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5. MEASURES AND INTEGRATION

Definition 5.1. A set X equipped with a o — algebra M is called a measurable
space.

Definition 5.2. A measure u on a measurable space (X, M) is a function p : M —
[0, 00] such that

1. u(9) =0 and
2. (Finite Additivity) If {A;};, C M are pairwise disjoint, i.e. A4; N A; =0
when i # j, then

p(lJA) =" (A
i=1 i=1
3. (Continuity) If 4,, € M and A,, T A, then p(A,) T n(A).

Remark 5.3. Properties 2) and 3) in Definition 5.2 are equivalent to the following
condition. If {4;};°, C M are pairwise disjoint then

(5.1) M(U 4) = ZM(A

To prove this suppose that Properties 2) and 3) in Definition 5.2 and {4;};~, C M
are pairwise disjoint. Let By, := |J A; T B := |J A, so that

i=1 =1

3 ' 9 . n oo
w(B) 2 lim p(B,) 2 tim Y p(A) =3 u(4)
=1 =1

Conversely, if Eq. (5.1) holds we may take A; = () for all j > n to see that Property
2) of Definition 5.2 holds. Also if A, T A, let B,, := A,,\ A,,_1. Then {B,} ., are
pairwise disjoint, A, = U}_; B; and A = U532, B;. So if Eq. (5.1) holds we have

n(A) = Uj= 1B Zﬂ

:nli_{r;oZp(B = lim w(Uj_, Bj) 7,“11_,120”(‘4”)'

n— 00

Proposition 5.4 (Basic properties of measures). Suppose that (X, M, u) is a mea-
sure space and E,F € M and {Ej};i1 C M, then :

1. If E C F then pu(E) < p(F).

2 W(UE,) < S nlE,)
3. If W(Er) < oo and E; | E, i.e. By D Ey D E3 D ... and E = N;E;, then

n(Ej) | w(E) as j — oo.
Proof.
1. Since F=EU (F\ E),
w(F) = p(E) + p(F\ E) = u(E).
2. Let E; = E; \ (E1 U---UE; ) so that the E; ’s are pair-wise disjoint and
E= UE Since E C Ej; it follows from Remark 5.3 and part (1), that

=SBy < Yut
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)

F1GURE 12. Completing a o — algebra.

3. Define D; = E; \ E; then D; 1 Ey \ E which implies that
p(Er) — p(E) = lim p(D;) = p(Ex) — lim p(E;)
which shows that lim; .o u(F;) = p(E).
[
Definition 5.5. A set E C X is a null set if E € M and pu(E) =0. If P is some

“property” which is either true or false for each x € X, we will use the terminology
P a.e. (to be read P almost everywhere) to mean

E:={z € X : P is false for z}

is a null set. For example if f and g are two measurable functions on (X, M, u),
f =g a.e. means that u(f # g) = 0.

Definition 5.6. A measure space (X, M, ) is complete if every subset of a null
set is in M, i.e. for all F' C X such that F' C E € M with u(E) = 0 implies that
FeM.

Proposition 5.7. Let (X, M, u) be a measure space. Set N = {N C X :there
exists F € M such that N C F and u(F) = 0}.
M={AUN:Ac M,N € M},

see Fig. 12. Then M is a o-algebra. Define i(AUN) = u(A), then fi is the unique
measure on M which extends p.

Proof. Clearly X, € M. Let A € M and N € N and choose F € M such

that N C F and p(F) =0. Since N®= (F\ N) U F*,
(AUN)=A°NN°=AN(F\NUF°) =[A°N(F\N)]U[A°N F°]

where [A°N(F\N)] € N and [A°“NF¢] € M. Thus M is closed under complements.

If A; € M and N; C F; € M such that u(F;) = 0 then U(A; U N;) = (UA;) U
(L_JNz) € M since UA; € M and UN; C UF; and p(UF;) < > p(F;) = 0. Therefore,
M is a o-algebra.

Suppose AUN; = BUN; with A, B € M and Ny, Ny, € N. Then A C AUN; C
AU N, UF, = BU F, which shows that

1(A) < w(B) + p(F2) = n(B).
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Similarly, we show that p(B) < p(A) so that u(A) = p(B) and hence f(AUN) :=
1(A) is well defined. Tt is left as an exercise to show [ is a measure, i.e. that it is
countable additive. m

Many theorems in the sequel will require some control on the size of a measure
. The relevant notion for our purposes (and most purposes) is that of a o — finite
measure defined next.

Definition 5.8. Suppose X is a set, EC M C P(X) and p : M — [0,00] is
a function. The function p is o — finite on £ if there exists E, € £ such that
w(Ey) < oo and X = Up—1 E,. If M is a 0 — algebra and u is a measure on M
which is o — finite on M we will say (X, M, ) is a o-finite measure space.

The reader should check that if p is a finitely additive measure on an algebra,
M, then p is o — finite on M iff there exists X,, € M such that X,, T X and
w(X,) < oo.

5.1. Example of Measures. Most o — algebras and ¢ -additive measures are
somewhat difficult to describe and define. However, one special case is fairly easy
to understand. Namely suppose that F C P(X) is a countable or finite partition of
X and M C P(X) is the o — algebra which consists of the collection of set A C X
such that

(5.2) A= U a.
acF3aCA

It is easily seen that M is a ¢ — algebra.
Any measure p : M — [0,00] is determined uniquely by its values on F. Con-
versely, if we are given any function X : F — [0, 0co] we may define, for A € M,

pA= Y Ma)= Y A@)laca

acFd5aCA acF

where 1,4 is one if @ C A and zero otherwise. We may check that p is a measure
on M. Indeed, if A =[[;2, A; and o € F, then e C A iff @ C A; for one and hence
exactly one A;. Therefore,

0o
1aCA - § 1aCA,-,
i=1

and hence

pA) = 37 A@)laca = M@ Y- Laca,

acF acF
=33 Mo laca, = (AN
1=1 a€F =1

as desired. Thus we have shown that there is a one to one correspondence between
measures p on M and functions A : F — [0, o0].

We will leave the issue of constructing measures until Sections 9 and 10. However,
let us point out that interesting measures do exist. The following theorem may be
found in Theorem 9.24 or Theorem 9.37 in Section 9.



72 BRUCE K. DRIVERT

Theorem 5.9. To every right continuous non-decreasing function F' : R — R there
exists a unique measure pp on Bgr such that

(5.3) ur((a,b])) =F(b) —Fla) V —oco<a<b< oo
Moreover, if A € Br then

(5.4) pr(A) = inf {Z(F(bi) — F(a;)): A C U2, (ay, bi]}

(5.5) = inf {Z(F(bi) — F(a;)): AC H(ai, bi]} .

