C

Review

The following topics were covered in this course.

1. Linear ODE associated to a symmetric matrix, A, with {Ui}'fil being an

orthogonal basis of eigenvectors of A with Av; = A\;v;.
a) If f € RY we have

al —1 -1 a (f7”i)
N G e D it

=1 i=1

b) The first order linear equation
u(t) = Au(t) + h(t) with w(0) = f
has solution

u(t) =ef+ / t AR (1) dr.

0
where

N
fa ’Ul f, Vi .
tAf Z etA v; = Z( Q)Gt/\“l)i-
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¢) The second order ordlnary differential equation,
i (t) = Au (t) + h (t) with
u(0) = fand 4 (0) =g
has a unique solution given by

u(t) = (cosﬂt)f—i— mgfg—f—/otm\/;g_ﬂh(ﬂdT

where
N
f7vl L (f?vi) i
cosV—Atf = Z o ” S\/—At’l)l—z ” ”2 cos v/ —N\;t ) v;
i=1 Vi i—1 Vi
and

sin\/—Atg i (g,v:) Sln\/—At Z (g,v:) (sin\/—)\it) "
V-4 i=1 [ VA Z

See Notation 3.14.
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2. Generalities about inner products on function spaces, see Chapter 5.1.
3. PDE Examples

a) The Wave Equation

uge(t, ) = %um(t,x) —g-— ?g; ug(t, ) and

ug(t, ) = a®Au (t,z) + h (t, )
b) d’Alembert’s solution to

Uty = azum with
u (va) - f (J?) and Ut (O’Jj) =g (];)

is given by

xz+at
[Fa+at) + (o — at)] + - / o(s)ds.

N |

u(t,z) =
¢) Heat Equation
ug (t,x) = Lu (t,x) + h(t,x)
where

L (@)= s (w) o @) + e o),

Such equation come from looking at the heat equation
= Au + h on some domain in RV

in spherical and cylindrical coordinates.
d) Equilibrium solutions.

4. (Strurm-Liouville Spectral Theorem.) Let L be as above, assume x > 0

on [a,b] and let D = D or D = D)., (in which case we assume additionally
that & (b) = k (a)), then there exists u, € D and A, € R such that:

a) —Lu, = A\u, for all n,
b) the eigenvalues are increasing, i.e.

A< <AL
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¢) lim, oo Ay = 00 (in fact # {n: A\, <a} ~ a'/? or equivalently X, ~
2
d) Every “nice” function f on [a,b] may be expanded as

o0

F@) =3 (frun) un (a)

n=1
o0 b
| IRERCEES

5. Fourier Series
a) Let f : R — R be a 27 - periodic function which is piecewise continuous
on (—m, ). Then at points z € R where f’ (z+) exist we have

flzt) + f(2-)
2

1 o0
500 + Z [an, cosnx + by, sinnx] =

n=1
where
1 s
an = (f,cosn () =— f(y)cosny dy for n=0,1,2,...
™ —Tr

and

1 T
by, == (f,sinn(~)):; f(y)sinny dy forn=1,2,....

Moreover we have

(1) = [ 1@ s
1 2 o0 s ™
_ 2 2 2 .2
= (2a0> 27r—|—ng_1 [an [ﬂ cos nxdx—i—bn/ sin nxd:c}

—T

oo
= gag—i-ﬂz [ai—i—bi] .
n=1
This comes from the Strurm-Liouville problems with L = % with
periodic boundary conditions.
b) (Cosine Expansion) Let f : [0, 7]— R be a piecewise continuous func-
tion, then at points = € [0, 7] where f’ (z4) exist we have

—f (a:—l—) _gf (a:—) = % + nio:lan COS NI
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2 ™
an:=— [ [f(y)cosny dy
™ Jo
and
T 1 2 00 Pis
0= [ (17 @rde = (ja0) w43 |ad [ costnad]
0 2 0
n=1
_r T o~ o
This comes from the Strurm-Liouville problems with L = % with

Neumann boundary conditions.
¢) (Sine Expansion) Let f : [0,7]— R be a piecewise continuous func-
tion, then at points = € [0, 7] where f’ (x+) exist we have

flat)+f@-) -, o
BT T—— nz::lbnbmnx

(except at = 0 and 2 = m where the right side is always zero), where

2 s
by, == 7/ f (y)sinny dy.
m™Jo

Moreover,
(f,f)Z/ |f(:v)|2dsc:Z[bi/ sin2nmdﬂc}=gZai.
0 n=1 0 n=1

This comes from the Strurm-Liouville problems with L = % with
Dirichlet boundary conditions.

