 2

and

sin (\/jt) g= 1 (2 sinh (\/gt) sinh (\/ﬁt) )
= g (Y V3

VA N v

and the solution is given by
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u (t) = cos (mt) Ft Sin(\i;TAt)g
— %cos (\/gt) v

+ |2 cosh (\/§t> +

g sinh (\/gt)
37 3 |7
1 sinh (\/ﬁt) 1 ;

%cosh <\/ﬁt) + 3 v

+

3.4 ODE Exercises

Exercise 3.1. Here you are asked to give another proof of Eq. (3.7). Let A be
an N x N, matrix, f € RY and s,t € R. Show

etAesAf — e(t—&-s)Af.

Outline: Let u (t) := e'e*Af and v (t) = e*+*)4f and show both u and v
solve the differential equation,

w(t) = Aw (t) with w (0) = e*4f

and then use uniqueness of solutions of this equation (see Fact to conclude
that u (t) = v (¢).
01
(%)

‘A cost sint
e = .
—sint cost

using the following three methods.

Exercise 3.2. Let

Show

1. Showing
d ([ cost sint) _ [ cost sint
dt \ —sint cost ) —sint cost
and
cost sint _I— 10
—sintcost /| _, = \01
and
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2. by explicitly summing the series where the functions a; are to be determined.
4 _ 1"
. Y ooAn
e = Z n!A .
n=0
3. Show %e“‘ = —e'4 and then solve this equation using e*|;—g = I and

%|0€t‘4 = A.

Exercise 3.3. Combine Exercises and to give a proof of the trigono-
metric identities:

cos(s+t) = cosscost —sinssint (3.14)
and
sin (s +t) = cos ssint + costsin s. (3.15)

Exercise 3.4. Let a,b,c € R and

Oab
A=|00c
000

Show
1 at bt + %act2

eA=101 ct
00 1

by summing the matrix power series. Also find e!*/*4) where A\ € R and I is
the 3 x 3 identity matrix.

Exercise 3.5. Let

and
f=1(1,0,2)" and g = (0,1,2)" .

be as in Exercise Solve the following equations

4 (t) = Au (t) with v (0) = f and
i (t) = Au (t) with v (0) = f and 4 (0) = g.

Write your solutions in the form

3
w(t) =Y a;(t)v;
i=1
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Hint: Recall from Exercise (you should have shown) that

-1

e —3, V3 = 2 — —3.

-1

is an orthogonal basis of eigenvectors (with corresponding eigenvalues) for A.
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4

Linear Operators and Separation of Variables

Definition 4.1. A linear combination of the vectors {v;};_, C R3 (or
{vi}i_, CV with V being any vector space) is a vector of the form,

C1U1 + CoU2 + -+ -+ CpUn,
with {c¢;};—_, being real (or complex) constants.

We are going to be interested in the case that the vector space V' consists
of a class of functions on some domain, {2 C R™. If u; and ug are functions on
2 C R™, and ¢, ¢o € R we write (c1uy + cous) =: u for the function, u : 2 — R
such that

u(z) = cruy (z) + cous (x) for all z € 2.

For example we may consider, u; + ug, w1 + 3us, and 0 = Ouy + Ous.

Definition 4.2. A linear space of functions, V, is a class of functions with
common domain so that if uy,us are in the class then so is ciuy + cous for all
c1,c2 € R, i.e. the space of functions V is closed under taking linear combina-
tions.

Example 4.3.
D={f:R—R: fis differentiable on R}

or
C={f:R—R: fis continuous on R}.
Consider operator, L : D — {all functions on R} defined by Lf = f’. This

operator is linear, namely, we have

Lcifi+cafa) = (e fr + cafo) = eifi + cafy = crL(f1) + c2L(f2).

It is interesting to note that L does not map D to C. For example, let

2 1
rsins x#0

f(x):{o z=0

{stinl—cosi x#0

then
f(z) =

. 1
. T~ sin —
lim =0 x=0
z—0 r

so that ¢ € D however [’ ¢ C.

Definition 4.4. A Linear operator, is a mapping, L, of one linear space of
functions to another such that

L(ciuy + coug) = e L(uy) + ca L(usg)
for all uy,us in the domain function space and c1,cy € R.

An induction argument shows the linearity condition in Definition [4.4] im-

plies
n N
i=1 =1

for all u; in the domain function space and ¢; € R.

Example 4.5. Let §2 be some open subset of R?, for example 2 = R? or 2 =
{z € R?*|2} 4+ 23 < 5} and let D denote those functions u : 2 — R such that
and all of its partial derivatives up to order two exist and are continuous. (In
the future we denote this class of functions by C? (£2).) Then the following are
example of linear operators taking D to the class of continuous functions on 2 :

_ 9%
1. Lu = 02

_ 0°u
2. Lu=

3. (Lu) (,y) = 2% (z,y) + y 52 (x,y) -

Whereas, the following operator is an example of a non-linear operator;
Lu = %u + u2. To see this operator is not linear, notice that

0 0
L(u1 + U/Q) = —u1 + —us + (U1 + 1@)2

oz Ox
9 2, 0 2
#+ %ul + uy + %ug + u; = Luy + Lus.
For example, let u; = % and up = ﬁ (also see Exercise 13.9), then
1 1
L(ul):—?—F?:O
1 1

L(UQ) = — 0

@+5? (@xB?
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while
1 1
L =L|-
(1 + uz) <x+x+5)
s S SR 6 S B
22 (z+5)2 xr x+5
1 1 1 1 2

R s R R PRy S DAL S (x+5) 70

Definition 4.6. If L, M are two linear operators on the same class of functions
we define L + M

(L+ M)(u) := Lu+ Mu.

If M is a linear operator on the range-space of L we also define LM by
((LM)u) = L(Mu).

These new operators are still linear, for example,
(LM)(cyug + cous) = L(er M (uq) + caM (uz))
= 1 L(M (u1)) + c2 L(M (u2)))
=C1 (LM)(Ul) + CQ(LM) (62).

However, it is in general not true (see Exercise 13.2) that LM = ML, in fact
LM may be defined while ML is not defined. For example, let Lu = z?u and
Mu = u then taking u = e™¥ we find

0
_ — TYY — 120 oTY
LM (u) = L(@xe ) L(y e™) = x*ye
while 9
M(Lu) = 8—(:826‘”’) = 2ze™ 4 ya?e®™ # LM (u).
[

In general, in this class we will be interested in linear differential operators
of the form

Lu = Augy + Bugy + Cuyy + Dugy + Euy + Fu

where A, B,C, D, E, F are functions of  and y. The homogeneous partial dif-
ferential equations, Lu = 0 is shorthand notation for u solving the equation,

Aty + Bugy + Cuyy + Dug + Euy + Fu = 0.

Lemma 4.7 (Principle of Superposition). If L is a linear differential opera-
tor as above and uy and us solve the homogeneous partial differential equations,
Luy; =0 and Lus = 0, then any linear combination, ciu + caus also satisfies
the same equation, namely,

L (clul + CQ’LLQ) =0.
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Ezample 4.8 (Homogeneous Wave Equation ). The wave equation usy = a*uyg,

2
is equivalent to writing Lu = 0 where L = W — aQ a . So if wy,...,ups are

solutions to the wave equation, (i.e., Lu, = 0), then any linear combination,
ciuy + -+ Cpupg,

is another solution as well. (See Exercises 13.4, 13.6, 13.8 for more on this and
the issue of boundary conditions.) To be more explicit let us notice that

1. Show that wu,, (t,z) := sin(nx)sin(ant) for n € N all solve the equation,
Lu = 0. Indeed,
02 0?
Lu, = pre) [sin(na) sin(ant)] — a W[Sln(nx) sin(ant)]
0
j— 27 1
=5 (sin(nz)an cos(ant)) — a 5 (n cos(nz)sin(ant))

= —a*n?sin(nt) sin(ant) — a*[—n?sin(nz) sin(ant)] = 0.

2. So by the superposition principle,

N
u(x,y) = Z cp sin(nx) sin(ant)
n=1
with ¢1,...,cp € R also satisfies the wave equation. (Later we will allow

for infinite linear combinations and we will then choose the constants, ¢;,
so that certain boundary conditions are satisfied.)

