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18. FOURIER TRANSFORM

The underlying space in this section is R™ with Lebesgue measure. The Fourier
inversion formula is going to state that

(15.) ro= () [ e [ arrwes

If we let £ = 27, this may be written as
f@) = [ e [ aype e

and we have removed the multiplicative factor of (%)n in Eq. (18.1) at the expense
of placing factors of 27 in the arguments of the exponential. Another way to avoid
writing the 27’s altogether is to redefine dx and d§ and this is what we will do here.

Notation 18.1. Let m be Lebesgue measure on R™ and define:

do = (\/%)n dm(z) and d¢ = (\%)n dm (&),

To be consistent with this new normalization of Lebesgue measure we will redefine

171, and (7,g) as
i1, = ([ |f<:c>|pdw)l/p - ((%)/ L If(w)lpdm(x)>

(f,9) = - f(z)g(x)dx when fg € L.

1/p
and

Similarly we will define the convolution relative to these normalizations by f¥g :=
n/2
(32)"" g ie.

fHhg(z / [z —y)g(y)dy = - f(@—y)g(y) (%)W dm(y).

The following notation will also be convenient; given a multi-index o € Z, let
ol = a1+ + ap,

o= () 1) e
o= (1) (@) - ()

(@) = (1+ faf)! 2

Also let

and for s € R let
vs(z) = (1 + [z])*.
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18.1. Fourier Transform.

Definition 18.2 (Fourier Transform). For f € L!, let
(15.2) FO =71 = [ sy
(183) 9'(a) = Fgla) = | e"égle)ae = Fo(—o)

The next theorem summarizes some more basic properties of the Fourier trans-
form.

Theorem 18.3. Suppose that f,g € L'. Then
) feCo®) and |[f]| <l
Fory € R", (1,f) " (€) = e f(¢).

The Fourier transform takes convolution to products, i.e. (f*g)A = ff].

)
3)
4) For f.ge L', (f.g) = (f.3)-
5) If T : R™ — R™ is an invertible linear transformation, then

(1
2
(
(
(

(foT)" (&) = |det T| ™ F((T1)"¢) and
(foT)Y (&) =I|det | fY((T71)"€)
(6) If 1+ |z f(x) € L, then f € C* and 8*f € Cy for all |a| < k. Moreover,

(18.4) 08 f(&) = F[(—im)™ f(2)] ()
for all |a| < k.
(7) If f € C* and 0°f € L* for all |o| < k, then (1 + |€])*f(£) € Cy and
(18.5) (0°f) (€)= (&) F(&)

for all |o| < k.
(8) Suppose g € L*(R¥) and h € LY(R" %) and f = g® h, i.e.

f@)=g(z1,...,z)h(Trs1,. -, Tn),
then f =30® h.
Proof. Item 1. is the Riemann Lebesgue Lemma 9.26. Items 2. — 5. are proved
by the following straight forward computations:

(rf) (€)= / B e O (]

<f7 g9) = &)d¢ = / dég(¢ /Rn dﬂce_“”'ff(x)
= /Rn o dzdée ™ g(¢) f(z) = /Rn . dzj(z)f(z) = (f,9),

ko) (© = [ e kgl = / f( fa - ><>dy)dx

/ndy/ndxe wE () /ndy/nd:re 1€ f(2)g(y)

_ /ndyef@y.gg(y) / Cdee () = f(©)3(©)
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and letting y = Tz so that dz = |det 7|~ " dy

(Fo1) (€)= [ e fTado= [ T A T dy
=|detT|" f((T1)"€).

Item 6. is simply a matter of differentiating under the integral sign which is easily
justified because (1 + |x|)* f(z) € L*.

Item 7. follows by using Lemma 9.25 repeatedly (i.e. integration by parts) to
find

CEINGE /R JOEI@eT e = (-1 | f@)aye " da
= (D] f)(ig)te e de = (i6)° F(©)

Since 9 f € L* for all |a| < k, it follows that (i€)*f(€) = (8°f) (£) € Cy for all
|| < K. Since

k
n
(1+1eh* < <1+Z|&> =) cal?
i=1 la| <k
where 0 < ¢, < 0,

A+ f©)] < D e

lo| <k

& f(e) = 0as € = o0.

