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;171 H{huflvhv1

H{huflvh ;1;1 Ohw +[> �, eh d wrsrorjlfdo vsdfh/ D � [> lD = D $ [ eh wkh
lqfoxvlrq pds dqg �D =@ l�4D +�, eh wkh uhodwlyh wrsrorj| rq D= Yhuli| �D @ iD_Y =
Y 5 �j dqg vkrz F � D lv forvhg lq +D> �D, l� wkhuh h{lvwv d forvhg vhw I � [
vxfk wkdw F @ D_I= +Li |rx jhw vwxfn/ vhh wkh uhpdunv diwhu Gh�qlwlrq 614: zkhuh
wklv kdv douhdg| ehhq suryhg1,

H{huflvh ;1<1 Ohw +[> �, dqg +\> � 3, eh d wrsrorjlfdo vsdfhv/ i = [ $ \ eh d
ixqfwlrq/ X eh dq rshq fryhu ri [ dqg iImjqm@4 eh d �qlwh fryhu ri [ e| forvhg
vhwv1

41 Li D � [ lv dq| vhw dqg i = [ $ \ lv +�> � 3, � frqwlqxrxv wkhq i mD = D$ \
lv +�D> � 3, � frqwlqxrxv1

51 Vkrz i = [ $ \ lv +�> � 3, � frqwlqxrxv l� i mX = X $ \ lv +�X > � 3, � frqwlqxrxv
iru doo X 5 X =

61 Vkrz i = [ $ \ lv +�> � 3, � frqwlqxrxv l� i mIm = Im $ \ lv +�Im > �
3, �

frqwlqxrxv iru doo m @ 4> 5> = = = > q=
71 +D ede| irup ri wkh Wlhw}h h{whqvlrq Wkhruhp1, Vxssrvh Y 5 � dqg i = Y $
F lv d frqwlqxrxv ixqfwlrq vxfk vxss+i, � Y> wkhq I = [ $ F gh�qhg e|

I +{, @

�
i+{, li { 5 Y
3 rwkhuzlvh

lv frqwlqxrxv1

H{huflvh ;1431 Suryh Wkhruhp ;1491 Klqwv=
41 E| Sursrvlwlrq ;146/ wkhuh h{lvwv d suhfrpsdfw rshq vhw Y vxfk wkdwN � Y �

�Y � X= Qrz vxssrvh wkdw i = N $ ^3> �` lv frqwlqxrxv zlwk � 5 +3> 4` dqg
ohw D =@ i�4+^3> 46�`, dqg E =@ i�4+^ 56�> 4`,= Dsshdo wr Ohppd ;148 wr �qg d
ixqfwlrq j 5 F+[> ^3> �@6`, vxfk wkdw j @ �@6 rq E dqg vxss+j, � Y qD=

51 Qrz iroorz wkh dujxphqw lq wkh surri ri Wkhruhp ;15 wr frqvwuxfw I 5
F+[> ^d> e`, vxfk wkdw I mN @ i=

61 Iru f 5 ^d> e`> fkrrvh ! ! X vxfk wkdw ! @ 4 rq N dqg uhsodfh I e| If =@
!I . +4� !,f=

H{huflvh ;144 +Vwhurjudsklf Surmhfwlrq,1 Ohw [ @ Uq> [� =@ [ ^ i4j eh wkh
rqh srlqw frpsdfwl�fdwlrq ri [> Vq =@ i| 5 Uq.4 = m|m @ 4j eh wkh xqlw vskhuh
lq Uq.4 dqg Q @ +3> = = = > 3> 4, 5 Uq.4= Gh�qh i = Vq $ [� e| i+Q, @ 4> dqg
iru | 5 Vq q iQj ohw i+|, @ e 5 Uq eh wkh xqltxh srlqw vxfk wkdw +e> 3, lv rq
wkh olqh frqwdlqlqj Q dqg |> vhh Iljxuh 55 ehorz1 Ilqg d irupxod iru i dqg vkrz
i = Vq $ [� lv d krphrprusklvp1 +Vr wkh rqh srlqw frpsdfwl�fdwlrq ri Uq lv
krphrprusklf wr wkh q vskhuh1,