4.1 Introduction to Fourier Series

In this section, I would like to explain how certain functions like sinnz and
cos nx are going to appear in our study of partial differential equations. Suppose
L is the differential operator, L = $7 acting on functions on {2 = [a, b] . Define
the inner product,

o= | @@
for functions f,g : 2 — R. Two integration by parts now shows,
wro)= [ 1'@- —— [ 1@
= [ f@g" @ dat [ @)g(e) = f (@) g @I

— (f.Lg)+ u<wmm—f@»¢wnz

z)dz + f' () g (2) [}
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There are now a number of boundary conditions that may be imposed on f
and g so that boundary terms in the previous equation are zero. For example
we may assume f,g € Dy, where D, denotes those twice continuously dif-
ferentiable functions such that f (b) = f(a) and f'(b) = f’(a). Or we might
assuime fa g€ DDirichlct or f, ge DNcumann where DDirichlct (DNcumann) consists
of those twice continuously differentiable functions such that f (a) =0 = f (b)
(f (@) =0= f"(b)). In any of these cases, we will have

(Lf.g)=(f,Lg)

and so in analogy with the Spectral Theorem we should expect that L has
an orthonormal basis of eigenvectors. Let us find these eigenvectors in a few
examples. Before doing this it is useful to record a few integrals.

Lemma 4.9. Let n be a positive integer, then

/77 sin? nedr = /7T cos® nxdr = E, (4.1)
0 0 2
/7r sin? nadr = /7T cos® nxdr = 7, (4.2)
. and :
/Tr sinnx cosnzdr = 0. (4.3)

Proof. Recall that
c0s20 = cos? 0 —sin?f =1 — 2sin?0 = 2cos? 6 — 1.

Therefore, taking § = nx and integrating we find,
1 ™
0 = —sin2nz|j = / cos 2nzdz
2n 0

:/ [1—251n2nx]d:r:/ [2C082n$—1]dm
0 0

s ™
=7 — 2/ sin® naxdr = 2/ cos? nxdr —
0 0

which gives Eq. 1) Similarly, replacing [ by [ above shows Eq. 1) is

valid as well. Finally,

i 1
/ sin nx cos nxdr = o sin?nz|™, =0—0=0.
n

—T
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4.1 Introduction to Fourier Series 25

Example 4.10 (Fourier Series). Let a = —m and b=7, L = j—; and D = Dy,
so that

us

(f9)=[ f(x)g(z)de (4.4)

—T

and

T

(Lf,g9)=—(fd)=— [ [f(2)g (x)dx=(f, Lg).

—T

Thus if Lf = A\f with f € D we have

T

N T = (LS, f) = —/ (@) da < 0

—T

from which it follows that A < 0. So we need only look for negative eigenvalues.
If A = 0 the eigenvalue equation becomes f” = 0 and hence f (z) = Az + B.
We will only have f € D if A =0 and therefore let f, = 1.

We may now suppose that A = —w? < 0 in which case the eigenvalue
equation becomes

f/l _ 7w2f

which has
f(z) = Acoswz + Bsinwz

as the general solution. We still must enforce the boundary values. For example
f(m) = f(—mn) implies
Acos (—wm) + Bsin (—wm) = Acoswrm + Bsinwr
or Bsinwr = 0. Similarly, f/ (7) = f’ (—) implies
—wAsin (—wm) + wB cos (—wn) = —wAsinwn + wB cos wr

that Asinwm = 0. Hence we either have A = B = 0 (in which case f = 0 which
is not allowed) or sinwm = 0 from which it follows that w = n € Z. Hence we
have

B :={cosnz,sinnz : n € N}U {1}

as our possible eigenvectors. The eigenvalue associated to cosnx and sinnx is
An = —n?. By Lemma (cosnz,sinnz) = 0, so that 8 is an orthogonal set
and moreover,

(cosnzx,cosnz) = (sinnz,sinnz) = 7 and
(1,1) = 2.

Thus we expect that any reasonable function f on [—m, 7] may be written as
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26 4 Linear Operators and Separation of Variables

o0

f(x)= % (fL,DH)1+ % Z [(f,cosn (-))cosnz + (f,sinn (-))sinnz]. (4.5)

n=1

See Theorem 5.8 Theorem [5.17] and Theorem[6.2] below for more details on this
point.

Ezample 4.11 (Fourier Sine Series / Dirichlet boundary conditions). Suppose
a=0andb=m L= and D = Dpigcnier 50 if f,g € D then f(0) = 0 =

f (7). We now take
- [ 1@ i

and working as in the previous example we find
Uy, (z) = sinnz with \, = —n? for n € N.

By Lemma
: . T
(sinn(-),sinn () = 5
and so by Theorem

2 (oo}
— g (f,sinn (-))sinnx
n=1

a

for any “reasonable” function f on [0,7].

Ezample 4.12 (Fourier Cosine Series / Neumann boundary conditions.). Sup-
pose a = 0and b = 7w, L = % and D = DpNeumann S0 if f,g € D then

F0)=0= 7 (x).
w::AWf@ﬂg@ﬁh

Again we take
and we find the eigenfunctions and eigenvalues to be
uy, (z) = cosnz with A, = —n? for n € NU{0}.
By Lemma [£.9]
(cosn(-),cosn(-)) = g forn € N
and (1,1) =,

Thus Theorem asserts that any “reasonable” function f on [0, 7] may be
written as

1 2 —
f(x)= ;Z fycosn (+)) cosnx.
n=1
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4.2 Application / Separation of variables

Ezample 4.13. Use “separation of variables” to solve the heat equation,
ug (6, 2) = Ugy (¢, 2) with u (¢,0) = w (¢,5) =0 (4.6)
and v (0,z) = f (x).

The technique is to first ignore the nonhomogeneous condition (0, z) = f (x)
and look for any solutions to the Eq. (4.6)) of the form

u(t,r) =T (t) X (z).

From this we get,

or equivalently that )
T _ X"(z) _

() X(x)

where A is a constant. Thus we require that

X" (z) = XX (z) with X (0) =0 and X (5) = 0.

The solutions to this Sturm-Liouville problem are given by

2
Xn(x):sin? with/\:)\n:—(n?ﬂ> )

This then forces T, (t) = ¢t(*)" Thus we find that

are all solutions to Eq. (4.6]). We then look for a general solution to our problem

in the form -
= Z bpuy, (t, )
n=1

where we wish to choose the constants, b, such that

f(x)=u(0,z) Zb up (0,2) = Zb,ﬁin?.
n=1

5
m:Af@wmm
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we have

. nwx . mnx 5
smT,sm— = Omn—

and therefore,

( f,sin 2ZE "”
b" = nrx nmc f Sln

sin BL% Sll’l -
(sin 2

Example 4.14. Use separation of variables to solve Laplace’s equation,
Ugg (T,Y) + Uyy (z,y) =0for 0 <z <5Hand 0 <y <2
with boundary conditions,

u(0,y) =u(5,y) =0,
u(x,0) =0 and u(z,2) = f(z).

To do this we will work as above and begin by ignoring the non-homogeneous
boundary condition and solve the rest by separation of variables. So we write
u(z,y) = X ()Y () and require that

XI/ Y//
4+ — =0 with X

S+ (0)=X(5)=0=Y (0).

As before we must have X’ = AX and we know the solutions are given by
2
X, (2) = sin 2~ with A=A, =— (T) .
5 5
It them implies that

Y (y) = (’L;)Q Y (y) with Y (0) = 0.

From this we concluded that
Y, (y) = sinh %

and we find that
nmwx nmy
U (x,y) = sin - sin hT

in this case. So working as above we try to find a solution of the form

n=1

All the boundary conditions are now satisfied except for
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4.2 Application / Separation of variables 27
= 2nm nmwx
fz)=u(z,2) Zb up (x,2) = ansthsmT
n=1
By the same logic as above we must have

2
bn, smhﬂ / f(z)sin —daz

and thus that
= 2
= Z by, sinh o sin nr
5 5
n=1
with
)s —d
551nh 2”” / f (@)sin -
Ezxample 4.15. Solve the wave equation, for 0 <z < 5 and t € R,

ugt (6,2) = ug 5 (b,2) with w(¢,0) = u (¢,5) =0
and v (0,z) = f (x) and u (0,2) = 0.

We could go through separation of variables here to answer this question, but
this is getting tedious. I will just write down the answer as

u (t,x) = cos ( —agt) f(x).

As we have seen,

with

and hence

It is interesting to notice that since

sin (A + B) = cos Asin B + sin A cos B
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we have
sin (A + B) +sin (A — B) = 2sin A cos B.

Thus we may write,

sin - cos <”5“> = % {sm <m(z+t)) +sin (mr(ﬂgt)ﬂ

and thus
1 — n (z +t) . (nm(r—1)
Q;bn |:bln< 3 )+bm< 3
1
=3 [F(x+1t)+ F(x—1)]
where

= nij:l by, sin (?)

= the 5 — periodic extensions of f ().



5

Orthogonal Function Expansions

5.1 Generalities about inner products on function spaces

Let £2 be a region in R? (most of the time d will be one for us) and p : 2 —
(0, 00) be a positive function. For functions f, g : 2 — R define

(f.9) = /Q f (@) (@)p () dr.

