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Definition 58.1 (Riemann Sphere). The Riemann sphere (Cy) is C with
an added point denoted by “c0.” By convention we let

1 1
—=00€Cyx and — =0€ C c Cx.
0 00

Stereographic projection gives one useful way to represent and understand
C- The next definition gives another particularly useful way to represent C...

Definition 58.2 (Complex Projective Space). Complex projective spaces
((CIP’Q) is the set of lines in C2. More explicitly, for (z,w) € C?\ {0}, then
[z,w] := C - (z,w) is the line containing (z,w) and hence an element of CP?.

The easy proof of the following proposition is left to the reader.

Proposition 58.3. The map,

CP? 5 [z,w] — z € Cw
w

is a bijection. The inverse map is given by

[2,1] if 2 # 0
(Cooaz—>{[1’0] ifz =0 € CP~

[Formally, [0o,1] = L [00,1] = [1,0] .]

=

If A is a 2 x 2 invertible matrix, then by matrix multiplication, A takes lines
to lines, i.e. defines a map A : CP?> — CP%. More explicitly, if

A= [‘22] with det A # 0,

e =l )=

z|  laz+b| _ %idb
SHEH B

then

and in particular,

and so we see that A induces the linear fractional transformation (LFT),
P4 : Coo = Co defined by

az+b
cz+d’

Ya(z) =

Remark 58.4. Tt is useful to note that ¥y 4 (2) = ¥4 (2) for all A € C\ {0} . Thus
if we write A ~ B to mean that A = AB for some A € C\ {0}, then ¢4 = ¥p.

Proposition 58.5. If A and B are two 2 X 2 - invertible matrices, then 14 o
Y = Yap and Ya-1 = 1/)21. Moreover, 14 is a composition of rotations,
translations, dilations, and inversions, and hence takes circles in Co, to circles
in Coo and these maps restricted from a circle to a circle are bijective. [As usual,
a line in C is considered to be a circle in Co, which goes through co.]

Proof. The assertion that 14 o ¥g = 145 follows from the construction
described above. For the remaining assertion, recall that any 2 x 2 invertible
matrix may be written as a product of elementary matrices of the form

a0 10 01
01}’ 01|’ 10
and the LFT’s associated to these three matrices are (respectively) given by

V(z)=az, Y (z)=2z+0b, andib(z):%.

Since we have already seen that each of these transformations takes a generalized
circle to a generalized circle it follows that if C' C C., is a generalized circle,
then ¢ (C) C C' for some other circle, C' C Cy. Similarly there is a circle
C" C C4 such that =1 (C’) € C" and hence,

C=y¢~ ' (¥(C) cy () cC.

