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Part 1

Background Material
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Introduction

Definition 1.1 (Stochastic Process via Wikipedia). ..., a stochastic
process, or often random process, is a collection of random wvariables rep-
resenting the evolution of some system of random wvalues over time. This is
the probabilistic counterpart to a deterministic process (or deterministic sys-
tem). Instead of describing a process which can only evolve in one way (as in
the case, for example, of solutions of an ordinary differential equation), in a
stochastic, or random process, there is some indeterminacy: even if the initial
condition (or starting point) is known, there are several (often infinitely many)
directions in which the process may evolve.

1.1 Deterministic Modeling

In deterministic modeling one often has a dynamical system on a state space
S. The dynamical system often takes on one of the two forms;

1. there exists f : S — S and a state x,, then evolves according to the rule
i1 = f(zn). [More generally one might allow x,11 = fn (zo,...,2n)
where f,, : S"*! — S is a given function for each n.

2. There exists a vector field f on S (where now S = R? or a manifold)
such that & (¢t) = f(z(t)). [More generally, we might allow for & (¢) =
f (t; x|[07t]) , a functional differential equation.]

Goals: the goals in this case then have to do with deriving the properties
of the trajectories given the properties of the driving dynamics incorporated in
f. For example, think of a golfer trying to make a put or a hot-air balloonist
trying to find a path from point A to point B.

1.2 Stochastic Modeling

Much of our time in this course will be to explore the above two situations where
some extra randomness is added at each state of the game. The point being that
in many situations the exact nature of the dynamics is not known or is rapidly
changing. What is known are statistical properties of the dynamics — i.e. likely
hoods that the dynamics will be of a certain form. This amounts to replacing f
above by some sort of random f and then resolving the problems. However, now
rather than trying to find the properties of a given trajectory we instead try to
find properties of the statistics of the now random trajectories. Typically when
comparing theory to experiment one has to now average experimental results
(hoping to use the law of large numbers) to make contact with the mathematical
theory. Here is a little more detail on the typical sort of scenarios that we will
consider in this course.

1. We may now have that X, 11 € S is random and evolves according to

Xn+1 = f(Xnagn)

where {§n};°°:0 is a sequence of i.i.d. random variables. Alternatively put,
we might simply let f,, := f(-,&,) so that f, : S — S is a sequence of i.i.d.
random functions from S to S. Then {X,,} 7, is defined recursively by

Xnt1 = fn(X,) forn=0,1,2,.... (1.1)

This is the typical example of a time-homogeneous Markov chain. We as-
sume that Xy € S is given with an initial condition which is either deter-
ministic or is independent of the {f,} .

2. Later in the course we will study the continuous time analogue,

“Xt _ ft (Xt)”



where {fi},~, are again i.i.d. random vector-fields. The continuous time
case will require substantially more technical care. For example, one often
considers the controlled differential equation,

X = f(X¢) By (1.2)

where {Bt}t>0 is Brownian motion or equivalently Bt is “white noise” or By
is a Poisson process. The Poisson noise is often used to model arrival times
in networks or in queues (i.e. service lines) or appear in electrical circuits
due to “thermal fluctuations” to name a few. See for example, Johnson
Noise and Shot Noise by Dennis V. Perepelitsa, November 27, 2006.) Here
are two quotes from this article.

“The thermal agitation of the charge carriers in any circuit causes a small,
yet detectable, current to flow. J.B. Johnson was the first to present a quan-
titative analysis of this phenomenon, which is unaffected by the geometry
and material of the circuit.”

“The quantization of charge carried by electrons in a circuit also contributes
to a small amount of noise. Consider a photoelectric circuit in which current
caused by the photoexcitation of electrons flow to the anode.”

. We will also consider a class of processes known as (Sub/Super) martin-
gales which encode information about fair (or not so fair) games of chance
amongst many other applications.
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(Discrete) Distributions Review

Notation 2.1 We typically let 2 be a sample space. An element w € (2 is
a sample point, a subset A C (2 and event, and a function X : 2 — R
a random variable. More generally a function, X : 2 — R%, is called a
random wvector. Even more generally we consider functions, f : 2 — S,
where S is another set that we will often refer to as state space.

We are interested in probability functions, P, on {2 and in particular in
computing, P (A), the probability of an event A and, EX, the expectation of a
random variable X. We take for granted may of the basic notions of probability
but, see Appendix [A] below for a refresher on some of the basic notions. We
so however pause to discuss the notion of a distribution and give a number of
example.

2.1 Discrete Distributions

Definition 2.2 (Discrete distributions). If S is a discrete set, i.e. finite or
countable and X : §2 — S we let

If Y : 2 — T is a another random function and again 7T is a discrete set,
then (X,Y): 2 — S x T is again a random function and we let

pxy (1) =P((X,Y)=(s,t)) =P(X =sand Y =¢)

be the corresponding joint distribution of (X,Y’). In this setting we say

px (s) =P (X =5s) :ZIP’(XzsandY:t) :pr,y (s,t)
teT teT

as the X-marginal of px y and similarly
py (1) =P(Y =t) = ZIF’(X =sandY =1t) = pr,y (s,t)
sesS ses
is that Y-marginal of px y.

Remark 2.3. Given a function, f: S — R, we have

Ef(XI=) fOPX=8=) f(s)px(s).

seS seS

Theorem 2.4 (Independence). If X : 2 — S and Y : 2 — T are as above,
then the following statements are equivalent;

1. X and Y are independent, i.e.
PX=sandY =t)=P(X =s)P(Y =t) forall (s,t) € SxT.

2. pxy (s,t) = px () - py (t) for all (s,t) € S xT.
SE[f(X)g(YV)]=E[f(X)]E[g(Y)] for all bounded (or non-negative) func-
tions f: S —>Randg:T — R.

In order to give some examples of discrete random variables, let us take
S =Ny =1{0,1,2,...} for the rest of this section.

Definition 2.5 (Generating Function). Suppose that N : 2 — Ny is an
integer valued random variable on a probability space, (12, B,P). The generating
function associated to N is defined by

Gy (2) =E[N] = ZP(N =n)z" for |z] < 1. (2.1)
n=0



6 2 (Discrete) Distributions Review
The distribution of N may be recovered from Gy (by standard power series
considerations) using;

I n
P(N=n)= HGS\/) (0) for n € Ny.

[The convention here is, as usual, that 0! = 1.]

Proposition 2.6 (Generating Functions). The generating function satis-
fies,
Gg\?)(z) =E[N(N-1)...(N—k+1)zN"F] for |z| <1
and
G® (1) = 11%10““) (2) =E[N(N—=1)...(N —k+1)],

where it is possible that one and hence both sides of this equation are infinite.
In particular,

G (1):= 11%111 G' (2) =EN (2.2)
and if EN? < oo,
Var (N) = G" (1) + G (1) - [¢' (1)]°. (2.3)

Proof. By standard power series considerations, for |z| < 1,
GV ()= P(N=n)-n(n-1)...(n—k+1)z"""
n=0

=E[N(N—-1)...(N—k+1)zN"F]. (2.4)
Since, for z € (0,1),
0OSN(N—-1)...(N—-k+1D)2N" "+ NN-1)...(N—k+1) as 211,

we may apply the “Monotone Convergence Theorem” (MCT) to pass to the
limit as z 1 1 in Eq. (2.4) to find,

G® (1) = n%rll(;(m (2)=E[N(N—=1)...(N —k+1)].
]
Exercise 2.1 (Some Discrete Distributions). Let p € (0,1] and A > 0. In
the four parts below, the distribution of N will be described. You should work
out the generating function,

Gy (2) =E[N] = ZP(N:n)z" for |z] <1
n=0

and then use it (along with Egs. (2.2]) and (2.3))) to verify the given formulas
for EN and Var (N).

Page: 6 job: 180B_Notes

1. Bernoulli(p) : P(N =1) = p and P(N = 0) = 1 — p. You should find
EN = p and Var (N) = p — p°.
2. Binomial(n, p) = Bin (n,p) :

P(N =k) = <Z)pk(1p)n_k for k=0,1,...,n,

i.e. P(N = k) is the probability of k successes in a sequence of n independent
yes/no experiments with probability of success being p.) You should find

EN = np and Var(N):n(pfpz).

3.Geo(p) : P(N=k) = p(1—p)* ! for k € N is the geometric distri-
bution. [P (N = k) is the probability that the k' — trial is the first time
of success out a sequence of independent trials with probability of success
being p.] You should find

1—-p
)_ pg'

1
EN = — and Var (N
p

4. Poisson(\) : P(N =k) = %e"\ for all k € Ng ={0,1,2,...}, see Proposi-
tion 2.11] below for some context. You should find

EN =X = Var (N).

Definition 2.7 (Negative Binomial). Let {Z;};°, be i.i.d. Bernoulli random
variables with P (Z; = 1) =p € (0,1]. Forr € N let W,. be the number of Z; =0
before the first time that Z; = 1 occurs for the rt*-time. In more detail, if
W, =k, then Ziy, = 1 (otherwise we would have W,. < k) and we then have
(T;’f;l) ways to choose the other r — 1 locations and each such configuration
occurs with probability p" (1 —p)k. Therefore the probability mass function for
W, is given by

v —n= (" rast = (T e e

where g =1 — p as usual.

Remark 2.8. The binomial coefficient in Eq. (2.5) may be rewritten as

(r+l;—1> _ (k;—&—r(—k;!)u-(r)

macro: svmonob.cls date/time: 31-Mar-2020/7:32



and hence we may also write,
—r _r
Pv, =1 = () )=t = 0t (] ot

This explains the negative Binomial distribution terminology.

Let us further note that when r = —1,
-\ _ (—1)" (-D(-1-1)(-1-2)--- (-1 —k+1) _1
k (k)!
and so

P(Wy = k) =p(1—p)" =pg" =P (Geo(p) = k+1) =P (Geo (p) — 1 = k)

so that W) £ Geo (p) — 1.

Lemma 2.9 (Generating Function). If0<p<1,¢=1—p, and W, is as
in Definition [2.7, then its generating function is given by

Gu () =5 (1= 0" = (2] porbl<ua (20)

and moreover,

EW,=r- 9 and Var (W) = r%. (2.7)
p

Proof. By definition of the generating function,
= — Wl S k L) — - Y k
66) =G, () =E["] = 3P0, =) =3 S04 ()

k=0
pr(ltJZ)T( £ >r

1—gqgz

wherein we have used the Binomial Theorem [2.17 to evaluate the sum. We then
compute the derivatives,

G(2)=qrp"(1—qz)" " and G" (2) =*r (r + 1)p" (1 —qz) " °
and so

G W)=y (1—q) " =grpp =r% and
p

[~}

G"()=¢r(r+1)p (1-q  *=r(+1)

”dm‘»cz
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Therefore by Egs. (2.2]) and (2.3)),
q

EW, =qrp” (1—¢) """ =r= and
p

2 2 2

q q q q q

Var (W, rr—i—l—l-?“—(?“) :7{4-]
(Wr) =r( )p2 » » 5

p p
q q
zrﬁ [q + p] :rﬁ.
[
r - . d d n
Corollary 2.10. If {X;}._, are i.i.d. with X; = Wi = [Geo (p) — 1], the
W, L X+ +X,. (2.8)

[This can be used to give another proof of the identities in Eq. ]

Proof. From Lemma we know that

p

GXi (Z) = GW1 (Z) = 1 —qz

and therefore, using the assumed independence,

Gxygotx, (2) = E[z5 0T = [2X12%2 .0 2%
_ - X571 — p " _
_JI;IIE[Z ]_<1—qz> =Gw, (2).

