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Gh�qlwlrq E141 D sduwldo rughu � rq [ lv d uhodwlrq zlwk iroorzlqj surshuwlhv

+l, Li { � | dqg | � } wkhq { � }1
+ll, Li { � | dqg | � { wkhq { @ |1
+lll, { � { iru doo { 5 [1

H{dpsoh E151 Ohw \ eh d vhw dqg[ @ S+\ ,= Wkhuh duh wzr qdwxudo sduwldo rughuv
rq [=

+4, Rughuhg e| lqfoxvlrq/ D � E lv D � E dqg
+5, Rughuhg e| uhyhuvh lqfoxvlrq/ D � E li E � D=

Gh�qlwlrq E161 Ohw +[>�, eh d sduwldoo| rughuhg vhw zh vd| [ lv olqhduo| d
wrwdoo| rughuhg li iru doo {> | 5 [ hlwkhu { � | ru | � {= Wkh uhdo qxpehuv U zlwk
wkh xvxdo rughu � lv d w|slfdo h{dpsoh1

Gh�qlwlrq E171 Ohw +[>�, eh d sduwldo rughuhg vhw1 Zh vd| { 5 [ lv d pd{lpdo
hohphqw li iru doo | 5 [ vxfk wkdw | � { lpsolhv | @ {> l1h1 wkhuh lv qr hohphqw
odujhu wkdq {= Dq xsshu erxqg iru d vxevhw H ri [ lv dq hohphqw { 5 [ vxfk
wkdw { � | iru doo | 5 H=

H{dpsoh E181 Ohw

[ @
�
d @ i4j e @ i4> 5j f @ i6j g @ i5> 7j h @ i5j �

rughuhg e| vhw lqfoxvlrq1 Wkhq e dqg g duh pd{lpdo hohphqwv ghvslwh wkdw idfw wkdw
e � d dqg d � e= Zh dovr kdyh

� Li H @ id> h> fj> wkhq H kdv qr xsshu erxqg1

Gh�qlwlrq E191 � Li H @ id> hj> wkhq e lv dq xsshu erxqg1
� H @ ihj> wkhq e dqg g duh xsshu erxqgv1

Wkhruhp E1:1 Wkh iroorzlqj duh htxlydohqw1

+4, Wkh d{lrp ri fkrlfh= wr hdfk froohfwlrq/ i[�j�5D > ri qrq0hpsw| vhwv
wkhuh h{lvwv d _fkrlfh ixqfwlrq/% { = D$ c

�5D

[� vxfk wkdw {+�, 5 [� iru

doo � 5 D> l1h1
T
�5D[� 9@ >=

+5, Wkh Kdxvgru� Pd{lpdo Sulqflsoh= Hyhu| sduwldoo| rughuhg vhw kdv d
pd{lpdo +uhodwlyh wr wkh lqfoxvlrq rughu, olqhduo| rughuhg vxevhw1

+6, ]ruq*v Ohppd= Li [ lv sduwldoo| rughuhg vhw vxfk wkdw hyhu| olqhduo| ru0
ghuhg vxevhw ri [ kdv dq xsshu erxqg/ wkhq [ kdv d pd{lpdo hohphqw184

Surri1 +5, 6, Ohw [ eh d sduwldoo| rughuhg vxevhw dv lq 6 dqg ohw I @ iH �
[ = H lv olqhduo| rughuhgj zklfk zh htxls zlwk wkh lqfoxvlrq sduwldo rughulqj1 E|
51 wkhuh h{lvw d pd{lpdo hohphqw H 5 I = E| dvvxpswlrq/ wkh olqhduo| rughuhg vhw
H kdv dq xsshu erxqg { 5 [= Wkh hohphqw { lv pd{lpdo/ iru li | 5 \ dqg | � {>
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wkhq H ^ i|j lv vwloo dq olqhduo| rughuhg vhw frqwdlqlqj H= Vr e| pd{lpdolw| ri H>
H @ H ^ i|j > l1h1 | 5 H dqg wkhuhiruh | � { vkrzlqj zklfk frpelqhg zlwk | � {
lpsolhv wkdw | @ {=85