Since circles are determined by knowing three distinct points in the circle it
follows that in fact C = C” and so C' = ¢~1 (C’). Applying 1 to this identity
then shows ¢ (C) = C". |
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Remark 58.6. If ¢ (2) = ‘c’jig, then Ezample 58.9. Find the LFT, 4, such that ¢ (—=1) = —i, % (0) =1, and ¢ (1) =
7.
B L4 14ii
Pt (z):M Note well: +Z,: +Z€:
—cz+a 1—7 1—4q
since To solve this problem we must solve the following identity for w,
-1
1 _|ab 1 d —b d —b 1) = (2 —1.0.1
4 _[cd] " det A [c a —c a (w, =6, 1,4) = (z,-1,0,1)
. where
and so B ds—b ( _101)__z+1_ z+1 s A — 11
V() =an () = — S =|-11
oy . . . . and
Definition 58.7 (Cross Ratio). For a,b, ¢ distinct point in C we call o wail—ii Wi i1
(w)_25172): . T — " B: .
(z—a)(b—c) w—1il+1d14 w—i 1 =
(z,a,b,¢) := Sy pe(2) = ——FF—=
(z—c)(a—b) Thus we have to solve,
the cross ratio with the following conventions; —w—i) (2 1) = —i(z—1) (w+i) =
(2,00,b,¢) = lim zfa.bfc:bfc:“(zfoo)(bfc)” w[fzfl+i(zfl)]:fi(zf})ifi(erl) . .
a0 z—¢c b—a z—c (z=¢)(b—o0) =z—-1—-i(z+1)=01—-d)z—1—1
. z—a b—c z-—a z—a 00—c
(z,a,00,¢) = lim : = = “ : i and so
bwooz—Cc b—a z-—c z—c o0—a
z—a b—c z-—a z—a b—o0 1—i
5 7b7 =1 : = = “ : 7. — 1 — ) ( 2)2_1
(2,a,b,00) Sez—c b—a b—a z—o0 b—a UJ:TZ)(Z):? ;)Z 8-”;: 1+
t—1)z—(1+2 (=g,
In other words, (z,a,b,c) is the unique LFT which takes a — 0, b — 1, and (H‘i) -1
¢ — 0. =iz —1  iz+1
. L iz —1  —iz+1
Corollary 58.8. Suppose given (a,b, c) € Cy distinct and (a, 8,7) € Cx there
exists 1 € {LFT' s} such that ¥(a) = a, ¢ (b) = B, and ¥(c) = v. To construct Alternatively using matrix calculations,
this transformation, one should define 1) (z) = w where w is the unique solution . . .
" _1 —i —1 11 1—7 —1—1
0 B™'A~ 1 — 11T o1 i o1 =
(w,,8,7) = (2,0,b,c). oL T
-1t 1 il
Proof. Uniqueness. If T' is another such fractional linear transformation, ~ [ —llJr-;i 1] = {—i 1}
then 77! 0 S is a fractional linear transformation fixing the the three distinct 1
points, (a,b,c) and hence T~ oS =id, i.e. T = S by Proposition below. and so again we find,
Existence. Define S, ;. (2) and S, g 4 and then 0 (2) = iz+1
R —iz+1
¥ (2) =555y (Sape (2)) Lets check this works:
is the desired LFT. Furthermore, if we let w = v (z), then —i+1 i1
) PN = ) = 1 and g () = S =
(U), a, 67’7) = Sa,B,'y (’U}) = Sa,b,c (Z) = (27 a, bu C) . ! !
as desired.
]
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Standing notation and known facts.
1. For all of this lecture, let ¥ : Coy — Co be given by

az+b

V() =a(e) = S (59.1)

where

A= {Z Z} € C2*2 with det A # 0.
2. Recall that 1 takes circles onto circles in C,, and these maps are bijective
on these (generalized) circles.

Remark 59.1 (On terminolgy). The transformations in Eq. are referred
to as linear fractional transformations, or bilinear transformations, or
Mobius transformations. See Section 99 of the book for the reason v is
called a bilinear transformation.

Here is the reason not covered in class: if w = (2), then

b
w:a2+ — w(cz+d)=az+b <= cwz—az+dw—-b=0
cz+d

<= Azw+ Bz+Cw+ D =0 with AD — BC = —cb+a-d= —det A.

Example 59.2. Using Corollary find the unique LFT so that ¢ (1) = 4,
¥ (0) = oo, and ¢ (—1) = 1. To this end we must again solve for w the equation,

(U/,i7 o, 1) = (Zv ]-7 07 _1)

where

z—1 -11
(2,1,0,—1)——Z+1 ans [ 1 1:| =A

and

Cioco—1 i i
(wicoo ) = 21 22 2ot (1)

- = Laaad
w—100—1 w—1

Solving for w gives;
I+d)z+(E—-1)

¥ (2) = - . (59.2)

Here is the algebra. We need to solve for w,

z—1 w—1
241 w-—1
= wlz+l+z-1=2z—-14+i(z+1)=1+49)z+(-1)

which easily gives Eq. (59.2)).

Alternatively by matrix methods:

sra= (1] )~ 3] )
_ [1;“0“} |

= z+D)(w—9)=(z—-1)1—w)

The next proposition shows that 1) was used to guarantee that the construc-
tions described in Corollary [68.8]is unique.

Proposition 59.3. If
az+b
S(z):=
(2) cz+d

is a fractional linear transformation which is not the identity, then S has either
one or two fized points in Co, where z € Co, is a fized point iff S (z) = z. [Hence
if S has at least 3 fized points then in fact S (z) = z.]

Proof. Case (i) ¢ # 0. In this case S (00) = a/c € C and hence oo is not
be a fixed point of S. For z € C we have S (z) = z iff

az+b=z(cz+d)=cz*+dz <= cz*+(d—a)z—b=0. (59.3)
This quadratic polynomial can have at most two solutions and hence S has at
most two fixed points in this casell]
! Note that if c=1= —band d = 2 and a = 0, then

-1

+2:z = —1=2"422 = 2 +2+1=0 z=1,
z

S(z) =

which shows that it is possible to have only one fixed point.
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Case (ii) ¢ =0. In this case a-d # 0 and S (00) = 00 so that oo is a fixed
point. Moreover, z € C is a fixed point iff

az+b=z-d < (d—a)z=0b

and hence z = ﬁ is the only other fixed point when d # a. If d = a and b # 0
then the above equation has no solutions and hence co is the only fixed point.