In fact the map F — pp is a one to one correspondence between right continuous
functions F with F(0) = 0 on one hand and measures j1 on Bg such that p(J) < oo
on any bounded set J € Bg on the other.

Example 5.10. The most important special case of Theorem 5.9 is when F(z) =
x, in which case we write m for pp. The measure m is called Lebesgue measure.

Theorem 5.11. Lebesgue measure m is invariant under translations, i.e. for A €
Br and x € R,

(5.6) m(z + B) = m(B).

Moreover, m is the unique measure on Bg such that m((0,1]) = 1 and Eq. (5.6)
holds for A € Br and x € R. Moreover, m has the scaling property

(5.7) m(AB) = |\|m(B)
where A € R, B € Bg and AB :={\x: z € B}.

Proof. Let m,(B) := m(x+ B), then one easily shows that m,, is a measure on
Bg such that my((a,b]) = b— a for all a < b. Therefore, m, = m by the uniqueness
assertion in Theorem 5.9.

For the converse, suppose that m is translation invariant and m((0,1]) = 1.
Given n € N, we have

k-1 k k—1 1
0.1 = U ) = Ui (S 1 071),

Therefore,
i k—1 1
1=m(0,1) = m + (0, =]
Som (S 0.3)
=Y m((0. 7)) =n-m((0. )
k=1
That is to say
(0, 2)) = 1/n.

Similarly, m((0, £]) = I/n for all [, n € N and therefore by the translation invariance

of m,

m((a,b]) =b—a for all a,b € Q with a <.
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Finally for a,b € R such that a < b, choose a,, b, € Q such that b,, | b and a,, T a,
then (an,by] | (a,b] and thus

m((a,b]) = nh—)H;o m((an,by]) = lim (b, —a,) =b—a,

n—oo
i.e. m is Lebesgue measure.
To prove Eq. (5.7) we may assume that A # 0 since this case is trivial to prove.
Now let my(B) :=|A| ' m(AB). It is easily checked that m, is again a measure on
Br which satisfies

ma((a,0]) = X m (Aa, \b]) = A™H(Ab— Xa) = b —a
if A >0 and
ma((a,b]) = |\ 7 m ((Ab, Aa)) = — A7 (Ab— Xa) =b—a

if A< 0. Hence my =m. m

We are now going to develope integration theory relative to a measure. The
integral defined in the case the measure is Lebesgue measure m will be an extension
of the standard Riemann integral on R.

5.2. Integrals of Simple functions. Let (X, M, u) be a fixed measure space in
this section.

Definition 5.12. A function ¢ : X — F is a simple function if ¢ is M — By
measurable and ¢(X) is a finite set. Any such simple functions can be written as

(58) ¢ = Z)\ilAi with A; € M and \; € F.

i=1
Indeed, let A1, Az, ..., A, be an enumeration of the range of ¢ and A; = ¢~ ({\;}).
Also note that Eq. (5.8) may be written more intrinsically as

= ylop-1((uy-
y€F

The next theorem shows that simple functions are “pointwise dense” in the space
of measurable functions.

Theorem 5.13 (Approximation Theorem). Let f: X — [0, 0] be measurable and
define
227 —1

k mn
Dnl@) = D 5l ki) () + 27T om0 (@)
k=0

221 i

Z 271{%<f§%}($) + 2nl{f>2n}(.7,‘)

k=0

then ¢n, < f for all n, ¢p(x) T f(z) for all x € X and ¢y, T f uniformly on the sets
Xy i={z € X: f(z) < M} with M < co. Moreover, if f : X — C is a measurable
function, then there exists simple functions ¢, such that lim, . ¢n(x) = f(x) for
all z and |pn| 1 1f| as n — oc.

Proof. It is clear by construction that ¢,(z) < f(z) for all z and that 0 <
f(x) — pn(x) < 27" if x € Xon. From this it follows that ¢, (z) T f(z) forall z € X
and ¢, | f uniformly on bounded sets.
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Also notice that

k k+1 2k 2k +2 2k 2k +1 2k +1 2k+2
<2_n’ on ] - (2n+1’ on+1 ] - (2n+1’ on+1 ] ( on+l 7 9n+l ]
and for z € f~ ( 2,,+1, %kﬂ]) On(z) = Ppra(z) = 22_& and for z €
! ((%k+1 2kt 1), dn(z) = 23&1 < %kill = ¢p41(2). Similarly since

(2", 00] = (27, 2”+1} U (2"+1, o0,

for x € f1((2", q]) ¢ (x) = 2" < 2+ = ¢, 1(x) and for x € f1((2m,27FL)),
Pnt1(x) > 2" = Py (). Therefore ¢, < P41 for all n and we have completed the
proof of the first assertion.

For the second assertion, first assume that f : X — R is a measurable function
and choose ¢ to be simple functions such that ¢ T fi as n — oo and define

tn = ¢ — ¢, . Then
|¢n| = (Zsjz_ + ¢n+1 + ¢n+1 ‘¢Tb+1‘
and clearly | = ¢ + 6, 1 f1 + f- = |f] and éy = ¢ — 6 — f1 — f = f as

n — 00.

Now suppose that f : X — C is measurable. We may now choose simple
function w,, and v, such that |u,| T |Re f|, |vn| T [Im f|, v, — Re f and v, — Im f
as n — oo. Let ¢,, = u,, + v, then

|n|” = 12 + 02 7 [Re f° + |Im f|* = | f|?

and ¢, =u, +iv, > Ref+ilmf=fasn—o00 m
We are now ready to define the Lebesgue integral. We will start by integrating
simple functions and then proceed to general measurable functions.

Definition 5.14. Let F = C or [0,00) and suppose that ¢ : X — F is a simple
function. If F = C assume further that p(¢ *({y})) < oo for all y # 0 in C. For

such functions ¢ we define I,,(¢) by
=Y yule™ ({y})-

y€EF

Proposition 5.15. The integral I,, has the following properties.
1. Suppose that A € F and ¢ is a simple function, then

(5.9) L,0V) = M, (9).
2. Suppose that ¢ and 1 are two simple functions, then
IM(¢ + 1/’) = Iu(w) + Iu(¢)-
3. If ¢ and ¥ are non-negative simple functions such that ¢ < 1 then
Tu(9) < 1u(¥).