Since the generating function completely determines the probability mass func-

tion, it follows that W, = X; 4 --- + X,.
Using Eq. (2.8]) this fact along with Remark and Exercise it then
follows that

IEWr:]EVVl:r(E[Geo(p)—l]):T(;—l) :r~1p%p

and
1-p

Var (W,.) = r Var (X;) = r Var (Geo (p)) = r 2

! This result is fairly intuitive since X + - - - 4+ X, represents a string {Zj}X1+“‘+XT

j=1
where
#{1<j< X144+ X, :Z; =1 with the last being 1} .

macro: svmonob.cls date/time: 31-Mar-2020/7:32



8 2 (Discrete) Distributions Review

Exercise 2.2. Let {\,} ~, be a sequence of real numbers such that A\ =
lim,, o0 A, exists in R. Show for each k € Ny that

lim (1—A\,/n)" " =e

n— oo
Hint: you might use In (1 + z) = 2 + O (2?) for || small.]
Proposition 2.11 (The Law of Rare Events I). Let S, , < Bin (n,p), k €

N, pp, = A\p/n where Ay, = A > 0 as n — oo. Show Bin (n, A,/n) = Poi ()
as n — ool i.e. show

k
lim P(Sy,p, =k) A

= —e

A =P (Poi(\) = k) for k € No. (2.9)

(We will come back to the Poisson distribution and the related Poisson process
later on.)

Proof. We have,

P (Snp, = k) = (Z) On/n)* (1= Ap /)"

CMan-1)...(n—k+1)
Tk nk

(1= X/n)" 7.

The result now follows from Exercise and the observation that (for each
fixed k € Np),
nn—1)...(n—k+1)

S o -t
[ ]
Remark 2.12. Slightly informally, Eq. (2.9)) states; if n € N is large and p =
0 (l/n)ﬂ then
: e R () g
P (Bin (n,p) = k) 2 P (Poi(pn) = k) = e for k < n. (2.10)

See the next two figures where (p,n) = (5/100,100) and (p,n) = (5/1000, 1000)
so that A = pn = 5 in each case.

2 The probability of success, pn, is going to zero as n — oco. Thus as n — co we are
doing lots of trials of an experiment with very low probability of success and hence
the name, the Law of rare events.

3 Writing p = O (1/n) is being used informally here to mean the pn is “much smaller”
than n.
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Fig. 2.1. Plot of the probability functions for Bern (

green.

Fig. 2.2. Plot of the probability functions for Bern (

0.00

0.13

0.05 7

125,100) in black and Poi (5) in

in green.
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125,1000) in black and Poi (5)
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2.2 Appendix: Taylor’s Theorem

Proposition 2.13 (Taylor’s Theorem I). Suppose that h : (—e,14+¢) - C
is a CN — differentiable function. Then

N-1,) 1 _ 1 \N-1
ny =Y " “(O) +/0 wh(N)(t)dt~ (2.11)

=0

Proof. We prove this formula by induction on N using integration by parts.
For N =1 the formula states,

h(l):h(0)+/01h’(t)dt

which is true by the fundamental theorem of calculus. Moreover if f is CV+1 —
differentiable, then by integration by parts

1 _ \(N=-1) 1 _
J, S | h‘N)“[jt(l el

N 1
(N+1) 4 ) Ny (1)
/ h S A AUE ]

Hence if Eq. (2.11)) holds then

N—-1
rO©) 1 ! (1—t)N
h(1) = —hW) / ANAD ()2t
W=2 "0 A
_ h(l) / hN+1) ) -~
which completes the induction argument. [

Theorem 2.14 (Taylor’s Theorem with Integral Remainder). Suppose
that f : (a,b) — C is CN — differentiable and xo € (a,b). Then for allz € (a,b),

N-1

f(k) (o)
|

(z —:Eo)N

k
(x —x0)" + N

Ry ()

=0

where Ry (x) = Ry (f, zo; ) is given by

Page: 9 job: 180B_Notes

2.2 Appendix: Taylor’s Theorem 9
1
z) = / FI) (g +t (2 — o)) N(1 — )N "Lat
0
1
- / FO (1= t) 2o+ t2) N(1 — )Nt
0

[Observe that [y N(1—t)N~tdt = — (1 - )V [} = 1]

Proof. We apply Proposition with A (t) := f(xo+t(x — z¢)) using,
RK) () = f®) (2 + t (x — 20)) (¥ — 20)" . Therefore,

Definition 2.15. For § € R and k € Ny we define the Binomial coefficient by

() - 2=k

with the convention that (g) =1 for all 5 € R.

Remark 2.16. If § € N then

3 1 G| B!
(k> = BB Bkt ) = e = e

Theorem 2.17 (Binomial Series). If 8 € R and |z| < 1, then

(1 - 2)? i vt (s

=0

Proof. By repeated differentiation you may show,

FO@) = (<0488 = 1) (3 b+ DL - 2) = (k- ()1 =)

So by Taylor’s theorem (Eq. (2.11)) with 2 =0 and y = x)

macro: svmonob.cls date/time: 31-Mar-2020/7:32



N-1

11—z =1+ %(fl)kﬁ(ﬁ ~1)...(8—k+1)z"+ Ry(2) (2.12)
k=1
where
N1
Ry(z) = ﬁ/o (~DNB(B—1)...(B— N+ 1)1 —s2)*Nduy(s)
=N 1 _ N1
= m(_1)N5(g_1)...(,8—N+1)/0 mds'

Now for x € (—1,1) and N > G,

NI = )Nt LN(1—s)NV-t ! N
Og/idsg 7dS=/N1—86_1ds=—
A A A T

and therefore,

o™
< — —-1)...(B—N+1)| = pn.
RN (@) < gy B =1 (B = N + D] = o
Since N
lim sup PNFL |z| - lim sup Z; b = |z| < 1,

N—oco PN N—oo

the Ratio test implies that |Ry(z)| < pxy — 0 (exponentially fast) as N — co.
Therefore by passing to the limit in Eq. (2.12]) we have proved

© vk
(1—x)ﬁ:1+kz(k1!) B(B—1)...(8—Fk+1)z* (2.13)
=1

which is valid for |x| < 1 and 5 € R.
[

Ezample 2.18. An important special cases is 8 = —1 in which case, Eq. (2.13])
becomes the standard geometric series formula;

1 o0
1—2 :sz'
k=0

Another another useful special case is f = 1/2 in which case Eq. (2.13)) becomes

< (—1)F 11 1
1l—a2=1 —(==1)...(= — 1 b
N TR R
> (2k — 3)N
=1-— %xk for all |z| < 1. (2.14)

o
Il
—
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Conditional Expectation (Discrete Case)

3.1 Conditional and Joint Distributions

Let us now suppose that S and T are finite or at most countable sets and
X:02—-SandY : 2 — T are (random) functions.

Definition 3.1 ((conditional) probability mass functions). Let px : S —
[071],py1T—> [O,l],px’yZSXT—) [0,1], ande|y:S><T—> [071], be the
functions defined by

px () =P[X =2z] forallzeS
py (y) =P[Y =vy] forallyeT
pxy (,y) =P[X =z and Y =y], for (z,y) € S xT, and
_ B _, PX=zandY =y
px|y (#ly) =P[X ==Y =y] = P = 4]
:w when py (y) > 0.
py (¥)

If py (y) = 0 we define px,y (z|ly) € [0,1] as function of x in any way we like
such that 3_, . px|y (zly) = 1. We call px|y (z]y) the conditional probabil-
ity mass function of X given Y, pxy is the joint distribution of (X,Y)
and px and py are the probability mass functions for X andY respectively.

Let us note the following identities;

pxy (z,y) = px)y (z|y) py (¥),

px (z) = ZPX,Y (z,y) = prnf (zly) py (y), and

yeT yeT
py () =Y pxy (x,9) =D pyix (Yle) px (2) .
zeS €S

In this setting one refers to px and py as the X-marginal and Y-marginal
of p(x,y) respectively.

Ezample 3.2. Let Y € [6] = {1,2,3,4,5,6} be the result of a fair die toss and
then let X be the number of heads resulting from tossing a fair coin Y-times.
Find p(x,y) and px, i.e. find the joint law of (X,Y’), its X-marginal, and then
compute EX.

Solution. We are given py (y) = % and

s =ris =) (3 ()
-() (i)y for0< e <y

Thus we find, for 0 <z <y <6 and y > 1, that

P(x,y) (z,y) = Px|y (z|y) py (v) =

=L (V)96
6-26\x

Here is the table of values of p(x vy (7, y);

|~
RN
SIS
N~
7 N
N —
~

<

x\y|1]12|3(4]|5

32|32|24/16{10

—
(@)
[
=
[
=
[N}
(e
—
ot

Px,y) (33, 1/) =

—
[=2)
[\)
)
[\]
S

6-26

\
0
1
1 |2
3
4
5
6

o|o|o|o
[e=] Ren) Hean] No]
O| O &~
[\
=



12 3 Conditional Expectation (Discrete Case)

where for example the, x = 3 and y = 4 entry is given by

Y _ 4\ 6_
(x> 267Y|mz ymg = <3> 2674 =4.2% = 16.

To compute the X-marginal, we need to add the rows of the matrix in Eq. (3.1))
to find

x| 6-25.px ()
0 63

1 120

2 99

3 64

4 29

)

6 1

For example the top entry is found using, 32+ 16 +8 +4+2+ 1 =63. As a
check let us note that

63+1204+99+64+29+8+1=2384=6-26.

We may now compute EX as

1
EX:67(O~63+1~120+2-99+3-64+4-29+5-8+6-1)
1 7
6-2667 4

The next two examples are also discussed on pages 47-49 of P.K.

Ezample 3.3 (Bin (p, Bin (¢, M)) 2 Bin (pg, M)). It X 2 Bin (p, N) where N 4
Bin (¢, M), then X £ Bin (pg, M) .
Solution. By assumption,

PN =] = (J‘f)qm—q)N"

P[X =k|N =n] = ( P (1—p)"F and

and therefore the joint distribution of (X, N) is given by;

pix =iy =a = () 0= () (1= 0" " tosicnens
(

Page: 12 job: 180B_Notes

1-p)" """ (1 - )™ " Lock<n<nr-
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Summing this identity on n (while making the change of variables, let n = k+¢,
in the second line) shows

M
PX =k =) PX=FkN=n]

n=0

M

2 (n— k])\ﬂM - )'pk (1=p)"" " (1= )" " loghenzn

M—k
= 2 B0 (Z\ZW— AU R G

£=0 ’

M! M—k (M—k)' ’ e

TR =k €)'pqu ; Ok o P ¢ (1-g""
TR (MM!k - E)lpqu (1=p)g+(1—g)""

- k'(MA—/I'k—E)' (pg)" (1= p)™" ™",

i.e. X £ Bin (pg, M).

Remark 3.4. Let ¢ = A/M and then making use of Proposition suggests
that
Bin(p,Bin (\/M,M)) < Bin(p\/M, M)
i3 as M — oo U

2

Bin (p, Poi ())) = Poi (p))

which suggest that Bin (p, Poi ())) 2 Poi (pA). We will verify this conclusion
directly in the next proposition.

Proposition 3.5. Suppose that X > 0, p € (0,1), ¢ = 1—p, N 2 Poi (\)
and given N = n, suppose that X 2 Bin (n,p). Then X 2 Poi (pA) and Y =
N — X < poi (g\) and both X andY are independent of one another.

Proof. By assumption,

P[X =kIN =n] = (Z)pm —p)" " for 0 <k <n.

Therefore the joint distribution is determined by
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n n—k A"
WX:WV:H]Z( )p’“(l—p) Fer o

= e M for0< k <n < oco.

k! (n—k)!
Summing this equation on n € Ny shows
S o () @)
[X = K] ; [X =k, N =] nzz; A
PN" o= @' _
= Z(n—k)! (let £ =n—k)
n==k
) (@
= 0!
£=0

from which it follows that X < Poi (pA) .
We then see that (Y = N — X)

PX=kY =(=PX=kN-X=1{
=P[X =k N=k+{

2 A Y A (VY (Y S

Kokt l—R)° ~ K
VSN (7Y
TR 17

which shows X is independent of ¥ and Y < Poi (gN) .