If d =a and b =0, then in fact S (z) = z and every point is a fixed point. m

59.1 Mapping properties of certain LFT’s

Theorem 59.4 (LFT taking R, to Ry). A LFT, v, takes Ry to Ry iff
there exists a,b,c,d € R so that

¥ (2) = (2) = Zjiz (59.4)

Moreover such a 1 will take the upper half plane to the upper half plane iff
detA=a-d—b-c>0.

Proof. Clearly if a,b,c,d € R then 14 () € Ry, for all € Ry, so now
assume that ¢ takes Ry to Ry. Let a = 971 (0) € Ry, 8 =¥ 71 (1) € R,
and v =11 (00), then ¢ (2) = (2,0, B,7) is of the form in Eq. with all
coefficients being real.

If we further wish to have v take the upper half plane to itself we must
require Im ) (i) > 0. However,

) (ai+b) (—ci+d)
Im (i) = Im o
a-d—b-c  detA
A+d2 2 +d?
S below is the unit circle centered at 0 in the complex plane. n

Theorem 59.5 (FLT taking S to Ry,). The general form of a LFT () which
takes S to Ry is ~
_ &2+¢€
v(z) = wz + w

where &, w € C such that Im (éw) # 0. If we write &€ = re’® and w = pe'® and
k=r/p>0, then

(59.5)

w@=k§iiif (59.6)

1Y —ia”
zer'* + e
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Proof. The LFT,

z—1i1+1—1
S = 1,2,—1) = —
()= ( Li,—1) = 4 =
z—1 —1z 41
1 = ——
z+1 z+1

b

takes S to R and so the general such LFT is of the form ¢ o S where

b
p(z) = Zid with a,b, ¢,d € R.

The matrix associated with this LFT is

ab —i4\ [(b—iab+ia\ _ €€

cd 11) \d—icd+ic) \ww
and so the general form of 1 is as in Eq. (59.5)) or equivalently the form in Eq.
(59.6). Conversely if 9 is given as in Eq. (59.5) and |z| = 1, then

0 = §24+8 248 &+ &z  E+8&2 — 0 (2)

wz + w Wz +w wWzZ +w z w4+ wz

which shows ) (2) € R as claimed.
[

Corollary 59.6 (FLT taking R, to S). The general LFT (¢) which takes
R to S may be written as

i < TR0
P(z)=e p (59.7)
for some 0 € R and zg € C with Im zg # 0. Moreover, if we want the upper half
plane to go to the interior of S, then we must require Im zg > 0, i.e. that zy be
in the upper half plane.
[Note: it is simple to observe if z = x € R and v is given as in Eq. ,
then ¢ (z)| = 1.]

Proof. The general form of the LFT we are looking for is the inverse of a
¥ given in Eq. (59.5)), i.e. of the form,

L WmE W a0 imx
—wz + & w z—§&/w Z— 2
The last assertion now easily follows from the fact that ¢ (z) = 0. u
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Theorem 59.7 (FLT taking S to S). The general LFT () which takes S
to S may be written as
z=¢

= elo . = 59.8
v = It (509)
for some a € R and ( € C with \C|2 # 1. If v is to take the interior of S to
itself we must further require that |¢| < 1. [Note again that if 1 is as above and
|z| =1, then

z—C |1 z—C
¥ (2)] = —| ===
1-¢z| |zl |z2-¢
Proof. A particular LFT taking S — R, is given by
. z—1 —iz+i [—ii
z —1 = ~
z+1 z+1 |11

While the general LFT taking Ro — S is a composition of a rotation, e*?, and

an LFT of the form,

z —

zZ— 29 1 —2 ]
— ~ —_ .
z—Z 1 =% |

1—20 —1 17 o —Zo—ii—Zo
1—% 1 1] |—z—ii—Z
20+ 1 z0—1
Zo+1iZzg—1

Since

the general LFT preserving S is of the form,

(zo+i)z+20— 1
(%0 +1i)z+ 20 — i
iei920+i z+j34_rz

S m—i <—€0+?>z+1

zZo—1

¥ (z) =€

eia~'z,;< where(::—zo_z_.
—(z+1 20+ 1
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