This is an example of a inner product, i.e. something that behaves like the
dot product on RY. For example we still have the following properties:

(fi tef2,9) = (f1,9) +c(f2,9)
(f.9)=1(9,f)
I£1I* := (£, f) = 0 implies f = 0.

The following computation will be used frequently in this class:

If +9l> = (f + 9, f +9) = I +lgl* + (£.9) + (9, f)
= I£17 + llgl* +2(f, 9). (5.1)

Definition 5.1. Two functions f,g : 2 — R are orthogonal and we write
f L g iff (f,g) = 0. More generally, a collection of functions, {p;}._, , is an
orthogonal set if p; L ¢; (i.e. (pi,p;) = 0) fori # j. If we further have
llgill =1 then we say {¢;};—, is an orthonormal set.

Exercise 5.1. Put in some exercise on orthogonal sets from the book here.

Theorem 5.2 (Schwarz Inequality). For all f,g: 2 — R,

(£, < [If1llgll
and equality holds iff f and g are linearly dependent.

Proof. If g = 0, the result holds trivially. So assume that g # 0 and observe;
if f = ag for some o € C, then (f,g) = «||g||* and hence

|(£:9)l = lalllgll* = I £lllg]l

§-ha) g

g2

Fig. 5.1. The picture behind the proof of the Schwarz inequality.

Now suppose that f € H is arbitrary, let h := f — |lg]|72(f,9)g. (So z is the
“orthogonal projection” of f onto g, see Figure ) Then

(f,9) |I? (f,9)? ( (ﬂg))
0 h 2 _ _ _ 2 2 )
< I Hf L) = e+ a1 -2 (1,408
(f,9)*
A1 -
ol

from which it follows that 0 < |g[|?||f]|> — (f,g)? with equality iff h = 0 or
equivalently iff f = ||g[|7>(f, 9)g- u

Corollary 5.3 (Triangle inequality). Let f,g : 2 — R be functions and
a € R, then

If+ gl <IfIl+llgll and (5:2)
lafll = fal 1F1-

Proof.

1f +gl* = 117 + llgll* +2(f. 9)
< £+ gll* + 20 £l gll = (LI + llglh)?.

Taking the square root of this inequality shows Eq. (5.2)) holds. Taking the
square root of the identity,
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2 2 2 2 2 2
lofI? = [ 1aP 17 @F do =1af* [ 17 @) do =1af” 1112,

proves Eq. (5.3). ]

Proposition 5.4 (Pythagorean’s Theorem). Suppose that {p;}_, is an or-
thogonal set, then

n 2 n
Yoeill =Dl (5.4)
i=1 i=1

Proof. Let s := Y"1 | ¢;, then

sl = (Z% ) 3 (s

=1 =1
and
n
2
(ir8) = %Z% = (pirp) = (i 00) = il
Jj=1
The last two equations proves Eq. ((5.4)). ]

Theorem 5.5 (Best Approximation Theorem). Suppose {¢;};_, is an or-
thonormal set and a; € R, then

n 2 n
Hf— Zai%‘ = Hf - Z(f» ®i)
i=1 i=1

and therefore the best approzimation to f by functions of the form >_1 | a;p;
occurs when a; = (f, ¢;) .

2 n
wil| + Z (f, 1) — ail? (5.5)
i=1

Proof. The function (vector),

n

hi:f—Z(fy%)%y

i=1

is orthogonal to {¢;}!_, since

(h,(ﬁj) = (f_Z(faWI) @iv@j) fv@J Z fa‘;pz @iv‘pj)
=1 =1

i=1
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Since
f*zaisﬁi:f*Z(f,SDi)SOi+Z[(f,Sﬁi)7042']301‘
i=1 ; =1
—h+2 (f, i) — ail i,

it follows by Pythagorean’s Theorem, Proposition [5.4] that

n 2
Hf S
=1

= 121" + YN @) — ail @il
i=1

= ||n]* + Z (f,00) — ail’
i1

n

=Hf—2(f7<pi)<p

=1

+Z|(f790i) —ai]?.

Definition 5.6. Let f be a function such that [, |f (z)|"p(z)dr < oo and
{¢i}iz, be an orthonormal set, we will write f ~ Y oo, (f, i) pi to mean

2

Jim | f(x)Z(f,%m (@)| p(x)ds
i=1 )
:nh—{go f Z f’ 301 =0
i=1

We say {pi};—, is complete (or closed in the book’s terminology) if f ~
ooy (f,@i) @i whenever ||f||2 < 00.

Corollary 5.7 (Bessel’s (In)equality ). Suppose {¢;};_, is an orthonormal
set, then

S OUFe)l* < IfIP for all f, (5.6)
=1

Moreover we get equality iff f = >+, (f, i) @i These statements remain true
even when n = oo provided we interpret, f = Y>>, (f, i) @i to mean f ~
Yooy (f, i) @i- So we have f ~ 3772 (f, i) @i iff Pythagorean’s theorem holds,
i.e. iff

o0

SoIE el = 11
i=1
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Proof. Taking a; = 0 in Eq. (5.5)) shows

n

If1% = Hf =S (f.00) @i

i=1

and hence that

oIl =17 - “f =Y (frei) i

=1 i=1

< |17

with equality iff f =Y, (f,¢i)¢i. Letting n — oo in the previous equation

shows,
2

DI = 17— lim Hf S (e e| <P
i=1 =1
with equality iff
n 2
Tim ||f =D (f,00) pil| =0,
i=1
Le. iff f~ 3772, (f, i) wi- u

5.2 Convergence of the Fourier Series

For this section it will be convenient to define

(f,9) = j fWagy) %dy

Recall from Example [4.10] if f : R — R is “reasonable” 27 - periodic function
(iie. f(z+2m) = f(z) for all + € R), we expect by analogy with the finite
dimensional spectral theorem that

1 - .
f(z)= 500 + Z [an, cosnz + b, sin nz) (5.7)

n=1
where

1 s
ap = (f,cosn(~))=; f(y)cosny dy forn=0,1,2,...

—T
and

1 us
by = (f,sinn(-)):; f(y)sinny dy forn=1,2,....

The following theorem gives a precise version of this statement.
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Theorem 5.8 (Fourier Convergence Theorem). Let f : R > R be a 27
- periodic function which is piecewise continuous on (—m, 7). Then at points
x € X where f' (z+) exist we have

1 o0
iao + Z [ay, cosnx + b, sinnx] =

flat) + fla-)
5 .

n=1

Fact 5.9 If f : [-m, 7] — R is any function such that ffﬂ |f(x)|2dx < o0, we
may still define

N |

fy(z) =

N
ag + E [y, cosnx + b, sin nx|
n=1

with a, and b, as above. With this definition we will always have,

1 ™

2 [ @) = @) de = Jim 1 = Sy =0,
i.e. that
1 (o)
f(x)~ 500 + Z [an, cos nx + by, sinnz] .

n=1

5.3 Examples

Remark 5.10. We will use the following identities repeatedly.

sin (A + B) = cos Asin B + sin A cos B, (5.8)
cos (A + B) = cos Acos B —sin Asin B, (5.9)
sin Acos B = %(sin(A—i—B)—i—Sin(A—B)) (5.10)
cos Acos B = %(cos (A+ B) +cos(A—B)) (5.11)
sin Asin B = %(cos (A—B)+cos(A+ B)). (5.12)

Example 5.11. Suppose

f(x):{ 1ifo<z<m

—lifn7<0<a’

then a, := (f,cosn (-)) = 0 because f is odd while
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32 5 Orthogonal Function Expansions

2 [ 2
b, = (f,sinn(-)) = ;/ sinny dy = - cosnylg
0

2 0 if nis even

:m(l_wsm):{fn if n is odd.

Thus we conclude that

4 - 4 ,
f(z)~ Z %smnw:;msm@n—l)x.

n odd

The series converges for every x € R and z € (—m, ) \ {0} it converges to f (z)
and at x = 0 it converges to 0. By the way, by Bessel’s equality we have

Fig. 5.2. A plot of f5 (z) = % (sinm + %sin 3z + %sin 533) . which is approximating

2 (W(Z,f_l)) 1= [ Ir@fas £@).

—T

l/ ldx =2
™ —T

and hence we conclude that

11 1 - 1 2 v YTy
1+ -4+ —+ —+...= - - =,
9 25 49 ;::1 (2n—1)* 8 -
Here are some related graphs wherein fy (z) := ZnNzl:n odd = sinna. " e } 0

Fig. 5.3. A plot of fi1 (z).
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5.3 Examples 33

Fi = /fdac and Fyyq = /dex.
A Y N
Proof. This is simply a matter of repeated integration by parts. Explicitly,
k=
; /fpdx = /F{pd:c =Fip— /Flp’dx +C.
5 2.5 o 25 5
x /Flp’dx =y — /ng”d:r +C
DET
A A and hence
|il k3 YII" ll"\"
/fpdx = /F{pdx = Fip— Fyp + /ng"dx +C
Fig. 5.4. A plot of fig(z). These last few picture illustrate what is known as the = Fip— ng' + ng”dz _ /ng(3)da: +C,
Gibb’s effect; namely the convergence is not uniform. There is always the pesky little
bump appearing near 0 (and +). otc .