+6, 4, Ohw i[�j�5D eh d froohfwlrq ri qrq0hpsw| vhwv/ zh pxvw vkrz
T
�5D[�

lv qrw hpsw|1 Ohw J ghqrwh wkh froohfwlrq ri ixqfwlrqv j = G+j, $ c
�5D[� vxfk

wkdw G+j, lv d vxevhw ri D> dqg iru doo � 5 G+j,> j+�, 5 [�= Qrwlfh wkdw J lv
qrw hpsw|/ iru zh pd| ohw �3 5 D dqg {3 5 [� dqg wkhq vhw G+j, @ i�3j dqg
j+�3, @ {3 wr frqvwuxfw dq hohphqw ri J=Zh qrz sxw d sduwldo rughu rq J dv iroorzv1
Zh vd| wkdw i � j iru i> j 5 J surylghg wkdw G+i, � G+j, dqg i @ jmG+i,= Li � � J
lv d olqhduo| rughuhg vhw/ ohw G+k, @ ^j5�G+j, dqg iru � 5 G+j, ohw k+�, @ j+�,=
Wkhq k 5 J lv dq xsshu erxqg iru �= Vr e| ]ruq*v Ohppd wkhuh h{lvwv d pd{lpdo
hohphqw k 5 J= Wr �qlvk wkh surri zh qhhg rqo| vkrz wkdw G+k, @ D= Li wklv
zhuh qrw wkh fdvh/ wkhq ohw �3 5 D q G+k, dqg {3 5 [�3 = Zh pd| qrz gh�qh

G+�k, @ G+k, ^ i�3j dqg
�k+�, @

�
k+�, li � 5 G+k,
{3 li � @ �3=

Wkhq k � �k zkloh k 9@ �k ylrodwlqj wkh idfw wkdw k zdv d pd{lpdo hohphqw1
+4, 5, Ohw +[>�, eh d sduwldoo| rughuhg vhw1 Ohw I eh wkh froohfwlrq ri olqhduo|

rughuhg vxevhwv ri [ zklfk zh rughu e| vhw lqfoxvlrq1 Jlyhq {3 5 [> i{3j 5 I lv
olqhduo| rughuhg vhw vr wkdw I 9@ >=

Il{ dq hohphqw S3 5 I = Li S3 lv qrw pd{lpdo wkhuh h{lvwv S4 5 I vxfk wkdw
S3 # S4= Lq sduwlfxodu zh pd| fkrrvh { 95 S3 vxfk wkdw S3 ^ i{j 5 I = Wkh lghd
qrz lv wr nhhs uhshdwlqj wklv surfhvv ri dgglqj srlqwv { 5 [ xqwlo zh frqvwuxfw d
pd{lpdo hohphqw S ri I = Zh qrz kdyh wr wdnh fduh ri vrph ghwdlov1

Zh pd| dvvxph zlwk rxw orvv ri jhqhudolw| wkdw �I @ iS 5 I = S lv qrw pd{lpdoj
lv d qrq0hpsw| vhw1 Iru S 5 �I > ohw S � @ i{ 5 [ = S ^ i{j 5 Ij = Dv wkh deryh

dujxphqw vkrzv/ S� 9@ > iru doo S 5 �I = Xvlqj wkh d{lrp ri fkrlfh/ wkhuh h{lvwv
i 5TS5 �I S �= Zh qrz gh�qh j = I $ I e|

+E14, j+S , @

�
S li S lv pd{lpdo

S ^ ii+{,j li S lv qrw pd{lpdo1

Wkh surri lv frpsohwhg e| Ohppd E1; ehorz zklfk vkrzv wkdw j pxvw kdyh d �{hg
srlqw S 5 I = Wklv �{hg srlqw lv pd{lpdo e| frqvwuxfwlrq ri j=

Ohppd E1;1 Wkh ixqfwlrq j = I $ I gh�qhg lq Ht1 +E14, kdv d �{hg srlqw186

Surri1 Wkh lghd ri wkh surri lv dv iroorzv1 Ohw S3 5 I eh fkrvhq duelwudulo|1
Qrwlfh wkdw � @

�
j+q,+S3,

�4
q@3

� I lv d olqhduo| rughuhg vhw dqg lw lv wkhuhiruh

hdvlo| yhul�hg wkdw S4 @
4V
q@3

j+q,+S3, 5 I = Vlploduo| zh pd| uhshdw wkh surfhvv wr
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frqvwuxfw S5 @
4V
q@3

j+q,+S4, 5 I dqg S6 @
4V
q@3

j+q,+S5, 5 I > hwf1 hwf1 Wkhq wdnh

S4 @ ^4q@3Sq dqg vwduw djdlq zlwk S3 uhsodfhg e| S4= Wkhq nhhs jrlqj wklv zd|
xqwlo hyhqwxdoo| wkh vhwv vwrs lqfuhdvlqj lq vl}h/ lq zklfk fdvh zh kdyh irxqg rxu
�{hg srlqw1 Wkh sureohp zlwk wklv vwudwhj| lv wkdw zh pd| qhyhu zlq1 +Wklv lv
yhu| uhplqlvfhqw ri frqvwuxfwlqj phdvxudeoh vhwv dqg wkh zd| rxw lv wr xvh phdvxuh
wkhruhwlf olnh dujxphqwv1,

Ohw xv qrz vwduw wkh irupdo surri1 Djdlq ohw S3 5 I dqg ohw I4 @ iS 5 I =
S3 � Sj= Qrwlfh wkdw I4 kdv wkh iroorzlqj surshuwlhv=