H{huflvh ;1451 Ohw +[> �, eh d orfdoo| frpsdfw Kdxvgru� vsdfh1 Vkrz +[> �, lv
vhsdudeoh l� +[�> ��, lv vhsdudeoh1

H{huflvh ;1461 Vkrz e| h{dpsoh wkdw wkhuh h{lvwv d orfdoo| frpsdfw phwulf vsdfh
+[>g, vxfk wkdw wkh rqh srlqw frpsdfwl�fdwlrq/ +[� =@ [ ^ i4j > ��, > lv qrw
phwul}deoh1 Klqw= xvh h{huflvh ;1451

H{huflvh ;1471 Vxssrvh +[> g, lv d orfdoo| frpsdfw dqg � � frpsdfw phwulf vsdfh1
Vkrz wkh rqh srlqw frpsdfwl�fdwlrq/ +[� =@ [ ^ i4j > ��, > lv phwul}deoh1



UHDO DQDO\VLV OHFWXUH QRWHV 496

�

��

ρ EKcf�

5

�

+

Iljxuh 551 Vwhurjudsklf surmhfwlrq dqg wkh rqh srlqw frpsdfwl0
�fdwlrq ri Uq=

<1 Dssur{lpdwlrq Wkhruhpv dqg Frqyroxwlrqv

Ohw +[>P> �, eh d phdvxuh vsdfh/ D �P dq dojheud1

Qrwdwlrq <141 Ohw Vi +D> �, ghqrwh wkrvh vlpsoh ixqfwlrqv ! = [ $ F vxfk wkdw
!�4+i�j, 5 D iru doo � 5 F dqg �+! 9@ 3, ?4=

Iru ! 5 Vi +D> �, dqg s 5 ^4>4,> m!ms @
S

} 9@3 m}ms4i!@}j dqg khqfh]
m!ms g� @

[
} 9@3

m}ms�+! @ }, ?4

vr wkdw Vi +D> �, � Os+�,=

Ohppd <15 +Vlpsoh Ixqfwlrqv duh Ghqvh,1 Wkh vlpsoh ixqfwlrqv/ Vi +P> �,> irup
d ghqvh vxevsdfh ri Os+�, iru doo 4 � s ?4=

Surri1 Ohw i!qj4q@4 eh wkh vlpsoh ixqfwlrqv lq wkh dssur{lpdwlrq Wkhruhp
81451 Vlqfh m!qm � mi m iru doo q> !q 5 Vi +P> �, +yhuli|$, dqg

mi � !qms � +mi m. m!qm,s � 5s mi ms 5 O4=

Wkhuhiruh/ e| wkh grplqdwhg frqyhujhqfh wkhruhp/

olp
q$4

]
mi � !qmsg� @

]
olp
q$4

mi � !qmsg� @ 3=

Wkhruhp <16 +Vhsdudeoh Dojheudv lpsolhv Vhsdudelolw| ri Os � Vsdfhv,1 Vxssrvh 4 �
s ?4 dqg D �P lv dq dojheud vxfk wkdw �+D, @P dqg � lv �0�qlwh rq D= Wkhq
Vi +D> �, lv ghqvh lq Os+�,= Pruhryhu/ li D lv frxqwdeoh/ wkhq Os+�, lv vhsdudeoh dqg

G @ i
[

dm4Dm
= dm 5 T. lT> Dm 5 D zlwk �+Dm, ?4j

lv d frxqwdeoh ghqvh vxevhw1

Surri1 Iluvw Surri1 Ohw [n 5 D eh vhwv vxfk wkdw �+[n, ?4 dqg [n % [ dv
n $4= Iru n 5 Q ohw Kn ghqrwh wkrvh erxqghg P � phdvxudeoh ixqfwlrqv/ i> rq

[ vxfk wkdw 4[n
i 5 Vi +D> �,O

s+�,
= Lw lv hdvlo| vhhq wkdw Kn lv d yhfwru vsdfh forvhg