Note that
=Y PX=kY=1(= *PAZ(‘] e~
1=0 =0
k k
— (p)‘) e—p)\eqke—q)\ — (p)‘) e—p)\.

k! k!

3.2 Conditional Expectations

Definition 3.6. We let L' (P) denote those random variables, X : 2 — R,

such that E|X| < co. We say such a random variable is integrable.
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3.2 Conditional Expectations 13

Again suppose that T is a finite or at most countable set and let Y : 2 — T.
For X € L' (P) and y € T, let

E[X:Y=y] _ IE[X o)
EX if P [Y — y] —0

When P[Y =y] =0, E[X]|Y = y] is rather arbitrarily defined above. As there
is no chance that the event {Y = y} occurs the value we choose for E [X|Y = y]
in this case is actually irrelevant. If S := X (£2) is a finite or countable set, then
we may take

EX]Y =y = Z f (@) pxpy (zly).

reX

Definition 3.7 (Conditional Expectation). The conditional expectation
(E[X|Y]) of X givenY is the random wvariable,

EX|Y]:=g() where g(y) :=E[X|Y =y] foryeT.

The next theorem summarizes the main properties of conditional expecta-
tions.

Theorem 3.8 (Basic properties). Let X, X1, Xo € L' (P),Y : 2 — T, and
a € R be given. Then:

1. E[k]Y] = k when k is a constant.
2. Linearity:
E(X1 + aX2|Y) = E(X1|Y) + (l]E(XQ'Y)
3. Pullout Property: for all bounded functions g,
E(g(V)X]Y) = g(Y)E(X]Y)

4. Tower Property/ Law of Total Probability / Law of the Forgetful
Statistician (LFS):
E(E(X|Y)) =EX.

5. Independence property: If X and Y are independent then
E(X|Y)=EX a.s.

6. Best RM‘ Approximation: zf]E |X|° < 00 and X : =E[X|Y] = g (Y)
and h: T — R is such that E|h (V)| < oo, then

E(X—h(Y)’>E(X-X)’=E(X -g(¥))*. (3.2)

This shows that X = g (Y) is the best approzimation to X among all func-
tions of the form h(Y) with E|h (Y)|* < oo, see Figure ,

1 RMS stands for root-mean-square.
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14 3 Conditional Expectation (Discrete Case)

R
EIX|Y|=39) -

i

/,_T_@ gy
/l
&SM\W 43 \“ﬂmﬁ

Fig. 3.1. Geometric description of E [X|Y].

Proof. We will take each item in turn. We will use over and over again that

2= {¥ =y} =Uyer (¥ = ).

yeT

=142,3, 4}

Fig. 3.2. Showing how Y partitions 2.

E[X|Y] =E[X|Y = j] on the set {Y =j}.
1. & 2. On the event, {Y =y} we have
EK|)Y)=EKk|Y =y) =k
E(X1 4 aXs|Y) = E(X; + aXo|Y = y) = E(X1|Y = y) + aE(Xo|Y =y).

As the events {Y =y} for y € T partitions (2, these identities suffice to
prove the first two items.
3. Similarly, on the event, {Y =y}

E(gY)X[Y) =E(gY)X[Y =y) =E(9(y) X|Y =)
= g(y)EX]Y =y) = g(Y)E(X|Y).
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4. The proof of the LFS is contained in the following simple computation;

E(X[Y)) =) EEX]Y): y) =Y EEX[Y =y):Y =y)
yeT yeT

=) EEX|Y =y) - ly=)

yeT
=Y E(X|Y =y) - P(Y =y) = > E(X:Y =y)

yeT yeT
—E[X].

5. If X and Y are independent and y € T, then

E(X|Y) = %[551:5] _ B [g][i,E:u;]:y] =EX.

6. Taking expectations of the identity;

(X —h(¥)=(X-g(¥)+g(Y)-h(Y))

=(X =g+ (g(¥) =h(¥)* +2(X —g(Y)) (¢(Y) —h(Y)),

shows,

E(X —h(Y)?=E (X - X)*+E (X = h(Y)) +2E (X — g (V) (¢(Y) — h
(3.3)
However, by the pull-out property,

E[(X — g (V) [Y] =E[X|Y] - g (Y)E[1]Y] = 0 and so
E[(X=g(Y)(g(Y)=h(Y)[Y]=(gX¥)-hX¥)E[X -g())[Y]=0
and so by the tower property,

E[(X=g(Y)(g(Y)=hY)]=EE[X -g())(g()-nr(Y))|Y])
—E(0) = 0. (3.4)

So from Eqs. and ( .,
E(th(Y))Q —E(X-X)’+E(X-h(V))’>E(X - X)°

and Equation ([3.2) is proved.

Ezample 3.9 (Example[3.4 Cont.). Recall that in Example[3.2]that let Y € [6] =
{1,2,3,4,5,6} be the result of a fair die toss and then let X be the number of
heads resulting from tossing a fair coin Y-times. Since
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1 1
E[X)Y =y) = 5y = E[X|Y] =Y

it follows by the LFS that

E[X]=E(E[X|Y]) = 51EY_; é(+ 4 6) = E it

This is in agreement with what we already found in Example [3

Exercise 3.1 (See Durrett, #8, p. 213). Suppose that X and Y are two
integrable random variables such that

1
E[X|Y] =18 — gy and E[YX] =10 - 2 X.

Find EX and EY.

3.3 Random Length Random Sums

See P.K. Section 2.3. Let {¢;}.-, be i.i.d random variables and for n € Ny let

X":§1+”'+£"::{2261§ ifn=0

for n € Ny .
If N: {2 — Nj is a discrete random variable we also let

NGIHEN>1

X:XN:&JFMJF&V::{EO ifN=0

which is now a random sum of random length, N. We further let

p=EE&, o =Var(s),
v=EN =v, 7%= Var(N)

which we assume to be finite.

Proposition 3.10 (Random Length Random Sums). If N is independent
of {&}i2, , then

EX = uv and Var (X) = vo? + p?r2.

Proof. For a general function, f (x), with z € R we have

X)=Y E[f(X):N=n]=) E[f(X,): N =n]
=Y E[f (Xn)]-P[N =n].

n=0
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3.3 Random Length Random Sums 15
Since EX,, = n - p, taking f (x) = z we find,

EX = ZIEX ‘P[N
n=0

Zun]P’ =n]=pEN = pv.

Similarly taking f (z) = 2? while using,
EX2 = Var (X,) + (EX,,)? = n- 02 + n*u?,

it follows that
o0
=) E[X] - PIN=n]
n=0

= Z (n-o®+n?p?) PN =n]

= 0’EN + p’EN? = o°v + 2 (7'2 + 1/2)
and so

Var (X) = EX? — (EX)? = EX? — (uv)? = vo? + p272.
]

Ezample 8.11 (. Examples and revisited). Recall that in Examplethat
let N:=Y € [6] ={1,2,3,4,5,6} be the result of a fair die toss and then let
X be the number of heads resulting from tossing a fair coin Y-times. Thus if

we let {EJ} | beiid. withP[§; = 1] = 5 =P[{; = 0], then we may represent
X=&+- —|— &n. In this case

p=Eg %
u:]EN:%(1+2+~+6):%1:;
TQ—Var(N)—961<261>2—?2

where we use P|EN? = ¢ LSO 2= 2. Thus we find,

71 1\*35 77
_, 2,22 (1 2y 22 _ 7
Var (X) = vo* + p“t° = +<2) 13— 48"

2 See see the end of Appendix [B|for general formula of this type.
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16 3 Conditional Expectation (Discrete Case)
3.4 Wald’s Equation and Gambler’s Ruin
See the Wikipedia page;
hitps : //en.wikipedia.org/wiki/W ald%27s_equation
for a more general version of the following theorem.

Theorem 3.12 (Wald’s Equation). Lets {@};‘;1 be a sequence of random
variables and N € Ngy be a random time and suppose that;

1.EN < o0 and E|§;| < oo for each j.
2. n=E¢ and i :=E|§;| are independent of j € N.
3. 1j<n and &; are independent for each j € N.

If, as above, Xy := 377 1j<n - &, then
EXy = - EN = E¢, - EN. (3.5)

Moreover; if {; > 0 for all j, the Eq. holds even when EN = co. [In
this latter case one should interpret p-EN := 0 even when p = E& = 0 or
EN = o0/]

Proof. Here is the basic calculation;

E(Xn]=E|> 1ljen-&| =D Elljcn ¢l
j=1 j=1

The only question is whether all of the interchanges of infinite sums and expec-
tations are justified. By general measure theory summarized in Appendix [A]
the above calculation with &; replaced by |{;| is always valid and this implies

E|> Lien-l§l| =i EN < .
j=1

It then again follows by the general theory of the expectations that this is what
is needed in order to justify the previous calculation. ]
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Corollary 3.13. Suppose that {fj};’il C L'(P) are i.i.d. random variables,

w=EE, and N € Ny is a random “stopping” time, i.e.
{7 £ N} depends only on {&1,...,&-1} for each j € N. (3.6)
If we further assume that EN < oo or that £ > 0 for all j, then
EXy = u-EN.

Proof. The stopping time assumption in Eq. (3.6) means (more precisely)
that
ljSN = a function of (fl, - 75]'—1) .

Since {fj}?il are independent, it follows that {; is independent of 1,<x and
hence the corollary follows from Wald’s identity, Theorem [3.12 [

Ezample 3.14. Let {¢; };11 be {0, 1}-valued random variables and

[Flip a coin sides labeled by 0 and 1. Then N is the first time you have flipped
10 ones.| Since
{JsNp=#{k<j—-1:4=1}<10
we see that N is a stopping time.
Further assume 0 < p < 1 and {¢; }joil are i.i.d. with &; 2 Bern (p) - random
variables, i.e. P({; =1) =pand P({; =0) =¢=1—p. Then

N
10
0=EF|) ¢ :Egl-EN:p.EN:ENZ? (3.7)
j=1
[Note that P [N = oo] =“¢°°”= 0, so that Zf;l & =10 as.]

Remark 3.15. The Random time, N, in Example may be written as N =
Wi + 10 where Wiy is the negative binomial distribution as in Definition [2:7]
with r = 10. It then follows by Corollary [2.10} that

1— 10
EN = EWyo+10 =10 —2 4+ 10 = =
P P

in agreement with Eq. (3.7).

Ezample 3.16 (Gambler’s ruin). Let {@};il be i.i.d. such that P(§; = —1) =
P& =1)=1/2 and let

N:=min{j: & +---+¢& =1}.
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[So N represents the first time a gambler is ahead by 1% in a betting game based
on the flips of a fair cone.] Notice that

{1 SN} =i {&1 +--- + & <0}

which shows NV is a stopping time.
Claim: EN = oo.
Proof. If EN < oo, then N < oo a.s. and hence

&4+ Ev=1as..

Taking expectations while using Wald’s equation and E¢; = 0 would lead to
the following contradiction,

N
Y ¢| =E&-EN=0-EN =0.

Hence it must be that

EN = E [first time that a gambler is ahead by 1] = oo

3.5 A Review of Correlation and Independence

Notation 3.17 (Means, Variances, etc.) Given square integrable random
variables X and Y, let

pwx :=EX be the mean of X.
Var (X) :=E [ (X — ,uX)Q} =EX? — 1% be the variance of X.

ox =0 := 4/ Var (X) be the standard deviation of X.