Using this fact we may now compute the Fourier series of a number of
functions.

Example 5.13. Let (f,g) = * ffﬂ f(z) g (z) dz, then

s

1.

(x,1) =0, (z,cosnz)=0 by symmetry and

i 1 1 T
/ rsinnxdr = {x <— cos nx> — —sin na:]
n n?
—r -

2
= _[-2 = Z(—"t!
n[ cos ) n( )

(z,sinnx) =

e B

. f L oor . L st o wherein we have used

Fig. 5.5. A plot (at t = 1/2) of = (e 'sinz + e "sin3z + fe sin 5z ) which is
approximating the solution to the heat equation with periodic boundary condtions F
1

. 1
and with initial condition, u (0,z) = f (z). - /Sm nadr = n cosna and

1 1
Fyo=—— /cos nrdx = —ZSinmc.
n n
The following lemma will be useful in simplifying the computations in some
of the examples below. Thus we expect that
Le;nma 212 Suppose f i [a,b] — R is a continuous function and p(x) = i 2( g ) 1 1 ot 1 ; 1 ot
= — (- S =2|=s — =5 =S — -5 U I
Zk:opkm S a polynomzal} then x 1 n mnne 1 1n x 5 1 2x 3 1 5x 1 mn4x
n—

/fpdx =pF —pFy+p'Fy— -+ (=1)"p™MEF, + C

where
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34 5 Orthogonal Function Expansions

Plot of z and
51 2"2+2"3 2'4
; Sinz — o sin2z + o sindz — - sindz
2. f (z) = 2% — expansion.
(mz, sin nx) = 0 by symmetry and

1 s
(2, cosnz) = = x? cos nzdx

™ J_x

o1 . 1
z° | —sinnx —&—233—2 cosnr — 2
n n

1 1
Zon— )] = 4—
—2m [cosnm + cosn (—m)] 3

wherein we have used
1 .
Fy = [ cosnxdr = — sinnz,
n

1 1
Fy = / —sinnxdx = ——5 COSNT and
n n

1 1 .
F3 = ——5 COs nrdxr = —— sinnz.
n n

We also have

I 3 2
(@)= [ atar=Tr, =7
T ) 3 3

Thus we expect from Eq. (4.5)) that
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n3

(="

. ™
S NI

—T

2% = 1 (z*,1) 1+ Z [(z%, cosn () cosna + (2°,sinn (-)) sinnz]

2
n=1
—12ﬁ21+§:4 (—1)"
=353 2 5 COS Nx
2 (oo} n
-1
=L+4 (=1 cosnx
3 — n?
7 ‘ 1 1
:?+4 —cosac—|—2—zcos2x—3—2(zos3x+....

Plot of 22 (in red) and

22 32

2 1 1
3—1—4 —cosx + — cos2x — — cos3x + ...

3. Integrating the equation,

one expects,
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;%3 _ 7;296_’_412 (—le)n smnnac
= %2 lQi Hﬁsinnx] — 42 <_2):Hsinna?
S [23 Sl g—g;“]
n=1
= Qi (=)t [(W?ns_ 6] sinnz
n=1

and hence that

n3

3 =2 i (=)™t l(wn)Q—G] sin nx

also see top of page 77 of the book
4. The expansions for functions of the form f (x) = ax + bx? + ca® are now
easily found. For example, if

2

2 T
3

r — 7T =

+4Z ( nz) cosnx—wzﬁ(—l) sinna.
n=1 n=1

The plots of this function and the following approximation,

' — 1 1 1
Sg(ac):?—i— Fcosx—l—?cos%c — 27 Ismx—istm )

2 -1 1 1
Sz (x) = % +4 <1200sx+ §00s2x+ 32cos3x>

1 1 1
— 27 (1 sinz — 5811121‘—4— 3sinSx)

and

1
S4(m):7T+4(12cosx—|—---—|—4200$4x)

1 1 1 1
— 27 (1sinx— isin2m+ gsinSx — 4sin4x>

are given in Figure [5.6] below.
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Fig. 5.6. Plot of 2> — mz and the approximats, Sa, Ss, and Si. Notice that the
approximations are not doing to well at the end points. This is because they are
convergeing to 72 atx =mand x = —7.

Example 5.14. Suppose that f () is a function defined for 0 < z < 7. Suppose
we extend f to be an odd function by setting

_ ] Sl if O<z<w
F(w)-—{_f(_g;)if—w<w<0=

see Figure Then computing the Fourier series of F, we learn

A A

v

' »

Fig. 5.7. The function f with its extension to an odd function on [—,7].
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36 5 Orthogonal Function Expansions

1 ™
ap, = (Fycosn (-)) = 7/ F(y)cosny dy=0forn=0,1,2,...
™

—T
and

by, := (F,sinn (-)) = l/ F (y)sinny dy = 2 f (y)sinny dy.
™ —T

T J—xm

From this we learn that
f(z)= i 2 [ f (y)sinny dy | sinnz.
n=1 TJ—m

Notice that {sinny : n € N} form an orthonormal set relative to the inner prod-
uct,

(f,9) = i/oﬂf(x)g(z)dx.

As an explicit example, let us consider the sin - series expansion of cosz for
0 < z < 7. For this we have

2 ™
b, = f/ cosysinny dy
T Jo

= 717/; (sin((n+1)y) +sin((n—1)y)) dy
(cos((n—i— 1)y) n cos ((n — 1)1/))7T

n+1 n—1 o

(_1)n+1 N (_1)71—1 1 1
n+1 n—1 n+1 n-—1

R A SRS S W N/
- n-even T n—‘,—l n—l - n—evenﬂ_nQ_l

1
U
1
s

4 n

= ln—even*
mn2—1

and we conclude that

4 .
COST = — E 5 S nT
™ ne —
n=2,4,6,...
e}
= — S ZNx.
T 4n2? — 1
n=1
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Here is a plot of cosz along With% (% sin 2z + ﬁ sin 4x + 6%1 sin 6x)

and % (% sin2x +--- + %sinﬂx)

Ezample 5.15. Suppose that f (z) is a function defined for 0 < z < 7. Suppose
we extend f to be an even function by setting

_ f@) if O<z<m
F(x)'_{f(—x)if—w<x<0,

see Figure Then computing the Fourier series of F, we learn

[ > | >

Fig. 5.8. The function f with its extension to an even function on [—, 7].

1 /7 2 [T
0= (Frcosn () =~ [ Flpyeosnydy== [ f()cosny dy
Vi —r i 0
and
1 v
by, := (Fysinn (+)) = — F (y)sinny dy = 0.
T

—1T

From this we learn that
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Qo >
f(x) = 5 + Zancosmc

n=1

where o 7
ap = 7/ f (y) cosny dy.
T Jo

Notice that {cosny:n € N} U {%} form an orthonormal set relative to the

inner product, _
(fr9) = 2/ f () g(x)de.
T™Jo

As an explicit example, let us consider the cos - series expansion of sinz for
0 < z < m. For this we have

2 ™
Qp = 7/ siny cosny dy
T Jo

1 /7r (sin((n+1)y) +sin((1—n)y)) dy
0

T
1 cos((n+1)y)+cos((1—n)y) T
T oor n+1 1—n 0
1 1 1
:2'17—vn*
Leeﬂ(l—&—n_'_l—n)

4 1 4 1
= *ln—even = **1n—eveni-

T 1—n2 ™ n?—1

So we conclude that

. 2 4 1
Slnx—gfg Z n2—

n=2,4,6,...

€cos nx
1

o0

D gy e
- — — - COS 4nT
T i dn? — 1

Ao 3w

2 2 2
<1—22_1c082x—42_1(:05490—62_1(3056x—...>.
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a5 T v o

Plot of sinz and the function

2 2 2
; (1 — ﬁCOSZ%' — 42_1(30841')

which consists of the first 3 terms in the cosine expansion of sin x.

5.4 Proof of Theorem [5.8|

Before giving the proof of Theorem [5.8] we will need the following simple con-
sequence of Bessel’s inequality in Corollary

Lemma 5.16. Suppose f is a continuous function on [—m, 7| or more generally

any function such that [*_|f (2)]*dz < 0o and a, and b, are given as above,
then

1 = 1 [™
F80+ D [\an|2 + \bn\z] < ;/ If (@) dz < oc. (5.13)
n=1

—T

Moreover we also have

Jim /7; f () sin ((N + ;) y> dy = 0. (5.14)

Proof. Since {%, cosnz,sinnx :n € N} forms an orthonormal set, it fol-
lows from Corollary [5.7] that
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38 5 Orthogonal Function Expansions

fa0+2[|an| +|b|}
(, ) +Z frcosn ()

§<f7f)=%/j |f (z)|? dz < oo.