Proof. Let us Write {¢p =y} for the set ¢ *({y}) C X and p(¢p = y) for
p({o =y}) = u(@=" ({y})) so that

¢) = yu(p =

yeC
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We will also write {¢ = a,v = b} for ¢~ *({a}) N~ 1({b}). This notation is more
intuitive for the purposes of this proof. Suppose that A € F then

L) =Yy uAd=y) =D y uld=y/N

S yelF
= Az p(p = 2) = Myu(9)
z€elF

provided that X # 0. The case A = 0 is clear, so we have proved 1.
Suppose that ¢ and ¢ are two simple functions, then

L(p+9) =Y zpld+¢=2)

z€F

=Yz i (Uuer {¢ = w, ¢ =z~ w})
z€F

:ZzZu(qS:w, Y =z—w)
ze€F weF

= 3 et wulo=w, = 2)
z,weF

=D zp=2)+> wp(d=mw)
z€F welF

:Iu(¢)+fu(¢)-

which proves 2.
For 3. if ¢ and ¢ are non-negative simple functions such that ¢ < 1

I(¢) = ap(¢p=a) = > au(¢ =a,4 =)

a>0 a,b>0
<D bul¢=a,p=b) =Y bu(y =1b) = L,(¥),
a,b>0 b>0

where in the third inequality we have used {¢p =a,p =b} =0 ifa>b. m

5.3. Integrals of positive functions.

Definition 5.16. Let LT = {f : X — [0,00] : f is measurable}. Define

/ fdp =sup{I,(¢): ¢ is simple and ¢ < f}.
X

Because of item 3. of Proposition 5.15, if ¢ is a non-negative simple function,
Jx #dp = 1,,(¢) so that [ is an extension of I,,. We say the f € L™ is integrable

if
/ fdp < oo.
b'e

Remark 5.17. Notice that we still have the monotonicity property: 0 < f < g then
/ fdp =sup{I,(¢) : ¢ is simple and ¢ < f}
X

<sup {I,(¢) : ¢ is simple and ¢ < g} < / qg.
X
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Acfdu:c/de,u.

Also notice that if f is integrable, then p ({f = co}) = 0.

Similarly if ¢ > 0,

Lemma 5.18. Let X be a set and p : X — [0,00] be a function, let p =
Y wex P(E)0z on M =P(X), i.e.

pA) =" pla).

€A

If f: X —[0,00] is a function (which is necessarily measurable), then

/X fan =3 o

Proof. Suppose that ¢ : X — [0,00] is a simple function, then ¢ =
2 zefo,00) “lo-1((zy) and

pp= p@) Y 2lprap(@)
X

zeX z€[0,00]

= > 2> p@) sy (@)

z€[0,00] zEX

= 30 s () = [ dd

z€[0,00]

So on simple function ¢ : X — [0, o0,

> pp= / pdp.
< X
Suppose that ¢ : X — [0,00) is a simple function such that ¢ < f, then
/ ¢pdu=> pp <> pf.
X X X
Taking the sup over ¢ in this last equation then shows that
/ fdu <> pf.
X X
For the reverse inequality, let A CC X be a finite set and N € (0,00). Set
fY(z) = min{N, f(z)} and let ¢y be the simple function given by ¢y (x) :=
17 (z) fY (z). Because ¢y a(z) < f(z),

N _ —
;Pf ;Pd)N,AAd)N,Adug/deu,

Since fN T f as N — oo, we may let N — oo in this last equation to concluded

that
;pf < /X fep
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and since A is arbitrary we learn that

;MSAWM

Theorem 5.19 (Monotone Convergence Theorem). Suppose f, € LT is a se-
quence of functions such that f, T f (necessarily in Lt) then

[t [rasn—o

Proof. Since f, < f,, < f, for all n < m < oo,

[tz [ra<[s

from which if follows [ f,, is increasing in n and

(5.10) lim ns/ﬁ

n—oo

For the opposite inequality, let ¢ be a simple function such that 0 < ¢ < f and
let @ € (0,1). By Proposition 5.15,

(5.11) /fn>/1E,Lfn>/Ena¢—a En(b-

Write ¢ = > A\;1p, with A; > 0 and B; € M, then
lim ¢ = lim i / 1, ANip(E, N B;) = Ay lim p(E, N B;
Jdm fop=Em 3 [ 1s =3 AauB.NB)=3 X lim u(EuNEB)

— 3" Au(B / .
Using this we may let n — oo in Eq. (5.11) to conclude

lim [ f, >« lim (/)—a/(/)

n—00 n—0Q

Because this equation holds for all simple functions 0 < ¢ < f, form the definition
of [ f we have lim [ f, > « [ f. Since a € (0,1) is arbitrary, lim [f, > [f
which combined with Eq. (5.10) proves the theorem. m

The following simple lemma will be use often in the sequel.

Lemma 5.20 (Chevbyshev’s Inequality). Suppose that f > 0 is a measurable
function, then for any e > 0,

(5.12) W(f>e) / fdp.

In particular if [ fdp < oo then pu(f = oo) =0 (i.e. f < oo a.e.) and the set
{f >0} is o — finite.

Proof. Since 135y < lyp>gif <1f,

1 1
p02 = [ Agsadi< [(gsarsans [ fin
b'e X € €Jx
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If M := [, fdu < oo, then

pf = 00) < p(f > m) € 5 = Oas m - o0
n
and {f > 1/n} 1 {f >0} with pu(f > 1/n) <nM < oo for alln. =
Corollary 5.21. If f,, € LT is a sequence of functions then

In particular, if 3, [ fn < 00 then Y, fn < 00 a.e.
Proof. First off we show that

Jtriem=[n+[r

by choosing non-negative simple function ¢,, and 1, such that ¢,, T f1 and ¥, T fa.
Then (¢pp, + 1y, is simple as well and (¢, + 1) T (f1 + f2) so that by the monotone
convergence theorem,

[ = tim [ = tim (o5 [0)
= Jim [+ tim [o, = 1+ [ e

Now to the general case. Let gy = Z fnand g = Z fn, then gy T g and so again

by monotone convergence theorem and the add1t1v1ty just proved,

;/fn.— lim Z/fnf lim /an
_]\;Enm/gN_/g_;/f'n'

Remark 5.22. It is in the proof of this corollary (i.e. the linearity of the integral)
that we really make use of the assumption that all of our functions are measurable.
In fact the definition [ fdu makes sense for all functions f : X — [0, 00] not just
measurable functions. Moreover the monotone convergence theorem holds in this
generality with no change in the proof. However, in the proof of Corollary 5.21, we
use the approximation Theorem 5.13 which relies heavily on the measurability of
the functions to be approximated.