Cov (X, Y) =E[(X — MX) (Y — py)] = E[XY]— pxuy be the covari-
ance of X and Y.

e) The correlation of X and Y is defined to be

a

=3

[*"N¢]

)
)
)
)

Cov (X Y) _ Cov(X,Y)
v/ Var (X) - Var () ox Oy

Corr (X,Y) := €[-1,1].

f) The random variables X and Y are uncorrelated if Cov (X,Y) = 0
or equivalently if Corr (X,Y) = 0. We further say that a collection
{X)},_, are uncorrelated if Cov (X, X;) =0 for all k # L.

The following Lemma lists the basic properties of variances and covariances
that I hope you already basically know.

Page: 17 job: 180B_Notes

3.5 A Review of Correlation and Independence 17
Lemma 3.18. The following properties hold.
. Var (X) = Cov (X, X).
. Cov (X,Y) =Cov(YV,Y).

. Cov (X,Y) =0 if either X orY is constant.
. Cov (X,Y) is bilinear in X and Y, i.e.

Bl WO DO~

Cov (X1 + AX2,Y) = Cov (X1,Y) + ACov (X1, Y) (3.8)

where A € R and {X1, X2,Y} are square integrable random variables.
5. For any constant A € R,

Var (X + \) = Var (X) and Var (AX) = A\? Var (X) .

6. If {Xj}?:1 are uncorrelated L? (P) — random variables, then
Var (X1 + -+ X,) = »_ Var (X;). (3.9)

Proof. I will leave most of these results to the reader and only verify Egs.
(3.8) and (3.9). For Eq. (3.8) we have using the linearity of the expectation

that,
Cov (X1 +2X2,Y)=E[(X; +AX2) - Y] -E[(X; + A\X3)]-EY
—E[X,Y] + \E[X,Y] — [EX; + AEX,] - EY
= (E[X Y] -EX; -EY) + ) (E[X2Y] - EX,-EY)
= Cov (X1,Y) + ACov (X1,Y).

To prove Eq. (3.9) let Y := X7 + -+ + X,,, then (by what we just proved and
induction),

Var (Y) = Cov (YY) = Cov (X1 + -+ X,,,Y)
=> Cov(X,Y)
i=1
and similarly,

n

Xn) = ZCOV (XZ,X]) .

Jj=1

Cov (X;,Y)=Cov (X;, X1 +---+
Combining the last two equations shows, in general, that

= i Cov (X“XJ) .

ij=1

Var (X7 + -+ X,
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If the {X; }?:1 are uncorrelated, then Cov (X;, X;) = 0 unless ¢ = j and so the
above sum reduces to

Var (X1 + -+ X,) = Y _ Cov(X;,X;) = > Var(X;).
j=1 j=1

Bonus proof, let me also show that Var (X + \) = Var (X) when A is a
constant;

Var (X + ) = Cov (X + A\, X + ) = Cov (X + A\, X) 4+ Cov (X + A\, \)
=Cov (X + )\, X) =Cov (X,X)+ Cov(\X)
= Cov (X, X) = Var (X),

wherein we have used the bilinearity of Cov (-,-) and the property (you should
verify) that Cov (Y, A) = 0 whenever X is a constant. ]

Theorem 3.19 (Independence = Uncorrelated on Steroids). If X,Y :
2 = R are random variables then X andY are independent iff f (X) and g (V)
are uncorrelated (i.e. Cov (f (X),g(Y)) = 0) for all functions f,g : R — R such
that f (X) and g (Y) are square integrable.

Note well that X and Y being uncorrelated is a much weaker condition
than X and Y being independent as it only requires that Cov (X,Y) = 0, i.e.
we only perform the independence test with f (x) = g (x) = !

Proof. This is just a simple rewriting of item 3. of Theorem [2:4] [ ]

Corollary 3.20. If {X; }?zl are independent random functions and f; are real
valued functions on the range of X; such that E|f; (Xj)|2 < oo for each j, then

Var (fi (X1) + -+ fu (Xn)) = Y _ Var (f; (X;)).
j=1

Proof. Combine item 6. of Lemma [B.18] with Theorem [B3.10 n
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A

Basics of Probabilities and Expectations

The goal of this appendix is to describe modern probability with “sufficient”
precision to allow us to do the required computations for this course. We will
thus be neglecting some technical details involving measures and o — algebras.
The knowledgeable reader should be able to fill in the missing hypothesis while
the less knowledgeable readers should not be too harmed by the omissions to
follow.

1. (£2,P) will denote a probability space and S will denote a set which is
called state space. Informally put, {2 is a set (often the sample space) and
P is a function on al]E| subsets of 2 (subsets of {2 are called events) with
the following properties;
a) P(A) €[0,1] for all A C £,
b) P(2) =1 and P(0) = 0.
c) P(AUB) =P(A)+P(B) is AN B = . More generally, if A,, C £ for

all n with A, N A, = 0 for m # n we have

(oo}

P (UZO=1A7L) = Z P (An) .

2. A random variable, Z, is a function from {2 to R or perhaps some other
range space. For example if A C {2 is an event then the indicator function
of A,

lifwe A
La(w) = {o ifwée A,

is a random variable.

! This is often a lie! Nevertheless, for our purposes it will be reasonably safe to ignore
this lie.

3. Note that every real value random variable, Z, may be approximated by
the discrete random variables

Ze = Z ne - 1{n5§Z<(n+1)5} for all € > 0. (Al)
nez
As we usually do in probability, {ne < Z < (n+ 1) e}, stands for the event
more precisely written as;
{we:ne<Z(w)<(n+1)e}.

4. EZ will denote the expectation of a random variable, Z : {2 — R which
is defined as follows. If Z only takes on a finite number of real values
{#z1,...,2m} we define

EZ = ZziP(Z =2z).
=1

For general Z > 0 we set EZ = lim,,_,o, EZ,, where {Z,,} ~_, is any sequence
of discrete random variables such that 0 < Z,, 1 Z as n 1 co. Finally if Z
is real valued with E|Z| < oo (in which case we say Z is integrable) we
set EZ = EZ, — EZ_ where Zy = max (+Z,0). With these definition one
eventually shows via the dominated convergence theorem below; if f : R —
R is a bounded continuous function, then

E[f(2)] :AiLnOZf(nA)IP(nA <Z<(n+1)4).
newz

We summarize this informallyﬂ by writing;

E[f(2)] = “/Rf(z)IP’(z<Z§z+dz).”

2 Think of z = nA and dz = A.
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5. The expectation has the following basic properties;

2)

Expectations of indicator functions: E14 = P(A) for all events
AcC .

b) Linearity: if X and Y are integrable random variables and ¢ € R, then
E[X +c¢Y] =EX + cEY.

¢) Monotinicity: if X,Y : 2 — R are integrable with P(X <Y) = 1,
then EX < EY. In particular if X = Y almost surely (a.s.) (i.e.
P(X =Y) =1), then EX = EY. [What happens on sets of probability
0 are typically irrelevant.]

d) Finite expectation = finite random variable. If Z : {2 — [0, o]
is a random variable such that EZ < oo then P(Z =o00) = 0, i.e.
P(Z < c0) = 1.

e) MCT: the monotone convergence theorem holds; if 0 < Z,, 1 Z
then

1 lim E[Z,] =E[Z] (with co allowed as a possible value).
n—oo
Example 1: If {4,}, is a sequence of events such that 4, 1 A (i.e.
A, C Ay forallnand A=U2,A,), then
P(A,) =E[14,]TE[14] =P(A4) as n = o©
Example 2: If X, : 2 — [0, 00] for n € N then
00 N N N e}

EZ:IX,L zEJ\;Ean;Xn = lim E _1Xn = J&@MZ;EX71 = z_:llEXn.
Example 3: Suppose S is a finite or countable set and X : 2 — S is
a random function. Then for any f : S — [0, 00],

E[f(X)] =Y f(s)P(X =s).

ses
Indeed, we have
FX) =1 () 1x=s
seS
and so by Example 2. above,
E[f (X)) =D E[f(s) lix=s]
s€ES
=Y FG)E[lgx—sy] =D>_F()P(X =5).
seS ses
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f) DCT: the dominated convergence theorem holds, if
E [Sup |Zn|] <ooand lim Z, =Z, then
n n—oo

E [ lim Zn] —EZ = lim EZ,.
n— oo n—oo
Example 1: If {A4,,} 7 is a sequence of events such that A4, | A (i.e.
Ap D Apyr for all n and A =N52, A,), then
P(A,) =E[la,]LE[14] =P(A) as n — oo.

The dominating function is 1 here.
Example 2: If {X,,} 7 | is a sequence of real valued random variables

such that - -
EY [Xnl =) E|X,| <o,
n=1 n=1

then; 1) Z = Y2 |X,| < oo as. and hence > 2 X,
My 00 25:1 X, exist a.s., 2) ‘Zgil X, < Z and EZ < oo, and
so 3) by DCT,

00 N N N o)
E X, =E I X, = lim E X, = li EX, = EX,,.

g) Fatou’s Lemma: Fatou’s lemma holds; if 0 < Z,, < oo, then
E [lim inf Zn} <liminfE[Z,].
n—oo n—oo

This may be proved as an application of MCT.

6. Discrete distributions. If S is a discrete set, i.e. finite or countable and
X : 02— S welet

px () =P (X =3s).
Notice that if f:.S — R is a function, then f (X) =" ¢ f (s) 1{x=s} and
therefore,
Ef (X) =) f(s)Blix—gy =) [(6)P(X=5)=2 f(s)px(s).
sES sES seS

More generally if X; : 2 — S; for 1 <7 < n we let
PX1,.., X5 (S) =P (Xl =51,...,X, = gn)

for all s = (s1,...,8,) € S1 X -+- x S, and
Ef (X1, Xn) = Y f(8)pxi..x. ().
Ss=(81,...,8n)
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10.

. Continuous density functions. If Sis R or R”, we say X : 2 — S is a

“continuous random variable,” if there exists a probability density
function, px : S — [0, 00) such that for all bounded (or positive) functions,
f: S — R, we have

E[f (X)) = /S f (@) px (&) da.

. Given random variables X and Y we let;

a) ux = EX be the mean of X.
b) Var (X) := E [(X - MX)Q} = EX? — 12 be the variance of X.

¢) ox =0 (X):=4/Var (X) be the standard deviation of X.

d) Cov(X,Y):=E[(X —pux) (Y — uy)] = E[XY]—uxpy be the covari-
ance of X and Y.

e) Corr(X,Y):=Cov(X,Y)/(0xoy) be the correlation of X and Y.

Tonelli’s theorem; if f : R x R! — R, then
/ de | dyf (xz,y) = / dy dxf (x,y) (with co being allowed).
Rk R R Rk

Fubini’s theorem; if f : R* x R — R is a function such that
[oae [ avls@ol= [ ay [ dsif @) <.
RF R! R! Rk

/ do [ dyf (e.y) = / dy [ def (z.y).
RE R Rl RF

then






B

Analytic Facts

B.1 A Stirling’s Formula Like Approximation

Theorem B.1. Suppose that f : (0,00) — R is an increasing concave down
function (like f (z) =Inz) and let s, := Y _, f (k), then

S )+ / (@) da
Ssu— g f D) +2f O]+ 5 (2)
gsn—%[f(n>+2f(1)]+%f(2>-
YE.D T
137
101
035+
0.0 t f t i
0 1 2 3 4
X

Proof. On the interval, [k —

,k], we have that f(x) is larger than the
straight line segment joining (k — f

(k)) and thus

P’r

k
FUE+fk-1)< [ @

Summing this equation on k = 2,...,n shows,

i (k=1))
kzi:/ dx—/f

For the upper bound on the integral we observe that f (x) < f (k)—f' (k) (z — k)
for all x and therefore,

M\H

Sn*%(f

IN

k

k 1
f(m)dxé/}H[f(k)ff’(k)(w*k)]d:c:f(k)*gf’(k)-

k—1

Summing this equation on k = 2,...,n then implies,
n n 1 n
x)dr < k)— = "(k
| i@ SWICEEIWIC

Since f” (z) <0, f'(x) is decreasing and therefore f' (z) < f'(k—1) for x €
[k — 1, k] and integrating this equation over [k — 1, k] gives

f)=fk=1) < f(k-1).