+ (f,sinn ()?

In particular this implies that

us

lim f(y)cosny dy = = lim b, =0 and

n—oo J__ n— 00
s
lim f(y)sinny dy = 7 lim a, = 0.
n—oo n—oo

—T

sin ((N + ;) y) = cos <;y> sin (Ny) + sin <;y> cos (Ny),

Eq. (5.14) now follows from the previous limit formulas with f replaced by
f (y) cos 3y and f (y)sin 3y respectively. ]
Proof of the Fourier Convergence Theorem [5.8]. To concentrate on
the basic ideas of the argument, I am only going to give the proof under the
additional assumption that f is continuously differentiable. The full proof may
be found in the book.
Let

Since

N

1 .
v (z) = 340 + Z [an, cos nx + by, sinnz] . (5.15)

n=1

We begin by deriving a more tractable form for the function fx (x). To do this
notice that

a, cosnx + b, sinnx

1 4 1 g
=— ( f (y) cosny dy) cosnx + — < f (y)sinny dy) sinnx
T \J_r 7™ \J_r
1 . .
== f (y) (cos ny cos nx + sinny sin nx) dy
™ —T
1 ™
=— | fycosnz—y)dy

—T

wherein the last equality we have used Eq. (3.14) with t = nz and s = —ny.
Using this observation in Eq. (5.15) shows
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1 1 &
(@) =5 | (y)der;Z - f(y)cosn(z —y)dy
=2 [ 1) Dxta -y, (5.16)

where

N . 1
1 sin ((N + 7) 0)
Dy (0) == =— 277/ 1
APV U 7
the second equality being Problem 14 of Section 32 of the book. (Also see
Remark below.)
To see what Dy (6) looks like, see Figure

Fig. 5.9. This is a plot D; and Dso.

Making the change of variables, z = x — y in Eq. (5.16) and using the fact
that f and Dy are 2w - periodic, we have

fn@ == [ ) Date—y)iy = —1/i_ﬂf(x ~2) Dy (2)d=
T+
:%/_ f(x—2)Dn(z /fx—z ) Dy (z)dz.

Also notice that it follows from Eq. (5.17) that
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Hence we may write

P = fo) =2 [ 12 - @] Dyt
_ ;/: [l Q_S'zlzf(x) sin((N+ 2) )dz
_ i/ﬂﬂg(z) sin ((N + ;) z) dz (5.18)
B

Notice that, by ’'Hopital’s rule, g is continuous and hence

1 s
f/ 19 (z)] dz < oo

™

and so we may let N — oo in Eq. (5.18]) with the aid of Lemma to find

ngn fN(x)—f(;v):l lim 7Tg(z)sin((]\f—i—;);:)alz:O.

]
The following strengthens the convergence of the sum in Eq. (5.7) when
:R — R is piecewise C.

Theorem 5.17 (Uniform Convergence of Fourier Series). If f : R =R
is piecewise C'' — the convergence in Eq. is uniform. To be explicit, if we

let fn () be as in Eq. (5.15), i.e.

1
fn(x) = o ag + — Zl ap cosnx + by, sinnx],
then
max |f (z) — fn (z)] = 0 as N — oo. (5.19)
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Proof. We have

oo

1

max |f (z) — fn (z)| = — max Z [ar, cos nx + by, sin nx
‘ T n=N+1
1 > )
< —max Z |an cosnx + by, sinnzx|
T n=N+1
R -
<= D0 a0 bl (5.20)
n=N+1 n=N+1

By the Cauchy-Schwarz inequality,

1 - o [w= 1
Z|an| Z |an|ﬁ < Z("ﬂan‘) : Zﬁ : (5.21)
n=1 n=1 n=1
Finally, by an integration by parts (where the boundary terms vanish using the
27 - periodicity of the function f) we find
1 (" 1 (" d
na, =— [ f(y)ncosny dy=— [ f(y) ——cosny dy
T T ) dy
=—— [ f'(y)cosny dy=—(f',cos(n()))

Therefore by Bessel’s inequality, with f replaced by f’, it follows that
2% (n]an])® < oo and so by Eq. (5.21), 32°°, |a,| < co. Similarly we may
also show that > >° , |b,| < oo and hence it Eq. (5.19) follows from Eq. (5.20).
[

Remark 5.18 (The Dirichlet kernel for those who know complex variables). Re-
call Euler’s formula which states, e’ = cosf 4 isinf. With this notation we
have

1 N
Dy (0) = 3 Z cosnd
N N
1 1 2119 —zn9 1 in6
—pt 2l )=35 2 "
Letting a = €%?/2, we have
2(N+1) _ ,—2N 2N+1 _ —(2N+1)
2Dy (0) = = =
~(0) ZNa a? -1 a—al
_ 2isin(N + 1)6 _ sin(NV + 1)6
.1 - -1 .
2isin 56 sin 50
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40 5 Orthogonal Function Expansions

and therefore
N

. sin(N + )0
Dy (0) := = et = 207 (5.22)
n:Z_N 2sin %9

with the understanding that the right side of this equation is N + % whenever
0 € 2.

5.5 Fourier Series on Other Intervals

Suppose f (z) is defined for —c < < ¢. By setting F (y) := f (ﬁy) , we get a
function defined for —m < y < m. This function may be expanded into a Fourier
series as -
c 1 .
7 (£9) = F9) = 500+ > lan cos ny + by sinny]

n=1

where
T c
Gp = 7/ f <fy) cosny dy and
m 0
<
T

et

—T

y) sinny dy.

Making the change of variables, x = £y (or y = Zx) in the above equations
gives

1 oo
f(x) = §a0 + nz::l {an cos n%x + by, sin n%az}
where

1 c

ap, = — f (z) cos nZe dz
cJ . c
1 /€ LT

by, == — f(z)sinn—zx dz.
cJ_. c

—C

The convergence properties of these sum are the same as those for the Fourier
series on (—c¢, ¢). Similarly if f («) is defined on 0 < 2 < ¢ then we have the sine
and cosine series expansions

o0

T
= by sinn—z for 0 < x < ¢, and
f(x) Z sinn—ux for x < ¢, an

n=1

1 o0
f(x)= §a0+Zancosn%x for 0 <z <e,

n=1
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where now

2 c
Qp = f/ f (z) cos n’x dz
Cc Jo C

2 (&
by, == 7/ f(z) sinn~z da.
Cc Jo C
Example 5.19. We have seen
_ > 2 n+1 .
y—zf(—l) sinny for — 7 <y < 7.
n=1

By letting y = Zx in the above formula, we conclude that

oo
T 2 ntl . T
—x = — (-1 sinn—z for —c<x<ec
c nz;ln( ) c ’

i.e.

o0
2c n—+1 ™
x = — (-1 sinn—x for —c<z <ec.
Zﬂn( ) inn-z for —c<z<c
n=1
Suppose that we want the cosine expansion of x on the interval, 0 < x < c¢. In
this case we will have

1 o0
T = §a0 + ;an cosn—x
with
2 € T 2 € cy d o,
Ay, = — rcosn—x dr = — T (—) —sinn—x dx
cJo c cJo mn/ dx
2 c\ . . 2/c ¢
=-z (—) sinn—z|g — — (—) sinn—x dx
c \1mn c\m/ J, c
2/ c\?2 e 27 c\?2 n
=Z(= Zals=2 (=) (~1)" -1
() comniali=C () (0=
for n # 0 and

Thus we have

2 2
n=1,3,5,...
For example if ¢ = 1, we have
L 4 + ! 3mx + ! omx +
r=—-——|cosmr+ — cos3mx + — coshbrmr + ...
2 2 32 52 ’

see Figure [5.19] below.
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x

A plot of z and its Fourier cosine series approximation,

% — % (coswx + 3% cos 3mx + 5% Ccos 57rx) .