The following Lemma and the next Corollary are simple applications of this
Corollary.

Lemma 5.23 (First Borell-Carnteli- Lemma.). Let (X, M, u) be a measure space,
A, € M, and set

{A,, t.o.} ={z € X : z € A, for infinitely many n’s} = ﬂ U A,

N=1n>N
IfF S0 w(Ap) < oo then p({A, i.o.}) =0.
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Proof. (First Proof.) Let us first observe that

{4, 10.} = {xeX:ilAn(x) —oo}.

Hence if > | 1i(Ay) < co then

OO>§“(A")_i/

n=17X

La, dp :/ > la,dp
X n=1

implies that Y~ 14, (z) < oo for p - a.e. z. That is to say u({4, i.0.}) =0.
=1

=
(Second Proof.) Of course we may give a strictly measure theoretic proof of this
fact:

w(A, i0.) = J\}Enoou U Ay
n>N

< lim Zu(An)

~ N—oo
n>N

and the last limit is zero since > - | pu(A,) < co. m

Corollary 5.24. Suppose that (X, M, i) be a measure space and {A,},., C M
is a collection of sets such that p(A; N A;) =0 for all i # j, then

o0

1 (Unii4n) = ZN(AH)'
n=1
Proof. Since

p(Uniidy) = / Ly 4, dp and
X

> A = [ 3 ta,du
n=1 X n=1
it suffices to show
(5.13) Z 1a, =1y 4, p— ae
n=1

Now > 1 14, > 1uee 4, and 37 14, (x) # 1o 4, (x) iff 2 € A;NA; for some
i # j, that is

{x DY 1, (@) # i, a, (x)} =UicjAi N A;
n=1

and the later set has measure 0 being the countable union of sets of measure zero.
This proves Eq. (5.13) and hence the corollary. m

Example 5.25. Suppose —oc0 < a < b < oo, f € C([a,b],[0,00)) and m be
k k k

Lebesgue measure on R. Also let 7, = {a = a5 < af < --- < a; = b} be a
sequence of refining partitions such that mesh(wy) — 0 as k — oo. For each k, let

fr(@) = fla)lqy + Zmin {f(x) tay < < af_H} l(a;‘v (z)

]
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then fi T f as k — oo and so by the monotone convergence theorem,

b
/ fdm = fdm = hm/ fr dm
[@,b] k—oo

hm Zmln {f(z) Jiaf <z < aﬁ_l} m ((a;c,aﬁ_l])

/ fa
The latter integral being the Riemann integral.

We can use the above result to integrate some non-Riemann integrable functions:

Example 5.26. For all A\ > 0, [“e *dm(z) = A7! and [, s7zdm(z) = .
The proof of these equations are similar. By the monotone convergence theorem,
Example 5.25 and the fundamental theorem of calculus for Riemann integrals,

oo N N
/ e~ Mdm(r) = lim e~ dm(x) = lim e~ Mdx
0

N—oo 0 N—oo 0
= Jim et =27
and
/1d() li Nld() i [ L4
—am(xr) = 111m —am(xr) = 111m —=axr
1+$2 N—oo [_ 1+$2 N—o0 7N1+$2

0,1] xP n—oo [q P
1 _ 1
. P+l
= lim —dac = lim
n—oo 1 :1;’ n— 00 1 — 1/n

[ 5 if p<i
oo if p>1

If p=1 we find

1 "1
/ — dm(z) = lim —dz = lim In(z )H/n = o0.
(0 1] xP n—oo 71L X n—oo

Example 5.27. Let {r,}32; be an enumeration of the points in Q N [0,1] and
define

1

Ve =y

=5ifx=r,

and

oo

X
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Then

1
dx§4/ f(z)dr <4
0

1
1
/0 Ve —ry
and hence
fz)dm(z) <4 < o0
[0,1]

which shows that m(f = c0) = 0, i.e. that f < co for almost every = € [0,1] and
this implies that

- 1
27" ——— < oo for ae. z.
7; Ve —mral
Proposition 5.28. Suppose that f > 0 is a measurable function. Then fX fdu=20
iff f =0 ae Alsoif f,g > 0 are measurable functions such that f < g a.e. then
[ fdp < [ gdp. In particular if f = g a.e. then [ fdu = [ gdpu.
Proof. If f =0 a.e. and ¢ < f is a simple function then ¢ = 0 a.e. This implies

that p (¢! ({y})) = 0 for all y > 0 and hence [ ¢dp = 0 and therefore [, fdu = 0.
Conversely, if [ fdu = 0, then by Chevbyshev’s Inequality (Lemma 5.20),

w(f >1/n) Sn/fd,uzOfor all n.

Therefore, pu(f >0) <> 02 u(f >1/n) =0,ie f=0ae.

For the second assertion let E be the exceptional set where g > f,i.e. E:= {x €
X : g(x) > f(x)}. By assumption E is a null set and 1g.f < 1geg everywhere.
Because g = 1pcg+ 1gg and 1gg =0 a.e.,

/gdu:/1Ecgdu+/1Egdu:/1Ecgdu

and similarly [ fdu = [1ge fdu. Since 1gc f < 1geg everywhere,
/fd,u:/lchdu§/1Ecgdu:/gdu.

Corollary 5.29. Suppose that {f,} is a sequence of non-negative functions and f
18 a measurable function such that f, T f off a null set, then

[t [rasn—o

Proof. Let E C X be a null set such that f,1gc T flge as n — oo. Then by
the monotone convergence theorem and Proposition 5.28,

/fn:/fnlEcT/flEc:/fasn—mxx

Lemma 5.30 (Fatou’s Lemma). If f,, : X — [0,00] is a sequence of measurable
functions then

/liminf fn < liminf/fn
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Proof. Define g, = 1r>1fk fn so that g, T liminf,,_. o f,, as k — oo. Since g < f,

/gkﬁ/fnforalank:

/gk <lim inf /fn for all k.

We may now use the monotone convergence theorem to let k£ — oo to find

/lim inf f, = /klim Gk MeT klim /gk <lim inf /fn

for all £ < n we have

and therefore

5.4. Integrals of Complex Valued Functions.

Definition 5.31. A measurable function f : X — R is integrable if f, = >0y
and f_ = —f l;y<oy are integrable. We write L' for the space of integrable

functions. For f € L', let
[ tan= [ o= [ 1

Convention: If f,g : X — R are two measurable functions, let f + ¢ denote
the collection of measurable functions h : X — R such that h(z) = f(x) + g(x)
whenever f(x) + g(x) is well defined, i.e. is not of the form co — 0o or —oo + 0.
We use a similar convention for f — g. Notice that if f,g € L' and hy,hy € f + g,
then hy = hy a.e. because |f| < co and |g| < oo a.e.