Summing the result on k = 3,...,n + 1 then shows,

fn+1)— Zf

and thus ti follows that
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n n

F)dr <309 -5 (1) - £ (2)
L k=2
== 5 U D)+ 20 O]+ 3/ (2)
< su— 3 1 )+ 27 ()] + 3 2)

Ezample B.2 (Approzimating n!). Let us take f (n) =Ilnn and recall that
/ Inxder =nlnn—n+1.
1
Thus we may conclude that
L Inn <nl +1< L Inn + L In2
Sn—glnn<nlnn-—n Ssp—glun+ oln2

Thus it follows that

1 1
<n+2)1nn—n+1—1n\@ﬁsn§ (n—|—2>lnn—n—|—1.

Exponentiating this identity then gives the following upper and lower bounds

on n!;

&
= efnnnJrl/Z < n! <e- efnnn+1/2.

V2
These bound compare well with Strirling’s formula (Theorem [B.5) which im-
plies,

" |
_ by definition . n!
n! ~ 2me T2 Y R lim ———— = V2.
N— 00 e—nnn-i-l/Q

Observe that

£ 21,0221 < V2722506 < e 2.7183.
V2

Definition B.3 (Gamma Function). The Gamma function, I : R, — R,
is defined by

I'(x):= / u" e du (B.1)
0
(The reader should check that I' (x) < oo for all x > 0.)
Here are some of the more basic properties of this function.

Ezample B.J (I' - function properties). Let I" be the gamma function, then;
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1. I' (1) =1 as is easily verified.
2. I'(x+1) =al (z) for all z > 0 as follows by integration by parts;

e d e d
I'(z+1) :/ e ot & :/ u” (— e‘“) du
0 U 0 du
:x/ wlre M du=2x I (z).
0
In particular, it follows from items 1. and 2. and induction that

I'(n+1) =n!for all n € N. (B.2)

3. I'(1/2) = y/m. This last assertion is a bit trickier. One proof is to make use
of the fact (proved below in Lemma [D.1)) that

> 2 ™
/ e " dr =,/— forall a > 0. (B.3)
—so a

Taking a = 1 and making the change of variables, © = r? below implies,

f:/ e dr = 2/ w2e ™ du = I'(1/2).
—o0 0

r(1/2) = 2/000 e dr = /_OO e " dr
=I(1) = V. )

4. A simple induction argument using items 2. and 3. now shows that

r(n+y) = Cn v

where (—1)!!:=1land 2n—1)1=2n—-1)(2n—3)...3 -1 forn e N.

Theorem B.5 (Stirling’s formula). The Gamma function (see Definition

, satisfies Stirling’s formula,

r 1
lim (z+1)

z—o0 \/2re—Tgetl/2 - (B.4)

In particular, if n € N, we have
n! =TI (n+1)~2re " +1/2

where we write a, ~ by to mean, lim,, o, 3= = 1.
n
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B.2 Formula for integer valued unifrom distributions

By various means (and easily proved by induction) one finds the formulas
1
Z] =5n (n+1)

En:jz:én@n—i—l)(n-i-l).

Suppose now that Y € [n] = {1,2,

n} is chosen uniformly at random, then

1 < n+1
EY = = . =
n ;j 2

}:2 2n+1ﬂn+1%

and hence

Var (V) =

m\»—*

2

@n+1un+1y-<”+l>2
:(n+D{6@ L) - +1

4
=1 (n—1)(n+1) ( -1).
So for example if n = 6 (for dice) then (as we have used in the text)

7 1 35
EY—gand Var(Y)—ﬁ(6 —-1) = 13






C

Independence

Definition C.1. We say that an event, A, is independent of an event, B, ZJfI
P(ANnB)=P(A)P(B).
We further say a collection of events {Aj}jeJ are independent iff
P (Njesnd;) = ] P(4))
Jj€Jo
for any finite subset, Jy, of J.
Lemma C.2. If {Aj}jeJ is an independent collection of events then so is
{Aj’ A.(ﬂ;}jeJ :

Proof. First consider the case of two independent events, A and B. By
assumption, P(AN B) = P(A)P(B). Since A is the disjoint union of AN B
and AN B¢, the additivity of P implies,

P(A)=P(ANB)+P(ANBY)=P(A)P(B)+P(ANB°).
Solving this identity for P (A N B€) gives,
P(ANB®)=P(A)[1-P(B)]=P(A)P(B°).

Thus if {A, B} are independent then so is {4, B°}. Similarly we may show
{A°, B} are independent and then that {A°, B°} are independent. That is
P (A° N B°) = P(A°) P (B’) where ¢,§ is either “nothing” or “c.”

! Shortly we will consider conditional probabilities, P (-|B) . With this notation, A
is independent of B iff P(A|B) = P(A), i.e. given the information gained by B
occurring does not affect the likelihood that A occurred.

The general case now easily follows similarly. Indeed, if {A;,...,A,} C
{A;};c,; we must show that

P(AT*N---NAS) =P (A7) .. .P(AS)

won

where ¢;, = c or g; = . But this follows from above. For example,
{41N---NA,_1,A,} are independent implies that {A; N---NA,_1, A%} are
independent and hence

P(AyN---NA, 1 NAS) =P (A NN A1) P(AS)
=P(A1)...P(An—1)P(47).

Thus we have shown it is permissible to add Af to the list for any j € J. [

Lemma C.3. If {A,} 7, is a sequence of independent events, then

00 N
PN An) = [[P(4n) = lim J]P(4,).

N—oc0
n=1

Proof. Since NY_; A,, | N5, A,,, it follows that

N
. N .
P (m?=1An) = ngnoop (ﬁn:lAn) = ]\;gnoo 3 P (An) s
n=
where we have used the independence assumption for the last equality.
The convergence assertion used above follows from DCT Indeed, 10;\/_1 A, ¥

lne A, and all functions are dominated by 1 and therefore,

P(M21An) =B [lnge ] = Jim B [1ox 4 | = tim P(n),4,).

N—oo n=1 N—oo
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C.1 Borel Cantelli Lemmas

Definition C.4 (4, i.0.). Suppose that {A,} ~, is a sequence of events. Let

{4,, i.0.} = {i 1a, = oo}

denote the event where infinitely many of the events, A,, occur. The abbrevia-
tion, “i.0.” stands for infinitely often.

For example if X,, is H or T' depending on whether a heads or tails is flipped
at the n'® step, then {X,, = H i.0.} is the event where an infinite number of
heads was flipped.

Lemma C.5 (The First Borell — Cantelli Lemma). If {A,} is a sequence
of events such that Y~ (P (A,) < oo, then

P ({A, i.0.}) = 0.

Proof. Since

oo > iP(An) = iElAn =E li 1An‘|
n=0 n=0 n=0

it follows that ) > 14, < oo almost surely (a.s.), i.e. with probability 1 only
finitely many of the {A,} can occur. |

Under the additional assumption of independence we have the following
strong converse of the first Borel-Cantelli Lemma.

Lemma C.6 (Second Borel-Cantelli Lemma). If {A,} | are independent
events, then

> P(An)

n=1

Proof. We are going to show P ({4,, i.0.}) = 0. Since,

{A, 0.} = {ilA" oo} = {ilAn <oo},

n=1

o = P4, i0}) =1 (C.1)

we see that w € {A,, i.0.}° iff there exists n € N such that w ¢ A, for all
m > n. Thus we have shown, if w € {4, i.0.}° then w € B, := N>, AS, for
some n and therefore,

{A, i0.}° = U2 B,.
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As B, 1t {4, i.0.}° we have

P ({A, i.0.}%) = lim P(B,).

n—oo

But making use of the independence (see Lemmas and [C.3]) and the esti-
mate, 1 —x < e~ 7, see Figure below, we find

P(B,) =P (Nmsnds) = [[ P(A%) = J] 1 —P(4m)]

m>n m>n

< H eflP’(Am) —exp | — Z ]P’(Am) — e ™ .

m>n m>n

0.0

—
00 01 02 03 04 035 06 07 08B 09 10
X

x

Fig. C.1. Comparing e”* and 1 — z.

]
Combining the two Borel Cantelli Lemmas gives the following Zero-One
Law.

Corollary C.7 (Borel’s Zero-One law). If {A,} -, are independent events,
then
oy JOf> P(A,) <oo
P(A, io.) = {1 ifZZOﬂP(An) o

Ezample C.8.1f {X,},~, denotes the outcomes of the toss of a coin such that
P(X,=H)=p>0, then P(X,, = H i0.) =1.
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Ezxample C.9. If a monkey types on a keyboard with each stroke being in-
dependent and identically distributed with each key being hit with positive
probability. Then eventually the monkey will type the text of the bible if she
lives long enough. Indeed, let S be the set of possible key strokes and let
(51,...,sn) be the strokes necessary to type the bible. Further let {X,} ",
be the strokes that the monkey types at time n. Then group the monkey’s
strokes as Y := (XkNH, . 7X(k+1)N) . We then have

P(Ye=(s1,...,5n)) = || P(X; =s;) =p>0.

—

j=1

Therefore,

ZP(Yk = (s1,...,8N)) =

k=1

and so by the second Borel-Cantelli lemma,

P({Yi = (s1,...,sn)} Lo. k) = L.






D

Multivariate Gaussians

The following basic Gaussian integration formula is needed in order to prop-
erly normalize Gaussian densities, see Definition below.

Lemma D.1. Let a > 0 and for d € N let,
Ii(a) := /e_a‘zlzdm(a:).
R
Then I4(a) = (7/a)?/2.

Proof. By Tonelli’s theorem and induction,

Ii(a) = / e_“‘y|26_“t2md,1(dy) dt
R4-1xR
=1y 1(a)I1(a) = I{(a). (D.1)
So it suffices to compute:
Ir(a) = /e_a‘”lzdm(x) = / e~ @) 4o das.
R2 R2\{0}

Using polar coordinates, we find,

0o 2 5 00 R
Ir(a) = / dr r/ df e = 27r/ re " dr
0 0 0
" )

- M

. —ar? .oe 2w

=27 lim re " dr =27 lim = — =n7/a.
M—co J M—oo —2a /g 2a

This shows that I5(a) = m/a and the result now follows from Eq. (D.1J). ]

D.1 Review of Gaussian Random Variables

Definition D.2 (Normal / Gaussian Random Variable). A random vari-
able, Y, is normal with mean n standard deviation o? iff

1 — 1 (y—p)?
P € (y,y+dy]) = \/ﬁe 270y, (D.2)

We will abbreviate this by writing Y N (,u,az) . When =0 and 0> =1 we
say Y is a standard normal random variable. We will often denote standard
normal random variables by Z.

