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• The problems below either come from the lecture notes or from Rudin’s “Principles of Real Analysis,”
3rd ed.

• Although pictures are not typically provided in these solutions, I would highly advise that the reader
draw appropriate pictures whenever possible. Many of the proofs to follow are really a transcription of a
very natural picture proof to a formal written proof.
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HomeWork #1 Due Thursday October 4, 2012

Exercise 1.1. Show that all convergent sequences {an}∞n=1 ⊂ Q are Cauchy.

Exercise 1.2. Show all Cauchy sequences {an}∞n=1 are bounded – i.e. there exists M ∈ N such that

|an| ≤M for all n ∈ N.

Exercise 1.3. Suppose {an}∞n=1 and {bn}∞n=1 are Cauchy sequences in Q. Show {an + bn}∞n=1 and
{an · bn}∞n=1 are Cauchy.

Exercise 1.4. Assume that {an}∞n=1 and {bn}∞n=1 are convergent sequences in Q. Show {an + bn}∞n=1 and
{an · bn}∞n=1 are convergent in Q and

lim
n→∞

(an + bn) = lim
n→∞

an + lim
n→∞

bn and

lim
n→∞

(anbn) = lim
n→∞

an · lim
n→∞

bn.

Exercise 1.5. Assume that {an}∞n=1 and {bn}∞n=1 are convergent sequences in Q such that an ≤ bn for all
n. Show A := limn→∞ an ≤ limn→∞ bn =: B.

Exercise 1.6 (Sandwich Theorem). Assume that {an}∞n=1 and {bn}∞n=1 are convergent sequences in Q
such that limn→∞ an = limn→∞ bn. If {xn}∞n=1 is another sequence in Q which satisfies an ≤ xn ≤ bn for all
n, then

lim
n→∞

xn = a := lim
n→∞

an = lim
n→∞

bn.

Please note that that main part of the problem is to show that limn→∞ xn exists in Q. Hint: start by
showing; if a ≤ x ≤ b then |x| ≤ max (|a| , |b|) .

Exercise 1.7. Use the following outline to construct another Cauchy sequence {qn}∞n=1 ⊂ Q which is not
convergent in Q.

1. Recall that there is no element q ∈ Q such that q2 = 2. To each n ∈ N let mn ∈ N be chosen so that

m2
n

n2
< 2 <

(mn + 1)
2

n2
(1.1)

and let qn := mn

n .
2. Verify that q2n → 2 as n→∞ and that {qn}∞n=1 is a Cauchy sequence in Q.
3. Show {qn}∞n=1 does not have a limit in Q.
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HomeWork #2 Due Thursday October 11, 2012

Problems from Rudin:
Chapter 1: 1.1, 1.4.
Chapter 3: 3.2
Note: this problem may seem trivial, but the point is to realize that a least upper bound for E need not

actually be an element of E!

Definition 2.1 (Subsequence). We say a sequence, {yk}∞k=1 is a subsequence of another sequence,
{xn}∞n=1 , provided there exists a strictly increasing function, N 3 k → nk ∈ N such that yk = xnk

for
all k ∈ N.

Exercise 2.1. Suppose that {xn}∞n=1 is a Cauchy sequence in Q which has a convergent subsequence,
{yk = xnk

}∞k=1 . Show that limn→∞ xn exists and is equal to limk→∞ yk.

Exercise 2.2. Suppose that α ⊂ Q is a cut as in Definition ??. Show α is bounded from above. Then let
m := supα and show that α = αm, where αm

αm := {y ∈ Q : y < m} .

Also verify that αm is a cut for all m ∈ R. [In this way we see that we may identify R with the cuts of Q.
This should motivate Dedekind’s construction of the real numbers as described in Rudin.]

Exercise 2.3 (Do not hand in). Suppose that {an} and {bn} are sequences of real numbers such that
A := limn→∞ an and B := limn→∞ bn exists in R. Then;

1. {an}∞n=1 is a Cauchy sequence.
2. limn→∞ |an| = |A| .
3. If A 6= 0 then limn→∞

1
an

= 1
A .

4. limn→∞ (an + bn) = A+B.
5. limn→∞ (anbn) = A ·B.
6. If an ≤ bn for all n, then A ≤ B.
7. If {xn} ⊂ R is another sequence such that an ≤ xn ≤ bn and A = B, then limn→∞ xn = A = B.

[The point here is to convince yourself that the proofs of the analogous statement you gave when ev-
erything was in Q still hold true here. This would be a good time to make sure that you understand these
proofs!]
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HomeWork #3 Due Thursday October 17, 2012

Problems from Rudin:
Chapter 1: 1.6 (Hint: for part d) use the Sup-Sup theorem or its corollary.)
Chapter 3: 3.3, 3.4. (Look at but do not hand in. Hint: derive formulas for s2n and s2n+1.)

Exercise 3.1. Let {an}∞n=1 be the sequence given by,

(−1, 2, 3,−1, 2, 3,−1, 2, 3, . . . ) .

Find lim supn→∞ an and lim infn→∞ an.

Exercise 3.2. Show lim infn→∞(−an) = − lim supn→∞ an.

Exercise 3.3 (Do not hand in). If {an}∞n=1 and {bn}∞n=1 are two sequences such that an ≤ bn for a.a. n,
then

lim sup
n→∞

an ≤ lim sup
n→∞

bn and lim inf
n→∞

an ≤ lim inf
n→∞

bn. (3.1)

Exercise 3.4. Suppose that {an}∞n=1 and {bn}∞n=1 are sequences in R. Show

lim sup
n→∞

(an + bn) ≤ lim sup
n→∞

an + lim sup
n→∞

bn (3.2)

provided that the right side of Eq. (3.2) is well defined, i.e. no ∞−∞ or −∞ +∞ type expressions. (It is
OK to have ∞+∞ =∞ or −∞−∞ = −∞, etc.)

Exercise 3.5. Suppose that {an}∞n=1 and {bn}∞n=1 are sequences in [0,∞) ⊂ R. Show

lim sup
n→∞

(anbn) ≤ lim sup
n→∞

an · lim sup
n→∞

bn, (3.3)

provided the right hand side of (3.3) is not of the form 0 · ∞ or ∞ · 0.

3.1 Test #1, Monday 10/22/2012
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