This series is convergent for all 0 < x < ¢. Taking = = 0 in this expansion we
may conclude that

A
T2 w 32 "5

I _m?
3 52 ) 8

and taking x = 1 in this expansion we find

or that

1 4 1 1
1= 3 = <—1—3200537Tx—5200557m+...>

which again gives

1 1 _7r2
It mtmt ) =5



6

Boundary value generalities

6.1 Linear Algebra of the Strurm-Liouville Eigenvalue
Problem

Suppose L is a differential operator on functions on {2 = [a, b] of the form

Lf @)= st (k0 @) 4@ @, 6

Define the inner product,

(f.9) = /Q i @e@pn

for functions f, g : 2 — R. With this notation we find
d d
who= [ [ (0 gre >) 0@ (o) () do

— [ |5 1@ fo@ @ £ @) ot ) 7 @ gl

dx
d—f
- e Lf< 5(0)) + (290
+ [5(2) (f' () g f<x>g’<x>>ni- (6.2)

Hence we see that

b

(Lf.9) = (f,Lg) = [r () (f' () g (z) = f (x) ¢ (2))]l, - (6.3)

Let (ay,az) and (by, by) be two non-zero vectors in R? and define

Bf (a) = a1f (a) + azf' (a) and

Bf(b) = bif (b) +ba2f' (b).
In the sequel we will be interested on imposing the boundary conditions
on Bf(a) = 0 = Bf(b). If we assume that f and g satisfy these boundary

conditions in Eq. (6.3) then it follows that (f (a), f' (a)) and (g (a), ¢’ (a)) line
on the same line and therefore

/ vy lg(a) g (a)]
f(a)g(a) = f(a)g' (a) = det | f(a) f/(a)] -

Similar reasoning shows

/ Py e | 9(0) g (D) _
1'(0) g (b) = £ ()¢ (b) = det | % ) f'(bJ B

and therefore it follows from Eq. (6.3) that L satisfies the symmetry condition,
(Lf,g) = (f,Lg) if Bf =0= Bg on 012 = {a,b}.

It also worth noting that if x (a) =
ary conditions; i.e.

k(b) and f and g satisfy periodic bound-

f(a)=f(b) and f'(a) = f'(a) (6.4)

then we still have
(Lf.g)=(f Lg).

As we will see we are going to be interested in the following eigenvalue
problem, namely we will be interested in finding solutions to the eigenfunction
equation,

Lf =—)\f with Bf =0 on 0f2.

This may be rewritten as

% [n(x) jxf(x)} + ¢ (@) + Ap(x)] f () = 0 with Bf =0 on 912.
This is the general form of the Sturm-Liouville eigenvalue problem as in
Chapter 6 of the book. There x (z) = r ().

Let Dp denote those functions f : 2 — R with are twice continuously
differentiable and satisfy the boundary conditions, Bf = 0 on 942 and if « (a) =
k (b) let Dy, denote those functions f : 2 — R with are twice continuously
differentiable and satisfy periodic boundary conditions in Eq. .

The next result is the formal analogue of Corollary

Proposition 6.1. If f,g € Dp or x(a) = k(b) and f,g € Dpe, such that
Lf =-\f and Lg = —pug with p # A, then (f,g) =0
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Proof. The same proof as that given for Corollary work here without
change. [

The next theorem is an analogue of the spectral theorem for the operator
L.

Theorem 6.2 (Strurm-Liouville Spectral Theorem). Let L be as above,
assume k >0 on [a,b] and let D = Dp or D = Dy, (in which case we assume
additionally that k (b) = k (a)), then there exists up, € D and A\, € R such that:

1. —Luy,, = Apuy, for all n,
2. the eigenvalues are increasing, i.e.

M <AL,

3. 1imy, oo Ay = 00 (in fact # {n: A\, < a} ~ a'/? or equivalently \, ~ n?).
4. Bvery “nice” function f on [a,b] may be expanded as

oo

F@)=>" (f un)un (x)

n=1

oo b
-y V £ (@) n (2) p () der| w (2).

6.2 General Elliptic PDE Theory

In this section we will state the generalization of theorem [6.2] to higher di-
mensional situations. Let {2 be a “nice” open bounded region in R? (typically
we have in mind d = 1,2,3 here). Suppose that «; ; (z) and p(z) be smooth

n(z)

Fig. 6.1. A region represnting some material of some region in space.
functions on {2 such that matrix & (z)
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K11 EIL’; K12 EIE; ... R4 E’I;
o () = 21 22 ... Kad
Ka1 (2) Kaz (@) ... Kga (x)

is positive definite, i.e. k" = x and kv - v > 0 for all v € R?. We now form the
inner product

(u,v) ::/Qu(m)v(x)p(:c)dv

for function u,v on {2 and let

d
1
Lu = Z —0; (ki;0ju) + yu. (6.5)

i,7=1

Ezample 6.5. Look at the formula for the Laplacian in polar, cylindrical, and
spherical coordinates to find natural operators written in this form. (There are
some singularities involved here which are artifices of these coordinates system.
We will have to deal with them later.) The general form of the heat equation
also produced such operators L as in Eq. (6.5) above.

By the divergence Theorem [T.9]

d
1
(Lu,v) = / Z —0; (ki;0ju) + yu| vpdV
(9] =1 p
[ a
= / Z 0; (kijOju) - v+ ~yuvp | dV
@ |ig=1
[ 4 d
:/ — Z Ki;05ud;v + yuvp dV+/ Z (kijOju) njvdo
2| = 902 =1

:/ [anu~Vv+7uv]p~dV+/ (kVu-n)v do
2 a0

where n (z) is the outward pointing normal and do is the surface measure on
0{2. By interchanging the roles of u and v in the above formula, it follows that

(u, Lv) = —/ [Vu - kVv + yuv] dV + / (kVv-n)u do
7 00

:—/ [HVU'VU—F’YUU]dV—‘r/ (kVv-n)u do
2 00

and therefore,
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(Lu,v) — (u, Lv) = /(m [(kVu-n)v — (kVv-n)u] do. (6.6)

Let us now further suppose A is a given function on 92 and u and v satisfy the
boundary conditions,

Bu(z) =k (z) Vu (z) - n(z) + o (z) u(z) 20

where we allow for « () = oo by which we mean u (z) = 0 at such points. Then
using these boundary condition in Eq. shows that

[(kVu-n)v — (kVv-n)u] = avu — auv = 0 on 952
and hence we have
(Lu,v) = (u, Lv) whenever Bu = Bv = 0.
The following is an analogue of the spectral theorem for matrices in this context.
Theorem 6.4. Keeping the above set up, there exists an orthonormal set

{un},—, of eigenvectors for (—L, B), i.e. Bu, =0 on 82 and —Lu, = A\uy,.
Moreover these may be chosen so that:

1. the eigenvalues are increasing, i.e.
A< A3,
2. lim,, 00 Ay, = 00 (in fact #{n: A\, <a} ~ a2 or equivalently \,, ~ nQ/d).

3. Fvery “nice” function f on {2 may be expanded as

n=

f(x)

—_

o0

Z[/Qf(x)un(x)p(x)dv U () .

n=1



7

PDE Applications and Duhamel’s Principle

7.1 Interpretation of d’Alembert’s solution to the 1-d
wave equation

Example 7.1. We may use d’Alembert’s solution to the wave equation to for-

fa2a§) and 7Sin(t —aZag)

7&265

mally work out the meaning of cos (t . To see what

we should get, let A2 = —a?92 and A = \/—a202 then
sin (t —a28§)
Vv —a?0?

should solve Egs. (2.5) and (2.6). By comparing this with Eq. (2.7), d’Alembert’s
solution which I recall here,

y (t,x) = cos (t fa28§) fx)+ g(x) for —oco < <0

x+at
y(tx) = = [f(x +at) + flo - at)] + — / o(s)ds,

20 )yt

N[ =

we conclude that
cos (t fa2<’)§) flz) =
sin (t —a28§> 1 futat
— Y =5 [ gt (7.2)

We will use these results and the results of the next section to allow of to solve
the forced wave equation.

[f(z+at) + f(x — at)] and (7.1)

DN | =

r—at

7.2 Solving 1% - order equations using 2°¢ - order
solutions

Lemma 7.2 (A Key Fourier Transform Formula). For all A € R and
t>0,

82

[
_ oo VATt

cos (As)ds = e~ (7.3)

Proof. Fix t > 0 and let

g = /oo €T cos (As) ds.

Then

8
»b-‘,_.

g\ = \/E ssin (\s) ds

_ Qt/oo d et sin (As) ds
B oo ds VArt

0o —Llg?

e\/% d—sm (A\s)ds

© o3
= —2\ -cos (As)ds = —2tAg (M) .
/_m e cos () gV

Solving this ODE for ¢ gives,

=2t

g () =e™g(0).

This completes the proof since g (0) = 1 as we now show. Letting s = v/tz,
2 2 1,.2 2
00 o—qrs o eT1Z
— = —dx
e i (=" +v%)
——— dxd
/—oo 47T / \/ //]R2 4
27 7—7"
/ / rdrdf = f/ e i rdr = —67%T2|80 =1
2 Jo

wherein the fifth equality we have gone to polar coordinates. [

Theorem 7.3 (Solving for e’ via cos (\/—At)). Suppose A is a N x N
symmetric matriz with all non-positive eigenvalues. Then

g% (0)

0o —its?
et — / © ; - cos (\/js) ds for allt > 0. (7.4)
—oo VAT
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Proof. Formally we are taking A = v/—A4 in Eq. . To rigorously prove
Eq. , let {vi}ij\il be an orthonormal basis of eigenvectors for A. By assump-
tion we may write eigenvalue for v; as —/\127 i.e. Av; = —)\fvi.