Observe that Eq. (D.2) is equivalent to writing

E[f(Y)] = ﬁ / f (y) ez 0= gy

for all bounded functions, f : R — R. Also observe that Y N (,U,O'Q) is

equivalent to Y 257 + p. Indeed, by making the change of variable, y = ox+p,
we find

E[f (02 + p)] = \/%/Rf(awﬂi) ey
_ 1 *%%(y*uf@ _ 1
m/Rf(y)e . s

[ 1w == ay,
R

Lastly the constant, (27r02)71/2 is chosen so that

1 1 2 1 1,2
— ez (y—)* g —5Y° gy —
e 27 dy=—== [ e 2¥ dy=1.
V2ro? /R \/27T/R
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Lemma D.3 (Integration by parts). If X L N(O,O’Q) for some 0% > 0

and f: R — R is a C' — function such that X f (X), f'(X) and f (X) are all
2

integrable random variables an lim, 400 [f (z) e 57" } =0, then

E[Xf(X)] =0E[f (X)] =E[X*] - E[f" (X)]. (D-3)

Proof. If 0 = 0 then X = 0 a.s. and both sides of Eq. (D.3)) are zero. So we
now suppose that ¢ > 0 and set C' := 1/v27w02. The result is a simple matter
of using integration by parts;

2 M 12
= C’/ f(x) e 77 dg = C lim / f(z)e 22" dw
R

M—o0 M

M d _ 1,
—/_Mf(x)%e 227 dx

Ezample D.J. Suppose that X 4 N (0,1) and define ay, := E [X?] for all
k € Ny. By Lemma [D.3]

aps1 = E [X2FH X = (2k + 1) oy, with ap = 1.
Hence it follows that
ar=a9g=1, as =307 =3, ag=5-3
and by a simple induction argument,
EX? = qp = (2k — 1),

where (—1)!! := 0.
Actually we can use the I' — function to say more. Namely for any g > —1,

1 2 [ 1
ElX|° = 7/ |$|567%‘”2dx =4/ 7/ 2Pem2% dg.
V2T Jr ™ Jo

Now make the change of variables, y = 2%/2 (i.e. z = /2y and dz = %y*1/2dy)
to learn,

1> L
E|X|ﬂ:ﬁ/0 (2y)ﬂ/2€ vy=2dy

1 >0 Y
ZFQM/O Y BHD/20=uy =1 gy

! This last hypothesis is actually unnecessary!

8+1
IQMF< 2 )
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Exercise D.1. Let ¢ (z) be a polynomia inz, Z LBY (0,1), and
u(t,z) :=E {q (ﬂc + \/EZ)} (D.4)

1 1 2
— -5 (y—)
= e 3t d D.5
/]R NorT q(y)dy (D.5)
Show u satisfies the heat equation,
0] 1 0%

au(t,x) = §8x2u(t,x) for all £ > 0 and z € R,

with u (0,z) = ¢ (z).

Hints: Make use of Lemma along with the fact (which is easily proved
here) that

0 0
You will also have to use the corresponding fact for the x derivatives as well.

Exercise D.2. Let ¢ (z) be a polynomial in z, Z < N (0,1), and A = dz?
Show

2= () 0=3 5 ((3) ) 0= X Gx @

where the above sum is actually a finite sum since A™q = 0 if 2n > degq.
Hint: let u () :=E [¢ (v/tZ)] . From your proof of Exercise you should be
able to see that @ (t) = 3E [(Aq) (VtZ)] . This latter equation may be iterated
in order to find u(™ (t) for all n > 0. With this information in hand you should
be able to finish the proof with the aid of Taylor’s theorem.

Example D.5. Suppose that k € N, then

E[2%] = (e%x%) oo = ZO il 21n (A" |,

1 1Akx2k* (2k)!

Tkl ok = kIok

2%k (2k—1)-2(k—1)-(2k—3)-----(2-2)-3-2-1
ok !

= (2k — 1)

in agreement with Example [D.4]

2 Actually, g (z) can be any twice continuously differentiable function which along

2
with its derivatives grow slower than e¢°® for any € > 0.
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Ezample D.6. Let Z be a standard normal random variable and set f (\) :=
E [e)‘ZQ] for A < 1/2. Then f(0) =1 and

fN)=E {Z%AZQ} —E {a (Ze’\ZQH
=E [e)‘zz + 2/\Z26)\Z2:|
=) +22f ().
Solving for A we find,

1

11O = =55 () with £(0) = 1.

The solution to this equation is found in the usual way as,

lnf()\):/J;/x\))d)\:/l12>\d>\:—;ln(1—2)\)+0.

By taking A = 0 using f (0) = 1 we find that C = 0 and therefore,
1 1

———— for A < —.

V1—2\ 2

This can also be shown by directly evaluating the integral,

1 1 2
E [6,\22} :/ e— =202
R V 27T

Exercise D.3. Suppose that Z 4N (0,1) and A € R. Show

B[] = 7)) =

f(\) :=E [e*] = exp (—A?/2). (D.6)

Hint: You may use without proof that f/ (A\) = iE [Ze”‘z} (i.e. it is permissible
to differentiate past the expectation.) Assuming this use Lemmato see that
f () satisfies a simple ordinary differential equation.

Lemma D.7 (Gaussian tail estimates). Suppose that X is a standard nor-
mal random variable, i.e.

P(X € A)= \/LQ?/AHIQ/% for all A € Ba,

then for all x > 0,

1 T 2 1 2
P(X>z)<min(=— ——e* /2 e_”/2)<
(X za)< (2 Vo V2rx -
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Moreover (see (8, Lemma 2.5]),

T x 1 2
P(X>xz)>max(1- , e ” /2) D.8
2z (1 oy (0-5)

which combined with Eq. proves Mill’s ratio (see [3]);

. P(X>u2)
wll{lgc 6_I2/2 -

(D.9)

V2rx

Proof. See Figure where; the green curve is the plot of P (X > ), the
black is the plot of

min(l— ! e_x2/27 ! e_x2/2>,
2 2w 2mx

the red is the plot of %6_352/27 and the blue is the plot of

<1 x x 1 Iz/z)
max [ - — , e .
2 Vor 2?4+ 12r¢

The formal proof of these estimates for the reader who is not convinced by

1
4
X

Fig. D.1. Plots of P (X > z) and its estimates.

Figure [D.1]is given below.
We begin by observing that

1 o 1 oo
P(XZ{L‘):E/ e—y2/2dy§E/ %e—yZ/Qdy
x V x

< _ 1 le—yz/2|;oo_ ! le—ﬂfz/?. (D.10)

T V2 B V2T
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If we only want to prove Mill’s ratio , we could proceed as follows. Let
a > 1, then for z > 0,

1 (o)
p(sz):\/g/ 2y
1 1

1 [e% 1 y 2 2 .
> L eV 20y = ———_ Y [2|y=ax
- \/27r/m az” Y Vor az’ y=e

1 1 2 2.2
— - = T /2 |:1_ 70(1/2:|

e e
V21 ax

from which it follows,

lim inf [\/27rxex2/2-P(X > x)] >1/atlasall.

r—00

The estimate in Eq. (D.10]) shows limsup,_, . { 2rze” /2. P (X>2)| <L

To get more precise estimates, we begin by observing,

1 1 £
P(X>x)=; - \/T?/o eV 2qy (D.11)
1 1 o 2 1 1 2
<c—— [ e Pdy< -~ e 2y,
-2 \/27r/0 ¥=3 NoXs

This equation along with Eq. (D.10) gives the first equality in Eq. (D.7)). To
prove the second equality observe that /27w > 2, so

1 1 2 1 2
- —xt/2 < e T /2 fr>1
——c e if © .
V2rw -2 -
For x <1 we must show,
1 T 2 1 2
- —z7/2 2 p—a7/2
e e
2 2 -2

or equivalently that f (z) := e’/ _ \/%x <1 for 0 <z < 1. Since f is convex

(f“ (@) = (22 +1) /2 > 0) , f(0) =1and f(1) 2 0.85 < 1, it follows that
f <1on [0,1]. This proves the second inequality in Eq. (D.7).
It follows from Eq. (D.11) that

1 1 ®
P(X2w)=3 - TW/O eV dy
1 1 ® 1 1
P —— ldy= - — ——=x for all z > 0.
-2 27T/0 4 2 \or -
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So to finish the proof of Eq. we must show,

1

1 2 o0 2
= |ze®2_ (1 2/ —y?/2 }
ze +x e dy| <0 forall 0 <z < .
TW[ ( )x y| < <

ze /2 (14+2*)P(X >2)

This follows by observing that f(0) = —1/2 < 0, limytoo f () = 0 and

£ = [e—r2/2 (1-2%) —22P (X 2 2) + (1L +27) 6_12/2}

V2T
1 2
=2 ——e /2 —2P(X > > >0,
( T (X=>y)) =
where the last inequality is a consequence Eq. (D.7)). ]

D.2 Gaussian Random Vectors

Definition D.8 (Gaussian Random Vectors). A random vector, X € R?,
is Gaussian iff

E [¢2X] = exp <—; Var (A - X) +iE (X - X)) for all A € RY. (D.12)

In short, X is a Gaussian random vector iff \- X is a Gaussian random variable
for all X € R, (Implicitly in this definition we are assuming that E |Xj2| < 00
for1<j<d.)

Notation D.9 Let X be a random vector in R? with second moments, i.e.
E [X,f] < oo for1 <k <d. The mean X is the vector p = (/,Ll,...,,LLd)tr € R
with py == EXy, for 1 < k < d and the covariance matriz C = C (X) is the
d x d matrix with entries,

Ch == Cov (Xi, X;) for 1 <k,1<d. (D.13)

Exercise D.4. Suppose that X is a random vector in R? with second moments.
Show for all A = (A, ..., Aq)" € R? that

EA-X]=A-pand Var(A- X) = X-CA. (D.14)

Corollary D.10. If Y N (u, 02) , then
; 1
E [e?Y] = exp <2)\202 + iu/\) for all X € R. (D.15)

Conversely if Y is a random variable such that Eq. holds, then Y 4
N (u, 02) .
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Proof. (=) From the remarks after Lemma we know that Y <
oZ + | where Z N (0,1) . Therefore,

E [GZAY} —F |:61A(UZ+M)] _ ezAuE [ezAUZ] _ GZANG_E()‘U)Q — exp (_2>\20_2 + Z,U)\) )

(«<=) This follows from the basic fact that the characteristic function or Fourier
transform of a distribution uniquely determines the distribution. [

Remark D.11 (Alternate characterization of being Gaussian). Given Corollary
we have Y is a Gaussian random variable iff EY? < oo and
, 1
E [e™] = exp <—2 Var (\Y) + iAEY)

)\2
= exp <2 Var (V) + MIEY) for all A € R.

Exercise D.5. Suppose X; and X5 are two independent Gaussian random
variables with X; < N (0,02) for i = 1,2. Show X; + X, is Gaussian and
X1+ X, 2N (0,0% + 03) . (Hint: use Remark )

Exercise D.6. Suppose that Z LN (0,1) and t € R. Show E[e'?] =
exp (t2 / 2) . (You could follow the hint in Exerciseor you could use a comple-

tion of the squares argument along with the translation invariance of Lebesgue
measure. )

Exercise D.7. Use Exercise to give another proof that EZ?* = (2k — 1)!!
when Z £ N (0,1).

Exercise D.8. Let Z < N (0,1) and a € R, find p : Ry — R4 := (0, 00) such
that

Ef(121M]= | f(@@)p(x)dx
R
for all continuous functions, f : Ry — R with compact support in R;..

In particular a random vector (X) in R? with second moments a Gaussian
random vector iff

. 1
E [e”"X} = exp (—20/\ S g )x) for all A € RY, (D.16)

We abbreviate Eq. 1} by writing X ZN (u, C) . Notice that it follows from

Eq. (D.13)) that C** = C and from Eq. (D.14)) that C > 0, i.e. A-C\ > 0 for all
A e R%
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Definition D.12. Given a Gaussian random vector, X, we call the pair, (C, p)
appearing in Eq. the characteristics of X.

Lemma D.13. Suppose that X = Zle Zyv + p where {Zl}f:1 are i.1.d. stan-
dard normal random variables, p € Re and v; € RY for 1 <1 < k. Then

x<inN (u, C) where C' = Zle vt

Proof. Using the basic properties of independence and normal random vari-
ables we find

k k

L\ AP A i\ i . i\ —l(n.v)?