Remark 5.32. Since

fe <|fI<fe+ 1=

a measurable function f is integrable iff [|f| du < co. If f,g € L! and f = g a.e.
then fy = g1 a.e. and so it follows from Proposition 5.28 that [ fdu = [ gdp. In
particular if f,g € L' we may define

A(f+g)du:/xhdu

where h is any element of f + g.

Proposition 5.33. The map
fert — / fdp eR
X

is linear and has the monotonicity property: [ fdu < [ gdu for all f,g € L' such
that f < g a.e.

Proof. Let f,g € L' and a,b € R. By modifying f and g on a null set, we may
assume that f, g are real valued functions. We have af + bg € L! because

laf +bg| < allf| + b]|g] € L*.
If a < 0, then
(af)+ = —af- and (af)- = —afy
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Jar==a[rsa[t=a[r~[r)=a[t

A similar calculation works for a > 0 and the case a = 0 is trivial so we have shown

that
/af:a/f.

Now set h = f + g. Since h = hy — h_,
hy —h_=fr—f-+9+—9g-

so that

or
hy+f-+g-=h+fi+9+.
Therefore,
Jris [+ fo=[n+[r+[o
and hence

fim oo o= 1o foum o= 1+ ]

Finally if f, — f- = f <g=gy —9g- then f, +¢g_ < gy + f— which implies that

/f++/g—§/9++/f—
or equivalently that
/f:/f+—/ff§/g+—/gf:/g-

The monotonicity property is a consequence of the linearity of the integral, the
fact that f < g a.e. implies 0 < g — f a.e. and Proposition 5.28. =

Definition 5.34. A measurable function f : X — C is integrable if fX |f] dp < o0,
again we write f € L'. One shows that [ |f| du < oo iff

e sldn+ [l < oo

/fd,u:/Refd,qui/Imfd,u.

It is routine to show the integral is still linear on the complex L' (prove!).

For f € L' define

Proposition 5.35. Suppose that f € L', then

'/X fdu' S/leldu-

Proof. Start by writing fX f dp = Re. Then

k[;fdu‘—-R-—e“{[;fdu-—‘[;e“fdu

= / Re (e7 f) dp.
X
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Let g := Re (e*w f) = g4+ — g— then combining the previous equation with the
following estimate proves the theorem.

/g:/g+—/gf§/g++/gf
X X X X X
:/g++gf:/ lgldp
X X

= [ Ree plan< [ Ifla
X X

Proposition 5.36. f,g € L', then
1. The set {f # 0} is o-finite, in fact {|f| > %} 1T{f #0} and p(|f| > %) < oo

for all n.
2. The following are equivalent

(2) [, f=[y9 foral E€ M
(b) )j{’lf—g\ZO

(¢) f=g ae
Proof. 1. By Chebyshev’s inequality, Lemma 5.20,

1
wlfl = —) < n/X | fldp < o0

for all n.
2. (a) = (c)Notice that

/Ef:/Eg@/Eu—g):o

for all E € M. Taking F = {Re(f —g) > 0} and using 1z Re(f —g) > 0, we learn
that

O:Re/(ffg)d,u: /lERe(ffg) = 1gRe(f —g) =0 ae.
E
This implies that 15 = 0 a.e. which happens iff

1 ({Re(f —g) > 0}) = u(E) = 0.

Similar p(Re(f —g) < 0) = 0 so that Re(f — ¢g) = 0 a.e. Similarly, Im(f —g) =0
a.e and hence f —g=0a.e.,i.e. f=g a.e.
(¢c) = (b) is clear and so is (b) = (a) since

'/Ef[Eg'</fg:0.

Definition 5.37. Let (X, M, p) be a measure space and L'(u) = L'(X, M, p)
denote the set of L' functions modulo the equivalence relation f ~ g iff f = g a.e.
We make this into a normed space using the norm

17 = gl :/Iffgldu

and into a metric space using p1(f,g) = ||f — 9|l -
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Remark 5.38. More generally we may define LP () = LP(X, M, ) for p € [1,0)
as the set of measurable functions f such that

Jurpan < o
X

modulo the equivalence relation f ~ g iff f = g a.e.

We will see in Section 7 that

1/p
1l = ( / f”du> for f € I7()

is a norm and (LP(u), ||-||;») is a Banach space in this norm.

Theorem 5.39 (Dominated Convergence Theorem). Suppose f, — f a.e. |fn| <

g€ L'. Then f € L' and
/ fdp = lim / frndp.
X h—o0 X

Proof. Notice that |f| = lim|f,| < g a.e. so that f € L'. By considering the
real and imaginary parts of f separately, it suffices to prove the theorem in the case
where f is real. By Fatou’s Lemma,

/ (9£ f)du :/ liminf (g + fp,) dp < liminf/ (9£ fn)du
X X X

:/ gdp + liminf (:I:/ fndu>.
X X

Since liminf(—a,) = — limsup a,,, we have shown,
liminf [ fndp
dp + dp < dp + . X
/Xgu /Xfu,/xgu { —limsup [y, fadps

limsup/ fnd,ug/ fdu < liminf/ frndpu.
X X X

This shows that lim [, f,du exists and is equal to [, fdu. m

and therefore

Corollary 5.40. Let {f,}.~, C L' be a sequence such that > oo | ||fnll < oo,
then > o7 | fn is convergent a.e. and

/. (2 fn) dy = 2 | s

Proof. The condition Y - | || full ;1 < 0o is equivalent to > | | f,| € L. Hence
>0 | fn is almost everywhere convergent and if Sy := ijzl fn, then

N o'}
n=1 n=1

So by the dominated convergence theorem,

[e%9) N o]
fn ] dp = / lim Sydp = lim / Sndp = lim / fadp = / fndp.
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Example 5.41. The following limit holds,
lim [ (1-2)"dm(z) = 1.
n— 00 0 n
Let fn(x) = (1 — %)™ 10, (z) and notice that lim, .o fn(z) = e™*. We will now
show
0< fo(z) <e®forall z>0.
It suffices to consider x € [0, n]. Let g(x) = * f,,(x), then for z € (0,n),
1 1 1
Y =1 — <
T R

which shows that In g(z) and hence g(z) is decreasing on [0, n]. Therefore g(z) <
g(0) =1, i.e.

d
Elng( z)=14+n——mr

0< fn(z) <e™™.