6. Separation of variables techniques for solving PDE. For example if we
want to find the eigenfunctions and eigenvalues to Au = Au with v = u (z,y)
for (z,y) € [0,n]? with Dirichlet Boundary conditions. Then separation of
variables would give

Um.n (2,y) = sinma - sinny (C.1)

is an orthogonal basis with Auy, , = — (m? 4+ n?) Uy, and

/ dz / Ayt (2, Y) it (@ Y) = OO (7) .
0 0 2

Therefore we have the expansion
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f(z,y) Z By, nsinmaz - sinny

m,n=1
where

o dz [ dy o (2,y) f (2,y)
= —

(5)
. Solving Heat and Wave Equations. All of the formula for linear

ODE hold for heat and wave partial differential equations. For example
if U (z,y) are as in Eq. (C.1) then

Bm,n

u(t,z,y) = e f (z,9) Z By, net? (sinma - sinny)

m,n=1

(oo}
Z Bm,7z6_t(m2+n2) (sinmz - sinny) ,

m,n=1
solves the heat equation

and v = 0 on the boundary.
More generally if

h(t,z,y) Z H,, » (t) (sinma - sin ny)

m,n=1

then

t
w(t,z,y) = A1 (2,) + / (DA (7,2, ) dr
0

Z e~ t(m*+n?) (sinmz - sinny)

m n:
oo
Z / 1A (sinma - sinny) dr
m,n=
o0

m,n=1

solves the heat equation
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- (i)z/()ﬂdx/oﬂdyum’n (2, 9) f(z,y).

¢
Z { m,n€ (m?+n?) —1—/ e_(t—T)(’”z"‘"Q)Hmm (1) dr| (sinmz - sinny)
0
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ug (t,x,y) = Au (t,z,y) + h (¢, z,y) with w (0,2,y) = f (x,y)
and u = 0 on the boundary.
Similar statements hold for the wave equation,
us (t,x,y) = Au(t,z,y) + h(t,2,y) with u =0 on the boundary
and u(0,z,y) = f (z,y) and w (0,z,9) = g (x,y) .

Namely
u(t, ,y) = cos (tr) fa,y) + Sm(t\/gA)g(x,y)

+ /Ot sin ((¢ \/7)A\/7A)h(ﬂm7y) dr
where
cos (t\/j) f(z,y) = i By, cOs (t — (= (m?+ n2))) (sin ma - sinny)

= i By, cOs (t\/ m? + n2) (sinmz - sinny)

m,n=1

and

sin (tv/—A s sin (tv/m?2 + n?
\(/z)f(xvy) = Z Bmmf/WTﬂ)

m,n=1

(sinmax - sinny) .

8. Laplacian in other coordinate systems.

a) Laplacian in Cylindrical Coordinates is
1 1
Af = ;89 (PO, f) + Eagf + 3§f

This form of the Laplacian gives rise to Bessel’s equation and Bessel
functions.
b) Laplacian in Spherical coordinates

1., 1 .
Af = ﬁarOn 8Tf) + Waw(su’l L)Oasof)

sin ¢ r2sin? o

82f.

9 f

1 1
This form of the Laplacian gives rise to “Legendre polynomials” and
more generally “spherical harmonics.”

¢) You are responsible for problems in these coordinates which do not
involve the above mentioned special functions (i.e. Bessel functions and
Legendre polynomials.)

macro: svmono.cls date/time: 2-Jun-2004/6:16