E [ez/\ X] -F |:elZI=1 AU+ ,u:| — ezA,u I |E [ezZz)\ vz] _ 62A;L | Ie 5 (A-vp)
=1 =1

N | —

k
= exp ( Z(/\~vl)2+i)\~u>.
1=

1

Since
k k k
Z A-v)? = Z)\ o (V' A) = A (Z vlvltr> A
1=1 1=1 1=1

we may conclude,
, 1
E [e*] = exp (20)\ DEEIE u) ,

ie. X LN (1,0). =

Exercise D.9 (Existence of Gaussian random vectors for all C > 0 and
u € RY). Suppose that u € R? and C is a symmetric non-negative d x d matrix.
By the spectral theorem we know there is an orthonormal basis {u; };.l:l for R4

such that Cu; = szuj for some 0’? > 0. Let {Zj};l:l be i.i.d. standard normal

random variables, show X := E;l:l Zjo5u; + p LN (1, C).

Theorem D.14 (Gaussian Densities). Suppose that X LN (i, C) is an R?
- valued Gaussian random vector with C > 0 (for simplicity). Then

E[f (X) Dyexp (<307 @ =)= ) ) do (D7

1
o
Vdet (27C) Jra
for bounded or non-negative functions, f : R?®— R.

Proof. Let us continue the notation in Exercise [D.9] and further let

A= logu] ... |opu,] =UX (D.18)

macro: svmonob.cls date/time: 31-Mar-2020/7:32



38 D Multivariate Gaussians

where
U=u]...|u,] and X =diag(o1,...,00) = [o1€1] ... |0nen],

where {ei}?zl is the standard orthonormal basis for R%. With this notation we

know that X < AZ+pwhere Z = (Zy,..., Z4)™ is a standard normal Gaussian
vector. Therefore,

E[f (X)] = @2r) Y | f(Az+p) e zlZq; (D.19)
]R(l

wherein we have used

d

1 _
[[ —==c 7 = @n) 2 et with |22 := 3 22
j=1

Ver

Making the change of variables x = Az + u in Eq. (D.19) (i.e. z = A~ (z — p)
and dz = dx/ det A) implies

j=1

Recall from your linear algebra class (or just check) that CU = UX?, i.e.
C =UX?U~' = UX?U". Thereford’,

AA" =UXSUY =US*U P =C (D.21)
which then implies det A = v/det C and for all y € R?
_ 2 1N\t r\—1 _
[A7hy[|" = (A7) ATy y = (44") Ty y=CTly .

Equation (D.17) follows from theses observations, Eq. (D.20)), and the identity;

2m) Y2 det A = (2m)Y? Vdet C = 1/ (2)* det C = /det (27C).

3 Alternatively,
Cik = COV (Xi, Xk) = COV (Y;,Yk)
= Z Cov (Aq;ij, Akam) = Z A”Akm Cov (ZJ'7 Zm)

J,m J,m

= ZAijAkm5jm = ZAUA’W' = (AAtr)ik :

J,m J
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Theorem D.15 (Gaussian Integration by Parts). Suppose that X =
(X1,...,Xq) is a mean zero Gaussian random vector and C;; = Cov (X;,Y;) =
E[X;X,]. Then for any smooth function f : R? — R such that f and all its
derivatives grows slower that exp (|z|“) for some a < 2, we have

d )
E[X:f (X1,...,X4)] zkzlcikﬂ«: [anf(Xl,...,Xd)}

0

00Xy

I
M& i

E[XiXk]-IE{ f(Xl,...,Xd)]

>
Il

1

Here we write %f(Xl,...,Xd) for (O f) (X1,...,Xq) where

9 d
(O f) (21, 2a) ::873;;6 (fflwu,xd):%of(x—ktek)
where x := (z1,...,7q) and ey, is the k" — standard basis vector for R9.

Proof. From Exercise WC know X £V where Y = Z?Zl 0;Zu; where

{uj};.lzl is an orthonormal basis for R such that Cu; = o3u; and {Zj}?:1

are i.i.d. standard normal random variables. To simplify notation we define
A:=[o1uq]...|oguq] as in Eq. sothat Y = AZ where Z = (Z1,...,Z4)"
as in the proof of Theorem From our previous observations and a simple
generalization of Lemma it follows that

E[X:f (X1,...,Xa) =EY;f (Y1,...,Ya)]
= S AGEIZ 1 (AD), .. (AZy)

J

Y aE [éf (A2), ... <Azd>>]

=> AyE
J

= A AGE[(0cf) (X1,..., Xa)] .
j.k

0

Ek: Ok f) ((AZ)y ;... (AZ4)) - a7, (AZ)y,

This completes the proof since, Zj AijAj = (AAY™),, = Cix as we saw in Eq.

o21). .

Theorem D.16 (Wick’s Theorem). If X = (Xi,...,X2,) is a mean zero
Gaussian random vector, then
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E[ X2n = Z anl e wn
pairings
where the sum is over all perfect pairings of {1,2,...,2n} and

Cij = Cov (X“XJ) =E [XZX]] .
Proof. From Theorem
E[X ... Xa,] = Z Cy,E { : .Xgn] > CLE[X. - Xon
Jj>2

where the hat indicates a term to be omitted. The result now basically follows
by induction. For example,

0
E [X1 X2 X5X4] =C15E [ e (X2X3X4)}
+ C13E 4 (XoX3Xy)| + C4E 4 (X2X3X4)
13 X5 2X3X4 14 X, L2 4
=C1E [X3X4] + C13E [X2X4] + C14E [ X2 X3]
=C12034 + C13C2 + C14Ca3.
]
Recall that if X; and Y; are independent, then Cov (X;,Y;) = 0, i.e. indepen-

dence implies uncorrelated. On the other hand, typically uncorrelated random
variables are not independent. However, if the random variables involved are
jointly Gaussian, then independence and uncorrelated are actually the same
thing!

Lemma D.17. Suppose that Z = (X, Y)t]r is a Gaussian random vector with
X € R* and Y € R\, Then X is independent of Y iff Cov (X;,Y;) = 0 for all
1<i<kandl1 <j<lIL

Remark D.18. Lemma also holds more generally. Namely if {X l}ln:l is
a sequence of random vectors such that (X',...,X") is a Gaussian random

vector. Then {Xl};l:l are independent iff Cov (Xf,X,l;) =0 for all [ # 1’ and
i and k.

Exercise D.10. Prove Lemma Hint: by basic facts about the Fourier
transform, it suffices to prove

E[e™ XY ] =E [ X]-E [e¥Y] for all 2 € R* and y € R

If you get stuck, take a look at the proof of Corollary below.
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Corollary D.19. Suppose that X € R* and Y € R! are two independent ran-
dom Gaussian vectors, then (X,Y) is also a Gaussian random vector. This
corollary generalizes to multiple independent random Gaussian vectors.

Proof. Let € RF and y € R, then
E |:€i(z,y)-(X,Y):| —F |:ei(:v-X+y~Y):| —F [eiz-Xeiy-Y] —F [EZIX] .E [eiy-Y]

1

=exp <2Var(x~X) +iE(x~X))

1 )
X exp <—2 Var (y-Y) +4E (y - Y)>

1 ) 1 .

=exp (—2Var(x~X)+zE(x-X) — 2Var(y~Y)+zIE(y~Y)>
1

=exp (—2Var(x~X+y-Y)+iIE(x~X—|—y-Y)>

which shows that (X,Y) is again Gaussian. |
Remark D.20 (Be careful). If X; and X are two standard normal random vari-
ables, it is not generally true that (X, X5) is a Gaussian random vector. For

example suppose X, 4N (0,1) is a standard normal random variable and
¢ is an independent Bernoulli random variable with P (¢ = +1) = 3. Then

Xoi=eX; 2 N (0,1) but X := (X3, X2) is not a Gaussian random vector as
we now verify.
If A= (/\17 /\2) € RQ, then

E [ei)\.X} —E |:€i()\1X1+>\2X2):| —E |:6’L'(>\1X1+)\26X1):|

1 Z E [ez‘(xlxlﬂwxl ] _ Z E[ z(A1+A27)X1}
2

et} T=%1
1 Z exp (_ (AL 4 A7) )
T==*1
1 1 2 2
1 exp [ —= (AT + A3+ 27A1\2)
2 2
T=%1
— %e*%(kf“g) -lexp (=A1A2) + exp (A1 A2)]

= ¢~ 7 (MX) cosh (MA2).
On the other hand, E [Xlz] =E [XQQ} =1 and

E[X1X,] =Ee-E[X{] =0-1=0,
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40 D Multivariate Gaussians

from which it follows that X; and Xs are uncorrelated and CX = I5ys. Thus
if X were Gaussian we would have,

E [ei’\'X} = exp (—;CX)\ - )\) = e~z (A+)

which is just not the case!

Incidentally, this example also shows that two uncorrelated random variables
need not be independent. For if {X;, Xo} were independent, then again we
would have

E[¢*X] =K [ez‘(A1X1+,\2X2)] = E [eiM X1 it X2]
—F [ei,\lxl] ‘K [ei,\ZXQ] — e 3N 3N = e—%(,\’fﬂg)

which is not the case.

[N

)

The following theorem gives another useful way of computing Gaussian in-
tegrals of polynomials and exponential functions.

Theorem D.21. Suppose X N (0,C) where C is a N X N symmetric positive
definite matrir. Let L = L := szzl C;;0;0; (sum on repeated indices) where
0; := 0/0x;. Then for any polynomial function, q : RN — R,

o0

Elq(X)] = (e}4q) () =Z§, (%) 4) © (o e sum). D2

n=

Proof. This is a fairly straight forward extension of Exercise [D.2] and so I
will only provide a short outline to the proof. 1) Let u (t) := E [¢ (VtX)]. 2)

Using Theorem one shows that  (t) = 1E [(Lg) (v/tX)] . 3) Iterating this
result and then using Taylor’s theorem finishes the proof just like in Exercise

D.2l

Corollary D.22. The function u(t,x) = E [q (x—l—\/fX)] solves the heat
equation,

O (t,z) = %Lcu (t,z) with u(0,2) = q(z).
If X < N (1,0) we have
1 e
u(t@):E/Rq(x—i—ﬁz)e dz
:/Ept (z,9) q(y) dy

where

pi (@) = —— exp (— (y— x)2) :
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D.3 Gaussian Conditioning

Notation D.23 Let (X,Y) be a mean zero Gaussian random vector taking
values in R* x R,

CX =K [XXtr] 5 Cy =K [Yytr] 5 CX,Y =K [XY“] s and CY,X =E [YXtr]

so that Cx, Cy, Cxy, and Cy,x are k x k, I x 1, k x 1, and | x k matrices
respectively. [Note that C¥ y = Cy x while C§ = Cx and Oy = Cy ]

Definition D.24 (Pseudo-Inverses). If C is a symmetric k x k matriz on
R*, let C~1 be the k x k matriz uniquely determined by; C~'v = 0 if v € Nul (C)
while if v € Nul (C)J‘ = Ran (C) we let C~1v = w where w is the unique element
of Ran (C) such that Cw = v. [If C is invertible, then the pseudo inverse is the
same as the inverse matriz.|

Lemma D.25. If X is a mean zero R¥ — valued Gaussian random vector, then
X € Ran (Cx) a.s.

Proof. If A € Ran (Cx)" = Nul (C%) = Nul (Cx) , then
ENX?=CxA-A=0 = XA-X =0as. .

Letting A run through a basis for Ran (Cx )™, it then follows that X € Ran (Cx)
a.s. [

Lemma D.26. If (X,Y) is a mean zero Gaussian random vector taking values
in RE x RE, then Z ==Y — C’y’XC;(lX is independent of X, i.e.