From Example 5.26, we know

/ e ®dm(z) =1 < o0,
0

so that e™* is an integrable function on [0, co). Hence by the dominated convergence

theorem to learn
n

im [ (1= Sydm(e) = tim [ f(@)dm(a)

n—oo 0 n n— 00 0

_ /0 T lim fo(2)dm(z) = /0 " e tdm(z) = 1.

Corollary 5.42 (Differentiation Under the Integral). Suppose that J C R is an
open interval and f : J x X — C is a function such that

1. x — f(t,x) is measurable for each t € J.

2. f(to,) € LY (n) for some tg € J.

3. %Jt:(t, x) exists for all (t,x).

4. There is a function g € L' such that )%J;(t, )) < g€ L' for each t € J.

Then f( ) € LYp) for allt € J (ie. [|f(t,x)]dp(z) < o0), t —
fX f(t,z)du(x) is a differentiable function on J and

& [ s = [ Fajduto)

Proof. (The proof is essentially the same as for sums.) By considering the real
and imaginary parts of f separately, we may assume that f is real. Also notice that

%(t,x) = ILm n(f(t+n_1,x) — f(t,x))

and therefore, for & — 2L(t,z) is a sequential limit of measurable functions and

ot
hence is measurable for all ¢t € J. By the mean value theorem,
(5.14) |f(t,x) — f(to,x)| < g(z) |t —to| forallt e J
and hence

[f (@t 2)| < [f(Ex) = f(to, 2)[ +[f(to, z)| < g(a) [t —to| + | (to, )]
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This shows f(t,-) € L'(u) for all t € J. Let G(t) := [y f(t,z)du(x), then
G(tiif(to) _ / f(tvxt:tf(to’x)du($).
0 0

By assumption,
o [t3) = f(t0,2) O
t—tg t—to ot
and by Eq. (5.14),

f(t.2) — f(t0.3) |
t—to -

(t,x) forall z € X

g(x) for all t € J and z € X.

Therefore, we may apply the dominated convergence theorem to conclude

lim G(tn) - G(tO) n_}()o/ f tmx tva) d,u(:z:) _ /X lim f(tn’x) - f(thx)d

tn — to

= /X E(to’ x)dp(z)

for all sequences t, € J \ {to} such that t, — to. Therefore, G(to) =
limy—y, GGt oyists and

Gto) = /X O (10, a)p(a).

oo tn — to n—oo t, —to

Example 5.43. Recall from Example 5.26,
A= / e Adm(z) for all A > 0.
[0,00)
Let € > 0, then for A > 2¢ > 0 and n € N there exists C),(¢) < oo such that

d\" _x -2 -
< _ x — n x < €Z.
0< < d)\> e 2" < Cle)e

Using this fact, Corollary 5.42 and induction gives

d\" d\"
n!)\f’nfl _ <_> )\71 :/ (_> efodm(aj) :/ ;p"ef)‘wdm(x).
dA 0,00) \ dA [0,00)

That is nl = A" [, ) z"e~*dm(z). Recall that
I(t) := / '~ te % dx for t > 0.
[0,00)
(The reader should check that I'(t) < oo for all ¢ > 0.) We have just shown that

I'(n+1)=n!for all n € N.

Remark 5.44. Corollary 5.42 may be generalized by allowing the hypothesis to hold
for z € X\ E where E € M is a fixed null set, i.e. E must be independent of t. Con-
sider what happens if we formally apply Corollary 5.42 to g(t fo 1,<¢dm(z),

) d [
g(t)za/o z<tdm / 8 m<tdm )

()
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The last integral is zero since %ngt = 0 unless ¢t = x in which case it is not
defined. On the other hand g(t) = ¢ so that §(t) = 1. (The reader should decide
which hypothesis of Corollary 5.42 has been violated in this example.)

5.5. Measurability on Complete Measure Spaces. In this subsection we will
discuss a couple of measurability results concerning completions of measure spaces.

Proposition 5.45. Suppose that (X, M, p) is a complete measure space® and f :
X — R is measurable.
1. If g : X — R is a function such that f(x) = g(x) for p — a.e. x, then g is
measurable.
2. If fnn : X — R are measurable and f : X — R is a function such that
lim, oo frn = f, 1 - a.e., then f is measurable as well.

Proof. 1. Let £ = {x : f(z) # g(x)} which is assumed to be in M and
#(E)=0. Then g =1 f + 1gg since f = g on E°. Now 1gef is measurable so g
will be measurable if we show 1gg is measurable. For this consider,

_ EcU(1gg)~t(A\{0}) if0eA
1 _ E
(5.15) (1eg) " (A) = { (1E9)_1(A) if0¢A

Since (1gg) 1(B) C Eif 0 ¢ B and u(E) = 0, it follow by completeness of M that
(1gg)~"(B) € M if 0 € B Therefore Eq. (5.15) shows that 1xg is measurable.
2. Let E={z: lim fy(z) # f(x)} by assumption F € M and p(E) = 0. Since

g =1gf =lim,—oo 1gefn, g is measurable. Because f = g on E° and u(FE) = 0,
f =g a.e. so by part 1. f is also measurable. m

The above results are in general false if (X, M, p1) is not complete. For example,
let X = {0,1,2}) M = {{0}, {1,2},X,¢} and p = 6 Take g(0) = 0, g(1) =
1, g(2) =2, then g = 0 a.e. yet g is not measurable.
Lemma 5.46. Suppose that (X, M, 1) is a measure space and M is the completion
of M relative to 1 and fi is the extension of u to M. Then a function f : X — R
is (M, B = Bg) — measurable iff there exists a function g : X — R that is (M, B) —
measurable such E = {z : f(z) # g(z)} € M and i (E) =0, i.e. f(x)=g(x) for ji
— a.e. x. Moreover for such a pair f and g, f € L*() iff g € L*(n) and in which

case
/ fdp = / gdp.
X X

Proof. Suppose first that such a function g exists so that p(E) = 0. Since
g is also (M, B) — measurable, we see from Proposition 5.45 that f is (M,B) —
measurable.

Conversely if f is (M, B) — measurable, by considering f+ we may assume that
f > 0. Choose (M, B) — measurable simple function ¢,, > 0 such that ¢, T f as

n — 0o. Writing
¢n - ZaklAk
with Aj, € M, we may choose By, € M such that B, C Ay and ji(A; \ Bi) = 0.

Letting
5)72 = Zale;\.