Then

1.2 oo 1.2

T —a:$
[m i coS (\/—As) vids = [m i cos (\;s) vids

2
=e iy, —esz

and the result follows since both sides of Eq. (7.4) are linear. ]

7.2.1 The Solution to the Heat Equation on R

Example 7.4 (Heat Equation). Let us try to formally use Theorem [7.3] to solve
the heat equation,

ug (t,2) = 0%u (t,x) with u (0,7) = f ().

According to theorem [7.3] and Example [7.1] with a = 1, the solution should be
given by

oo

u(t,z) = (etaﬁf) (x) =

~

6\/:7 cos( —825) f(x)ds

—[flx+ )+ f(xz —s)]ds
74782d B o) efi(miy)zd

Exercise 7.1. Suppose f is a bounded continuous function, show

wta)= [ s ey = [ s

solves the heat equation, u; (t,2) = 02u (t,z) for t > 0 where

p(t,z —y)dy (7.5)

e~ 3o
Vart

Hint: first show p (¢, z) solves the heat equation for ¢ > 0. Then check u solves
the heat equation by differentiating past the integral, which you should assume
to be valid here.

p(t,z) = (7.6)
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Fig. 7.1. Plotsof z — p(t,x) fort =2, t = 7, t = 3% and t = —, Notice that p (¢, x)

is being more and more concentrated near x =0ast |0 Whlle always keeping the
total area under x — p (¢, ) equal to one.

It is a fact that we will discuss later that

ltilr(r)lu (t,z)=f(x). (7.7)

This is based on the idea that p(¢,x) is approximating a “d — function,” see

Figure [7.1]

We will abbreviate all this by the suggestive formula,
t82 / f

7.3 Duhamel’s Principle

p(t,x —y)dy. (7.8)

Theorem 7.5 (Duhamel’s Principle I). Suppose A is an N x N, f € RY
and h (t) € RN be given. Then the ordinary differential equation,

w(t) = Au (t) + h(t) with (7.9)
u(0)=f (7.10)
has a unique solution given by
t
u(t) =ef +/ AR (1) dr. (7.11)
0
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In words, u (t) is constructed by “adding” together the solutions to a bunch of
initial value problems where h = 0. Namely, e f is the solution to

U (t) = Au(t) withu(0) = f
while e*=7AN (1) is the solution to
G (t) = Au (t) with u(t) =h (7).
Hence we have

solution at time t to
u(t) = (

t)=Au(t) & u(0)=f
/t solution at time t to
+ ) dr.
o \u(t)=Au(t) & u(r)=h(r)
Proof. Suppose u solves Eq. (7.9)), then by the product rule

d

7 [e*tAu )] = —Ae My (t) + e M (1)

= —e M Au(t) + e (Au(t) + h (1))
= e_tAh (t) .

Integrating this equation then shows

ety =u te_TA T)dT = te_TA 7)dT.
(1) (o>+/0 h(r)d f+/0 h(r)d

Multiplying this equation by e*4 on the left shows that if u exists it must be

given by Eq. (7.11]).
To prove existence, let u now be defined by Eq. (7.11)) and notice that we
may write it as

u(t) =e4 {f+/0t e "Ah (1) dT] .

Thus «(0) = f and, by the product rule and the fundamental theorem of
calculus,

o (t) = Aet? {f + /Ot e "Ah (1) dT] + et [eftAh )]

= Au(t) +h(t).
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7.3 Duhamel’s Principle 49

Ezxample 7.6. Continuing the notation and using the results of Example

1 7 =2
A=|T7 1 =2
-2-210

with eigenvectors/eigenvalues given by

-1 1 -1
vi:i=| 1| —=6,v:=[1] <6, v3:=|—-1]| < 12.
0 1 2

We wish to solve,
(t) = Au(t) + tf with w (0) =0

where ) 1
f = (17 273)” = 51}1 + 2’02 + 51}3

The solution is
t
u (t) :/ re="A fdr
0
t 1 1
= / T (G_G(t_T)U1 + 266(t_T)U2 + 612(75_7)'113) dr.
0 2 2

To work this out we notice that

Lo d [t ., d [e ™ _
/OTe’\dT:—d)\Oe’\dT:—d/\{ T:(t)}

_deM-1
S dh A

1 _
=z (= (A +1)e i)

and therefore,

¢
1
/0 A dr = e’\tﬁ (1—(tA+1) e_t)‘)

— F (e>‘t — (1 —l—t)\)) .

Hence the answer is given by

L (e*Gt—1+6t)vl+3(66t—1—6t)v2
. .62 2
ult) = (2 ’ Jr2.1122 (61% - 16* 1%) U3 ) '
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50 7 PDE Applications and Duhamel’s Principle

Theorem 7.7 (Duhamel’ s Principle IT). Suppose A is an N x N, f,g € RY
and h (t) € RN be given. Then the ordinary differential equation,

i(t) = Au(t) + h (t) with (7.12)
u(0)=f andu(0) =g (7.13)
has a unique solution given by
B — sin /— At tsiny/=A(t—7)
u(t) = (cos \/715) [+ ey g +/0 — i h(t)dr. (7.14)

Again, in words, u (t) is constructed by “adding” the solutions to a bunch of
initial value problems where h = 0. Namely,

(cos Mt) f+ Sin\/\/;ZAtg

1s the solution to
i (t) = Au (t) withu(0)=f and 4 (0) =g

while S2Y_AU=T) V\;iiff*ﬂh (1) is the solution to

i (t) = Au(t) withu(r) =0 and 4 (1) = h(T)

solution at time t to
u(t)=| 4(t)=Au(t) with
u(0)=f&u(0)=g
solution at time t to

—i—/t i (t) = Au (t) with dr.
O \u(r)=0& a(r)=h(r)

Proof. The best way to understand this theorem is to reduce it to the first
version of Duhamel’s principle in Theorem To this end, let v (t) = @ (¢),

. t .
then the pair <u( )> € RY x RY solves the equation,

v (t)

i (vl0) = () = (
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Let

o (40)

—a 2N x 2N matrix. Then by Theorem we have

(zgg) = ¢tB (ch) + /Ot S(t-T)B (h?T)> dr. (7.15)

When h = 0, we know that

u(t) = (cos v fAt> f+ sm\/7141tg
from which we deduce

!B (f) - <(C°Smt) U Smgg> . (7.16)

g *

The second component of e

first component) but we will not need it. Because of Eq. (7.16)),

e(t—T)B 0 - sin \/?(t—‘r) h (7_)
(o) (=FN0). an

*

tB i; is easily found as well (just differentiate the

Hence taking the first component of Eq. (7.15), using Eqgs. (7.16)) and (7.17)),
gives Eq. ((7.14])). ]

Example 7.8. Continuing the notation and using the results of Example

1 7 =2
A=|7 1 -2
-2 -210

with eigenvectors/eigenvalues given by

-1 1 —1
V1 = 1 “— —67 Vg 1= 1 — 67 V3 = -1 «— 12.
0 1 2

We wish to solve,
i (t) = Au (t) + h with  (0) = 0 = (0)

where
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L1 1
h=(1,2,3)" = S+ 202+ Sus.

The solution is given by

_ [Psiny—A(t—1)
u(t)f/o — i hdr

sin v/ t— 1
# v + 21}2 + —v3 dr
0 . 2 2
t sin V6 (t—T) 1 sinh v/6(t—7)
_ \/6 + \/6 21}2 d7-
+ smh \/7(t T) 11} :
0 Jiz 293
Now
/ sina(th)d Cosa(th)r:t 1 —cosat
0 a N a? T=0" a?

and similarly,

bsinha (t —7) cosha (t—7) ,_; 1 —coshat
; ——dr=——— [y =5 —

a a a
so that
wl(t) = 17czsft; 1+cosh\éét712vz+cosh\{1;2t71%v3'
Let us do a quick check that this solution is correct. For example let us check
that
w(t) = 1-— CZS \/étvl

solves i (t) = Au (t) + v1. This is the case since,
@i (t) — Au (t) = cos V6t - v; — Au (2)

1- t
= cos V6t - v] — %\/EAM

:cosx/ét-vl + (1 —cosx/ét)v =
as desired.

Exercise 7.2. Let
-21 1

A=1]1-21
1 1 -2

and h = (—1,1,0)"" . Solve the following equations for u,
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7.4 Application of Duhamel’s principle to 1 - d wave and heat equations 51
@ (t) = Au(t) + h with u (0) = 0 = (0,0,0)" and
i (t) = Au (t) + h with w (0) = 0 and @ (0) = 0.