+4, S3 5 I4=
+5, Li � � I4 lv d wrwdoo| rughuhg +e| vhw lqfoxvlrq, vxevhw wkhq ^� 5 I4=
+6, Li S 5 I4 wkhq j+S , 5 I4=
Ohw xv fdoo d jhqhudo vxevhw I 3 � I vdwlvi|lqj wkhvh wkuhh frqglwlrqv d wrzhu dqg

ohw

I3 @ _iI 3 = I 3 lv d wrzhuj =
Vwdqgdug dujxphqwv vkrz wkdw I3 lv vwloo d wrzhu dqg fohduo| lv wkh vpdoohvw wrzhu
frqwdlqlqj S3= +Prudoo| vshdnlqj I3 frqvlvwv ri doo ri wkh vhwv zh zhuh wu|lqj wr
frqvwuxfwhg lq wkh _lghd vhfwlrq% ri wkh surri1,

Zh qrz fodlp wkdw I3 lv d olqhduo| rughuhg vxevhw ri I = Wr suryh wklv ohw � � I3
eh wkh olqhduo| rughuhg vhw

� @ iF 5 I3 = iru doo D 5 I3 hlwkhu D � F ru F � Dj =
Vkruwo| zh zloo vkrz wkdw � � I3 lv d wrzhu dqg khqfh wkdw I3 @ �= Wkdw lv wr vd|
I3 lv olqhduo| rughuhg1 Dvvxplqj wklv iru wkh prphqw ohw xv �qlvk wkh surri1 Ohw
S � ^I3 zklfk lv lq I3 e| surshuw| 5 dqg lv fohduo| wkh odujhvw hohphqw lq I3= E|
61 lw qrz iroorzv wkdw S � j+S , 5 I3 dqg e| pd{lpdolw| ri S> zh kdyh j+S , @ S>
wkh ghvluhg �{hg srlqw1 Vr wr �qlvk wkh surri/ zh pxvw vkrz wkdw � lv d wrzhu1

Iluvw r� lw lv fohdu wkdw S3 5 � vr lq sduwlfxodu � lv qrw hpsw|1 Iru hdfk F 5 �
ohw

�F =@ iD 5 I3 = hlwkhu D � F ru j+F, � Dj =
Zh zloo ehjlq e| vkrzlqj wkdw �F � I3 lv d wrzhu dqg wkhuhiruh wkdw �F @ I3=

41 S3 5 �F vlqfh S3 � F iru doo F 5 � � I3= 51 Li � � �F � I3 lv wrwdoo|
rughuhg e| vhw lqfoxvlrq/ wkhq D� =@ ^� 5 I3= Zh pxvw vkrz D� 5 �F > wkdw lv
wkdw D� � F ru F � D�= Qrz li D � F iru doo D 5 �> wkhq D� � F dqg khqfh
D� 5 �F = Rq wkh rwkhu kdqg li wkhuh lv vrph D 5 � vxfk wkdw j+F, � D wkhq
fohduo| j+F, � D� dqg djdlq D� 5 �F =

61 Jlyhq D 5 �F zh pxvw vkrz j+D, 5 �F > l1h1 wkdw

+E15, j+D, � F ru j+F, � j+D,=

Wkhuh duh wkuhh fdvhv wr frqvlghu= hlwkhu D # F> D @ F> ru j+F, � D= Lq wkh fdvh
D @ F> j+F, @ j+D, � j+D, dqg li j+F, � D wkhq j+F, � D � j+D, dqg Ht1 +E15,
krogv lq hlwkhu ri wkhvh fdvhv1 Vr dvvxph wkdw D # F= Vlqfh F 5 �> hlwkhu j+D, � F
+lq zklfk fdvh zh duh grqh, ru F � j+D,= Khqfh zh pd| dvvxph wkdw

D # F � j+D,=

Qrz li F zhuh d surshu vxevhw ri j+D, lw zrxog wkhq iroorz wkdw j+D, q D zrxog
frqvlvw ri dw ohdvw wzr srlqwv zklfk frqwudglfwv wkh gh�qlwlrq ri j= Khqfh zh pxvw
kdyh j+D, @ F � F dqg djdlq Ht1 +E15, krogv/ vr �F lv d wrzhu1
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Lw lv qrz hdv| wr vkrz � lv d wrzhu1 Lw lv djdlq fohdu wkdw S3 5 � dqg Surshuw| 51
pd| eh fkhfnhg iru � lq wkh vdph zd| dv lw zdv grqh iru �F deryh1 Iru Surshuw|
61/ li F 5 � zh pd| xvh �F @ I3 wr frqfoxgh iru doo D 5 I3> hlwkhu D � F � j+F,
ru j+F, � D> l1h1 j+F, 5 �= Wkxv � lv d wrzhu dqg zh duh grqh1