8Recall this means that if N C X is a set such that N C A € M and pu(A) =0, then N € M
as well.
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we havei produced a (M, B) — measurable simple function g?)n > 0 such that FE,, :=
{¢pn # én} has zero fi — measure. Since i (U, E,) <) [i(Ey), there exists FF € M
such that U, E,, C F and u(F) = 0. It now follows that

1pdy = 1pon T g:=1pf as n — oco.

This shows that g = 1pf is (M, B) — measurable and that {f # g} C F has i —
measure Zzero.
Since f =g, i1 — a.e., fX fdp = fX gdfi so to prove Eq. (5.16) it suffices to prove

(5.16) /X gdii = /X gdp.

Because i = pon M, Eq. (5.16) is easily verified for non-negative M — measurable
simple functions. Then by the monotone convergence theorem and the approxi-
mation Theorem 5.13 it holds for all M — measurable functions g : X — [0, 00].
The rest of the assertions follow in the standard way by considering (Reg), and

(Img), . m

5.6. Comparison of the Lebesgue and the Riemann Integral. For the rest
of this chapter, let —oo < a <b < 0o and f : [a,b] — R be a bounded function. A
partition of [a, b] is a finite subset m C [a,b] containing {a,b}. To each partition

(5.17) T={a=to <ty <---<t,=0b}
of [a,b] let
Mj =sup{f(z):t; <@ <tj}, my=inf{f(z):t; <<t}

Gr = fla)l{ay + Z]le(tj—l:tj]’ gx = f(a)l{ay + ijl(tj—l,tj] and
1 1

Syf = ZM tj—1) and s f = Zm] ti—1).
Notice that

b b
S f :/ Grdm and s, f = / grdm.
The upper and lower Riemann integrals are defined by
b a
/ f(z)dx = inf S; f and / f(z)dxr =sup spf
a g Jyp 77

and f is said to be respectively. We also define mesh(w) := max{|t; —t;_1]| : j =

., n}.

Definition 5.47. The function f is Riemann integrable iff f; f=17 ’f and

which case the Riemann integral f: f is defined to be the common value:

lb f(z)dx = Zf(x)dx = /Lbf(ac)dx

The proof of the following Lemma is left as an exercise to the reader.



90 BRUCE K. DRIVERT

Lemma 5.48. If 7’ and 7 are two partitions of [a,b] and m C 7’ then

GTEZGﬂ'/ Zfzgﬂ’ Zgw and
SwaSw'fZSw’fZSwf-

There exists an increasing sequence of partitions {my}y, such that mesh(my) | 0
and

D b
Sm,fl/fandsme/ f as k — .

If we let
(5.18) G= klim Gr, and g = klim Ir
then by the dominated convergence theorem,
b
(5.19) / gdm = lim r, = lim sq, f :/ f(z)dz
[a,b] k—oo [a,b] k—oo Ja_
and

)
(5.20) / Gdm = lim Gr, = klim Sr. f :/ f(z)de.
[a,b] e a

k—oo [a,b]
Notation 5.49. For z € [a, 1], let

H(x) = limsup f(y) = lifg sup{f(y) : [y — x| <€, y € [a,b]} and

Yy—x

h(x) = liminf f(y) =1lim inf {f(y) : |y — 2| <€ y €[a,b]}.

Lemma 5.50. The functions H, h: [a,b] — R satisfy:
1. h(z) < f(z) < H(x) for all x € [a,b] and h(xz) = H(z) iff f is continuous at

x.
2. If {m}y, is any increasing sequence of partitions such that mesh(mg) | 0
and G and g are defined as in Eq. (5.18), then

(5.21) G(z) = H(z) > f(z) > hiz) = g(z) Vg,

where ™ := U2 T, — a countable set.
3. H and h are Borel measurable.

Proof. Let G, =G, | Gand g, =gx, T 9.
1. Tt is clear that h(z) < f(z) < H(z) for all  and H(z) = h(z) iff lim f(y)
y—x
exists and is equal to f(z). That is H(x) = h(z) iff f is continuous at z.
2. For z ¢,

Gi(z) = H(z) = f(x) = h(x) = gr(2) V k
and letting k¥ — oo in this equation implies
(5.22) G(2) > H(z) > f(x) > hiz) > g(2) V& ¢ 7.
Moreover, given € > 0 and = ¢ T,

sup{f(y) : [y — 7| < e, y € [a,b]} > Gi(x)
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for all k large enough, since eventually Gg(z) is the supremum of f(y) over
some interval contained in [z — €,z + €]. Again letting k& — oo implies

sup f(y) > G(x) and therefore, that
ly—=z|<e

H(x) = limsup f(y) > G(z)

Yy—x

for all ¢ m. Combining this equation with Eq. (5.22) then implies H(z) =
G(z) if z ¢ w. A similar argument shows that h(z) = g(x) if € 7 and hence
Eq. (5.21) is proved.

3. The functions G and g are limits of measurable functions and hence measur-
able. Since H = G and h = g except possibly on the countable set 7, both H
and h are also Borel measurable. (You justify this statement.)

Theorem 5.51. Let f : [a,b] — R be a bounded function. Then

b b
(5.23) / f= Hdm and/ f :/ hdm
a [a,b] Ja [a,b]

and the following statements are equivalent:
1. H(x) = h(z) form -a.e. x,
2. the set
E:={x€la,b]: f is disconituous at x}
is an m — null set.
3. f is Riemann integrable.

If f is Riemann integrable then f is Lebesgue measurable®, i.e. f is L/B -
measurable where L is the Lebesque o — algebra and B is the Borel o — algebra on
[a,b]. Moreover if we let i denote the completion of m, then

b
(5.24) / Hdm = / f(z)dx = fdm = / hdm.
la,b] a la,b] [a,b]

Proof. Let {7 };-, be an increasing sequence of partitions of [a,b] as described
in Lemma 5.48 and let G and g be defined as in Lemma 5.50. Since m(w) = 0,
H = G a.e., Eq. (5.23) is a consequence of Egs. (5.19) and (5.20). From Eq. (5.23),
f is Riemann integrable iff

/ Hdm = hdm
[a,b] la,b]

and because h < f < H this happens iff h(z) = H(z) for m - a.e. z. Since
E ={x: H(x) # h(x)}, this last condition is equivalent to E being a m — null set.
In light of these results and Eq. (5.21), the remaining assertions including Equation
(5.24) are now consequences of Lemma 5.46. m

Notation 5.52. In view of this theorem we will often write fab f(z)dz for fab fdm.

9 f need not be Borel measurable
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5.7. Exercises.