Y =CyxCx'X+2 (D.23)
where Z is a mean zero Gaussian random vector independent of X such that
Cy;=Cy — Cy7xcglcx7y. (D.24)

Proof. We look for a | x k matrix, A, so that Z :=Y — AX is independent
of X. Since (X,Y) is Gaussian it suffices to find A so that

0=E[ZX"]=E[(Y - AX) X"] = Cy,x — ACx,

i.e. we require AC'x = Cy,x. This suggests that we let A = Cy’XC;(l but we
must check this works even when C'x is not invertible. In this case

ACx = CyxCx'Cx = Cy xPx

where Py is orthogonal projection onto Ran (Cx) . The claim is that Cy, x Px =
Cy,x. The point is that if A € Nul (Cx), then
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CyxA=E[YX"A\] =E[(\- X)Y] =E[0] =0,

wherein we have used Lemma to conclude A - X = 0 a.s. Consequently,
Cy,x vanishes on Ran (C X)L and hence Cy x Px = Cy x.

So we have shown Z = Y — Cy)XC;(lX is independent of X. We now
compute the covariance (Cz) of Z;

Cz =E[22"] =E|Z[Y - Cy.xCx'X]"]
=E[ZY"] =E[[Y — CyxCx'X] V"]
=Cy — Oy xCx'Cxy,

wherein the third equality we made use of the fact that Z and X were indepen-
dent of (X, Z) is still jointly Gaussian. ]

Theorem D.27 (Gaussian Conditioning). Suppose that (X,Y) is a Gaus-
sian vector taking values in R¥ x R!. Then

Elf (V) [X] =G (X) (D.25)

where
G(z) =E[f (CyxCx'z+ Z)] (D.26)

and Z is a R — mean zero Gaussian random vector with covariance matriz
(Cz) as in Eq. . As a special case, taking f (y) =y above shows

E[Y|X] = CyxCx'X.

Proof. This follows directly from Proposition ?? and the decomposition in
Lemma [D.26 ]

Corollary D.28. If (X,Y) is a Gaussian random vector taking values in R* x
R! with px = EX and py = EY, then

Y = py + Cy xCOx* (X —pux)+ 2
where now,
Cyx =E|(Y = py) (X — ux)"| = EY X" — (EY) (EX)"

with stimilar definitions for Cxy, Cx, and Cy and Z is a mean zero Gaussian
R! — random vector independent of X with covariance matriz,

Cz =0y — CyxCx'Cxy. (D.27)

Moreover
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E[f (Y)|X] = G (X) where G (z) :=E [f (cy,xc;(lx + Z)} . (D.28)
where Z is a R! - valued Gaussian random vector independent such that

Z:Z+MY_CY,XC):‘1MX iN(/,Ly—CxxC;H},x,Cz). (DQQ)
Proof. Applying Lemma to (X — ux,Y — uy) shows,
Y —py =CyxCx' (X —px)+ 2 (D.30)

where the matrices Cy,x and Cx are now the covariances as described in the
statement. The R! — valued random vector, Z, is still a mean zero Gaussian
vector with covariance given by Eq. as described. We may rewrite Eq.
in the form Y = Cy’XC;(lX + Z where Z is given as in Eq. . The
formula for E[f (Y)|X] given in Eq. follows from this decomposition
along with Proposition 77. [

D.4 Independent Random Variables

Definition D.29. We say a collection of discrete random variables, {X;}
are independent if

jeJ
]P)(le =T1,... ’Xjn = (En) =P (le = 251) P (Xjn = Z'n) (D?)l)
for all possible choices of {j1,...,jn} C J and all possible values xy, of X, .

Proposition D.30. A sequence of discrete random variables, {X;} 15 in-

dependent iff

Elf(X5) - o (X5 )] = Elfr (X5)] - B[ fn (X5,)] (D.32)

jeJ?

for all choices of {j1,...,jn} C J and all choice of bounded (or non-negative)
functions, f1,..., fn. Here n is arbitrary.

Proof. (=) If {X;},;, are independent then

Elf (Xj- X )= > f@..on)P(X;, =a1,..., X, =)

IR 203

S flwn)P(XG, =21) - P(XG, =)
T1y.e3Tn

Therefore,
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E(f1 (X)) fo G = D fil@n).. (o) P(X;, =21) - P(X;, = 2,)

L1y Tm

- (Zfl (1) P(X;, = wl)) <Zf(wn)P<Xjn - xn)>

=E[fi (X;)]..-E[fn(X;,)]-

(<=) Now suppose that Eq. (D.32)) holds. If f; := d,, for all j, then

Elfi (X50) o fo (X)) = E0g, (Xj) o 00, (X )] =P (X, = 21,000, X, = 20)

while
E [fi (Xj,)] = E [0z, (X;,)] =P (X}, = 2) -

Therefore it follows from Eq. |D that Eq. || holds, i.e. {X; }jeJ is an
]

independent collection of random variables.
Using this as motivation we make the following definition.

Definition D.31. A collection of arbitrary random variables, {X; }jeJ , are in-
dependent iff

Elfy (X5) - fu (X5 = E L1 (X5)] - Efa (X5,)]
for all choices of {ji1,...,jn} C J and all choice of bounded (or non-negative)

functions, f1,..., fn.

Fact D.32 To check independence of a collection of real valued random vari-

ables, {X;},c ;. it suffices to show

P(X;, <ti,....X;, <t,) =P(X;, <t1)...P(X;, <t,)

for all possible choices of {j1,...,4n} C J and all possible t;, € R. Moreover,
one can replace < by < or reverse these inequalities in the the above expression.

Theorem D.33 (Groupings of independent RVs). If {X;}._;, are inde-
pendent random variables and Jy, J1 are finite disjoint subsets in J, then

E[fo ((X5}en) - h (1X5hen )] =B [o ((5}e0 )] B [1 (1G}e0,)] -

(D.33)

This holds more generally for any {Ji},_, C J with JpNJ; = 0 and # (Ji) < oc.

In words; disjoint groupings of independent random variables are still in-
dependent random vectors.

Proof. Discrete case example. Suppose {Xi,..., X5} are independent
discrete random variables. Then
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P (X1 =s1,X2=52,X3 =53, X4 = 54,X5 = 55)
=P(X;=51)P(Xo=92)P (X3 =53)P(Xy=s54)P (X5 = s5)
=P (X; =s1,Xo = 89) P (X3 = 53, X4y = 84, X5 = 85)
=: p1,2 (51,52) * p3,4,5 (53, 54, 55)
and therefore,

E[f (X1, X2) g (X3, X4, X5)]
= > f(s1,52)g(s3,54,85) P(X1 =s1,..., X5 = s5)

s=(s1,..-,55)
= Z f(s1,82) g (83,84,85) - p1,2 (51, 2) * p3.a5 (83, 54, 55)
s=(51,.--,55)

Y. flsis)pralssa)- > g(ss,54,85) paas (53,54, 55)
s=(s1,52) s=(53,54,55)

:E[f(Xl,XQ)] E[g (X3,X4,X5 ]

General Case. Equation is easy to verify when fy and f; are them-
selves product functions. The general result is then deduced from this obser-
vation along with measure theoretic arguments which go under the name of
Dynkin’s multiplicative systems theorem. [

Proposition D.34 (Disintegration 1.). Suppose that X is an R¥ - valued
random variable, Y is an R! — valued random variable independent of X, and
f:RF xRl — R, then (assuming X and Y have continuous distributions
px () and py (y) respectively),

E[f(X,Y)] = / E[f (2, ¥)] px (z) d and

Rk

E[f (X,V)] = / E[f (X, )] py (v) dy.

R
Proof. It is a fact that independence implies that the joint probability
distribution, p(x,yy (z,y), for (X,Y) must be given by

pxy) (T,y) = px (%) py (y) -

Therefore,

BV = [ f @) px (@) py () dedy
=/ {/ dyf (z,y) py ()| px (@) dx
R¥ R!
:/ E[f (z,Y)] px () dx.
Rk
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One of the key theorems involving independent random variables is the
strong law of large numbers. The other is the central limit theorem.

Theorem D.35 (Kolmogorov’s Strong Law of Large Numbers). Sup-
pose that {Xn}ff:l are i.1.d. random variables and let S,, == X1 +--- + X,,.
Then there exists u € R such that %Sn — p a.s. iff Xy, is integrable and in
which case EX,, =

Remark D.36. 1f E|X1| = oo but EX| < oo, then 15, — 0o a.s. To prove this,
for M > 0 let

M Xnif X, <M
-— 1 _ n n =
X, '_mm(X"’M)_{Mian>M

and SM Sy XM 1t follows from Theorem[D.35that L SM — M .= EXM
Slnce S, > SM we may conclude that

.ol S o
liminf =% > liminf —SM = M a.s.
n—oo n n—oo M

Since uM — oo as M — o0, it follows that liminf,,_, 37" = 00 a.s. and hence

that lim,, oo % = 00 a.s.

Here is a crude special case of Theorem which however does come with
a rate estimate. We will do considerably better later in Corollary ?7.

Proposition D.37. Let k € N with k > 2 and {X,,},~ be i.i.d. random vari-

ables with EX,, = 0 and EX2¥ < co. Then for every p > + 21k7

. n
lim — =0 a.s.
n—oo NP

In other words for any € > 0 small we have

S, Sp 1 1 1
w0 () o (amm)
n nPn n nz( k=)

Proof. We start with the identity,

1,177 1
E [Sn} = =% > EX .. X,
Jis-gar=1
Using E [ X, ... X},,] = 0 if there is any one index, j;, distinct from the others,
we conclude that the above sum can contain at most Cn* non-zero terms for
some C), < oo and all of these terms are bounded by a constant C' depending
on EX2*. For example if k = 2 we have E [X;, X;, X, X;,] = 0 unless j; = jo =
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js = ja (of which there are n such terms) or j; = js and j3 = j4 (or similar
with permuted indices) of which there are 3n? — terms.
From the previous observations it follows that

1,17 ot 1

Therefore if 0 < a < 1, then

(S [ras] >

feis]

1 OL
7 chk(l Za)

n=1

IA

"~
provided k(1 —2a) > 1,1e. 1 —2a > %7 ie. < 3 (1—1). For such an a we
have

[e%s} 1 2k 1
Z [no‘Sn] <ooa.s = lim Sn =0 a.s..
n

n—oo pl—o
n=1

Tracing through the inequalities shows p:=1—a > 1 — % (1 - %) = % + i is
the required restriction on p. ]

Often times for practical importance, the following weak law of large num-
bers is in fact more useful. For the proof we will need the following simple but
very useful inequality.

Lemma D.38 (Chebyshev’s Inequality). If X is a random variable, § > 0,
and p > 0, then

XP
E[1)x)>5] <E P | 1X|>5] < SPE|X]P. (D.34)

P({IX| 2 6}) = >

Proof. Taking expectations of the following pointwise inequalities,
X -
Lixjzs < 5~ Lxp2s < SPIXT,

immediately gives Eq. (D.34)). ]

Theorem D.39. Let {X,,} —,
dom variables, then

be uncorrelated random square integrable ran-

n

1 R
P ( - > (X —EXpn)| > 5) <% > Var (X
m=1 m=1
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If we further assume that EX,, = p and Var (X,,) = 02 are independent of m,

then
1 & 0?1
Pl=Y X, — <5

Proof. By Chebyshev’s inequality and the assumption that Cov (X,,, Xj) =
Omik Var (X,,,) , we find
S 5)
n

1
EZ m—EX,,

m=1

n

LS (X - EX,)

(|

m=1

_531@

27 O [(X —EX) (X~ EX,)

m.k=1

1
= 55,2 Z Cov (X, Xi) = 52 5 E Var (X,
m.k=1
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