Write your solutions in the form

3
= Z a; (t) (o
i=1

where the functions a; are to be determined.

7.4 Application of Duhamel’s principle to 1 - d wave and
heat equations

iln(t

:c

7 2

Using the formulas for cos (t 782) and in Egs. ) and 1

respectively we are now in a position to formally apply Duhamel’s principle in
order to solve the forced wave equation;

Ut = Uy + h with w(0,-) = f and u(0,-) = g. (7.18)

Theorem 7.9. If f € C*(R,R) and g € C'(R,R), and h € C(R? R) such that
h, exists and h, € C(R?,R), then Eq. has a unique solution u(t,x) given

by Eq. (719).

Proof. By a formal application of Theorem with A = 02 suggest that

ult, ) = cos(ty/—2)f + Sm(&_%f%) g+ /0 Sm((t_i)a; =95 b7, yar.

Moreover using the formulas in Egs. (7.1]) and (7.2]) then implies

x+t—T1

[f(gr;th)+f(:c—t)]+%/ﬂt (x+s)ds+ - /dT/x dy h(7,y).

t+1
(7.19)
To verify that u defined in Eq. (7.19)) satisfies Eq. - ) it suffices (by what we
have already done) to assume f = g = 0 so that

1 r+t—7
u(t, ) f/ dT/ dy h(r,y).
2 r—t+T

DN | =

u(t,x) =

Now
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1 st
uz(t,x):i/o dr [h(r,x+t—7) — h(r,x —t + 7)] and
1 t

Ugy (t, ) = 5/ dr [he(Tyx+t—7) — hy(T,2 —t + 7)]

0
so that us — Uz, = h and u(0,2) = us(0,z) = 0.

The only thing left to prove is the uniqueness assertion. For this suppose
that v is another solution, then (u — v) solves the wave equation with
f =g =0 and hence by the uniqueness assertion in Theorem (with a = 1),
u—v=0. u

Similarly we may solve the forced heat equation as well.

Theorem 7.10 (The Forced Heat Equation). Suppose that f : R — R and
h:R? = R are bounded continuous functions, then the function

U(tvw)=/Oop(t,x—y)f(y)dy+/o dT/_OOp(t—ﬂx—y)h(T,y)dy

B (7.20)
solves the heat equation

Up = Ugy + h with ltifﬁl u(t,z) = f(x). (7.21)

Proof. Formally applying Theorem with A = 02 suggests that
t
u(t,x) = el f (x) + / {e(t_ﬂagh (7, )} (z)dr.
0

In light of Eq. (7.8)), this equation then gives rise to Eq. (7.20)). It is of course
possible to directly check that Eq. (7.20) solves Eq. (7.21)), however I will not

stop to do it here. [



A

Some Complex Variables Facts

Here we suppose w (t) = ¢ (t)+id (t) where ¢ (t) and d (t) are two real valued
functions of t. An important example of such a complex valued function is found
in the next definition.

Definition A.1 (Euler’s Formula). Fort € R let
e :=cost +isint (A.1)
and for z =x + 1y let
e* = e = e (cosy +isiny). (A.2)
Notice that any complex number, z = z + iy, may be written as z = re®
where (r,0) are the polar coordinates of the point (z,y) € R2.

Definition A.2. If ¢(t) and d(t) are differentiable, then we define
W (t) == ¢ (t) +id ()

/jw(t)dt = /jc(t)dt—i—i/jd(t)dt

Example A.3. If w (t) = e* + isint, then

and

W (t) = e’ —icost and

/2 w/2 N
/ w(t)dt:/ (e" +isint)dt =e2™ — 1 4.
0 0

Ezample A.4. Suppose w (t) = e, then
4 it i(cost—i—isint)——sint—i—icost
dt dt B

i(cost +isint) = ie’

b b b b
/ etdt = / (cost+isint)dt = / costdt + 1 / sin tdt
a a a a

it
= (sint —icost) |’ = 67|Z.

and

Example [A26] below, generalizes this result.

Theorem A.5 (These definitions work just as in real variables).

z(t)=a(t)+ib(t) and w(t) = c(t) +id(t) and A =u+iv € C then

Lo (w(t)+z(t)=w(t)+2(t)

2. L lw ()2 ()] = wi 4wz

3 [ Tw () + Az ()] dt = [Tw (t)dt+ X [z (¢

4. ff w(t)dt = (ﬁ) - w( ) In particular sz = 0 then w is constant.
5.

g g
/u’)(t)z(t)dt:—/ w(t)2(t)dt +w () 2 (t) |

/jw(t)dt g/jw(tﬂdt.

Proof. 1. and 4. are easy.
2.

d d d

pr [wz] = pr —(ac —bd) + zd—(bc + ad)
= (ac — bd) + i(bc + ad)
+ (aé — bd) + i(bé + ad)
= wz + wz.

3. The only interesting thing to check is that

/j/\z(t)dt:)\/jz(t)dt

Again we simply write out the real and imaginary parts:

B B
/)\z(t)dt:/ (u+iv) (a (£) + b () dt
B8
- / (ua(t) — vb(t) + i [ub(t) + va(t)]) dt

B

B
- / (walt) — vb(t)) dt + i / [ub(t) + va(t)] dt

e

If
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while

/j)\z(t) (u+iv /j t) + b (¢)] dt

(u+iv) (/Ba dt—H/jb(t)dt)

B

= / (ua(t) — vb(t)) dt + z/ [ub(t) + va(t)] dt.

(6%

Shorter Alternative: Just check it for A = ¢, this is the only new thing
over the real variable theory.

D.
wi=[ &
ar

6. (Skip this one!) Let p > 0 and € € R be chosen so that

B ,
/ w(t)dt = pe'?,

B B
2 (1)) dt = / W(t)z(t)dt + / w(t):(t)dt.

then

o [P s
:p:e_w/ w(t)dtz/ e~ (t) dt

p , p ,
:/ Re [e "w (t)] dtg/ |Re [e™“w (t)]| dt

s 5
g/a |e*19w(t)|dt=/a o (1)) dt.

Ezxample A.6. Suppose z = = + iy, then

/jw(t)dt

e*t = el .= e cosyt + ie®! sin yt

and so, again by definition,

d zt _
—e e cosyt + ie®! sinyt
ait” " dt (7" cosy vt)
= e (zcosyt — ysinyt) + ie™ (xsinyt + y cosyt)
= (z +1y) (emt cos yt + ie*t sin yt) = ze?t.
Page: 54 job: 110notes

A better proof. By the product rule and Example [A-4]
d L [

- dt

Using this fact and item 4. of Theorem we may conclude,

b 2t
e
/ e“tdt = —|Z
a z

If we write out what this means by comparing the real and imaginary parts of
both sides we find

b b b
/ e*tdt = / e™ cos (yt) dt + z/ e sin (yt) dt

e e®t cosyt + ie®t sinyt x — iy

P T+ iy T — 1y
ext

=i [z cosyt + ysinyt + i (x sin yt — y cos yt)]
€z Y

etmezty:l — xetmezty + etmiyezty — Zet:rezty — Zetz

while

from which we may conclude that

b

and
a
b

xt

b
e® cos (yt) dt = ——— [z cosyt + ysin yt
[ et eosude = o lrcosyt + ysing

b . ewt
e sin (yt) dt = ——— [z sinyt — ycos yt
[ etsin o) dt = s osingt - yeosy

a

Theorem A.7 (Addition formula for e*). The function e* defined by Eq.

satisfies

Proposition A.8. 1.e %= 67 and
2. eWT? = eWe?,

Proof. By the previous example we know

ietz = ze'* with %% = 20 = 1.
dt
Similarly, using the chain rule or by direct computation, one shows

4
dt

7 = —ze'* with % = "0 = 1.

1. By the product rule,
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dt
and therefore e *?¢** is independent of ¢ and hence e *?et? = ¢70%¢0% = 1.
Taking ¢t = 1 proves 1.
2. Again by the product rule shows

d [e_t(w—’_z)etwetz} _ —(w+ 2) e~ tw+z) ptw tz
+e

% wWH2) g et W bz +67t(w+z)ethetz
=0
and so e~ twt2letwetz — g-tlwtz)ptwetz, o — 1, Taking t = 1 then shows
e~ (WH2)ewez — 1 and then using Item 1. we get item 2. [

Corollary A.9 (Addition formulas cos and sin). For o, € R we have

cos (o + ) = cosaccos 3 — sin asin 3
sin (o + ) = cos asin § + cos B sin a.
Proof. These follow by comparing the real and imaginary parts of the iden-
tity o ,
e = 1 oF8) = cos (a + ) +isin (a + f)

while

ee? = (cosa + isina) - (cos B + isin )

= cosacos f —sinasin 3 + i (cos asin 5 + cos Ssina) .
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