Exercise 5.1. Let u be a measure on an algebra A C P(X), then u(A) + u(B) =
w(AUB)+ u(ANB) for all A, B € A.

Exercise 5.2. Problem 12 on p. 27 of Folland. Let (X, M, 1) be a finite measure
space and for A, B € M let p(A, B) = u(AAB) where AAB = (A\ B)U(B\ A).
Define A ~ B iff u(AAB) = 0. Show “~ ” is an equivalence relation, p is a metric
on M/ ~ and u(A) = u(B) if A ~ B. Also show that pu : (M/ ~) — [0,00) is a
continuous function relative to the metric p.

Exercise 5.3. Suppose that u,, : M — [0, 0] are measures on M for n € N. Also
suppose that p,(A) is increasing in n for all A € M. Prove that p : M — [0, 0]
defined by p(A) := lim, oo fn(A) is also a measure.

Exercise 5.4. Now suppose that A is some index set and for each A € A, puy :
M — [0,00] is a measure on M. Define p : M — [0,00] by pu(A) = > ycp 1a(4)
for each A € M. Show that p is also a measure.

Exercise 5.5. Let (X, M, ) be a measure space and p : X — [0, o] be a measur-
able function. For A € M, set v(A) := [, pdp.

1. Show v : M — [0, 0] is a measure.
2. Let f: X — [0, 00] be a measurable function, show

(5.25) /X fdv = /X Fpdy.

Hint: first prove the relationship for characteristic functions, then for simple
functions, and then for general positive measurable functions.

3. Show that f € L(v) iff fp € L*(n) and if f € L'(v) then Eq. (5.25) still
holds.

Notation 5.53. It is customary to informally describe v defined in Exercise 5.5
by writing dv = pdu.

Exercise 5.6. Let (X, M, 1) be a measure space, (Y,F) be a measurable space
and f : X — Y be a measurable map. Define a function v : F — [0,00] by
v(A) :=p(f1(A)) for all A€ F.

1. Show v is a measure. (We will write v = f.u or v =po f1)

2. Show

(5.26) /Ygdl/ = /X (9o f)du

for all measurable functions g : Y — [0, 0o]. Hint: see the hint from Exercise
9.5.
3. Show g € L'(v) iff go f € L'(u) and that Eq. (5.26) holds for all g € L(v).

Exercise 5.7. Let F : R — R be a C*-function such that F'(z) > 0 for all z € R
and lim,,_, 1+, F'(z) = £oo. (Notice that F is strictly increasing so that F~1 : R — R
exists and moreover, by the implicit function theorem that F~! is a C! — function.)
Let m be Lebesgue measure on Bgr and

v(A) =m(F(A)) = m((Ffl)

-1

(4)) = (F.'m) (4)
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for all A € Bg. Show dv = F'dm. Use this result to prove the change of variable
formula,

(5.27) /ho F-Fdm= / hdm
R R

which is valid for all Borel measurable functions A : R — [0, c0].

Hint: Start by showing dv = F'dm on sets of the form A = (a,b] with a,b € R
and a < b. Then use the uniqueness assertions in Theorem 5.9 to conclude dv =
F’'dm on all of Bg. To prove Eq. (5.27) apply Exercise 5.6 with ¢ = h o F and
f=F"1

Exercise 5.8. Let (X, M, ;1) be a measure space and {4, } ., C M, show
w({A, a.a.}) <liminf pu (4,)
and if g (Upy>nAm) < 0o for some n, then

w({Ay i.0.}) > limsup p (Ay) .

Exercise 5.9. (Old problem here has been made into Example 5.41.) New prob-
lem. Prove the fundamental theorem of calculus for the Lebesgue integral directly
without appealing to the Riemann integral.

Exercise 5.10 (Peano’s Existence Theorem). Suppose f : R x R? — R? is a
bounded continuous function. Then for each T < o00l0 there exists a solution
to the differential equation

(5.28) &(t) = f(t,z(t)) for 0 < ¢ < T with z(0) = =o.
Do this by filling in the following outline for the proof.

1. Given € > 0, show there exists a unique function z. € C([—¢, 00) — R9) such
that z.(t) = x¢ for —e <t <0 and

t
(5.29) z(t) =0+ / f(r,ze(T — €))dr for all t > 0.
0

Here

/ot f(rae(r = e)dr = </0t filrae(r —€))dr, ..., /Ot fa(T, (T — e))dr)

where f = (f1,..., f4) and the integrals are either the Lebesgue or the Rie-
mann integral since they are equal on continuous functions.

2. Then use Exercise 3.38 to show there exists {ex},., C (0,00) such that
limg oo € = 0 and z, converges to some x € C([0,T]) (relative to the
sup-norm: ||z{|, = sup,cpo 1) [2(¢)]) as k& — oo.

3. Pass to the limit in Eq. (5.29) with e replaced by € to show x satisfies

¢
x(t) = zg +/ f(r,z(7))dr Vit € [0,T].
0
4. Conclude from this that &(t) exists for t € (0,T") and that x solves Eq. (5.28).
Exercise 5.11. Folland 2.10 on p.49. Drop this problem, it is done in the text.

Exercise 5.12. Folland 2.12 on p. 52.

10Using Corollary 24.19 below, we may in fact allow T = oo.
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Exercise 5.13. Folland 2.13 on p.
Exercise 5.14. Folland 2.14 on p.

32.
52.

Exercise 5.15. Give examples of measurable functions {f,} on R such that f,
decreases to 0 uniformly yet [ f,dm = oo for all n. Also give an example of a
sequence of measurable functions {g,, } on [0, 1] such that g,, — 0 while [ g,dm =1

for all n.

Exercise 5.16. Folland 2.19 on p.
Exercise 5.17. Folland 2.20 on p.
Exercise 5.18. Folland 2.23 on p.
Exercise 5.19. Folland 2.26 on p.
Exercise 5.20. Folland 2.28 on p.

59.
59.
59. (Done in text now.)
59.
59.

Exercise 5.21. Folland 2.31b on p. 60.

Exercise 5.22 (Fundamental Theorem of Calculus). Let f : (a,b) — R be a con-
tinuous function such that fab |fldm < oo. Define F(z) := [ fdm for € [a,b].

Show:
1. F:[a,b] — R is continuous.

2. Show directly (i.e. not appealing to Riemann integration theory) that F”(z) =

f(z) for all z € (a,b).

3. Conversely, if F' : [a,b] — R is a continuous function such that F’(z) exists
and F'(z) = f(x) for = € (a,b), then

/:f(a:

Ydz = F(b) — F(a).