Item 8. is a simple application of Fubini’s theorem. m

Example 18.4. If f(z) = e~1e1/2 then f(é) = e~1€°/2 in short

(18.6) Fe~1#7/2 = ¢=IE*/2 gapnq F1elEF/2 = o~ loF/2,
More generally, for ¢ > 0 let

(18.7) pe(x) = /2 mlel?

then

(18.8) Pi() = e 2 and (3)"(2) = pu(a).

By Item 8. of Theorem 18.3, to prove Eq. (18.6) it suffices to consider the 1 —
dimensional case because e~ 1#1°/2 = [T, e=T/2 Let g(&) = (.7-‘6712/2) (&), then
by Eq. (18.4) and Eq. (18.5),

(18.9)
d

g (&) = F |(—iz) 6*12/2] &) =iF {_

dx

2| (© = i) F [ () = ~a(e)
Lemma 6.36 implies

1
g(0) = / e 2dy = — e_’cz/Qdm(m) =1,
R 27 Jr

and so solving Eq. (18.9) with ¢g(0) = 1 gives F [e_””2/2] &) =g¢ = e=€/2 as

desired. The assertion that F~le~I€"/2 = e==I*/2 follows similarly or by using Eq.
(18.3) to conclude,

F1 [e—\ﬁ\z/Q] () = F [e—\—f\Q/Q} () = F [e‘lilZ/Q} () = o le?/2
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The results in Eq. (18.8) now follow from Eq. (18.6) and item 5 of Theorem 18.3.
For example, since p;(z) = t~"/?p1(z/V/1),

P)(€) =t "2 (\/Z)n;sl(\/{gg) — ¢ 31E17,

This may also be written as (p;)(£) = t’"/Qp% (€). Using this and the fact that p;
is an even function,

(Pe)" (x) = Fpi(—2) = fn/pr%(_x) = tin/2tn/2pt(_$) = p().
18.2. Schwartz Test Functions.

Definition 18.5. A function f € C'(R",C) is said to have rapid decay or rapid
decrease if

sup (1+ |z))V | f(x)| < oo for N =1,2,....
TER™

Equivalently, for each N € N there exists constants Cy < oo such that |f(z)] <
Cn(1+ |z|)~% for all z € R™. A function f € C(R",C) is said to have (at most)
polynomial growth if there exists N < oo such

sup (1+ [#) ™ [ f(2)] < o,
i.e. there exists N € N and C < oo such that |f(x)| < C(1+ |z|)V for all z € R™.

Definition 18.6 (Schwartz Test Functions). Let S denote the space of functions
f € C°°(R™) such that f and all of its partial derivatives have rapid decay and let

£y, = sup |(1+[])¥ 0% f(z)]
TER?

so that
S = {f € C(R") : || f[l yy,o < oo forall N and a}.

Also let P denote those functions g € C*°(R™) such that g and all of its derivatives
have at most polynomial growth, i.e. g € C*°(R") is in P iff for all multi-indices
a, there exists N, < oo such

sup (14 |z)) " |8%g(z)| < oo.
(Notice that any polynomial function on R™ is in P.)
Remark 18.7. Since C°(R™) C S C L% (R"), it follows that S is dense in L?(R").
Exercise 18.1. Let
(18.10) L= aa(z)d

lal<k

with a, € P. Show L(S) C S and in particular 0*f and “f are back in S for all
multi-indices «a.

(o4

Suppose that p(z,{) = Xj4j<naa(2)§* where each function an(z) is a smooth

function. We then set
p(z, D) := Eja|<NGa(z) Dy
and if each a, () is also a polynomial in & we will let
p(—D¢,§) := Ejaj<naa(—Dg) Mea

where M¢o is the operation of multiplication by £*.
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Proposition 18.8. Suppose that each function ay(x) is smooth and f € S, then
paDo)f(e) = [ pl©)f(€) e,

If we further assume that each function aq(x) is a polynomial in x, then

(18.11) (p(z, D2) )" (€) = p(~De, ). ()
and

(18.12) p(& D) f(€) = [p(Ds, —2)f ()] (€).
Alternatively we may write this last equation as

(18.13) P(Da,~0)f(x) = [p(6, DAFO)] (@),

Proof. For f € S, we have
p(x, D) f(z) = p(z, Dy) (-7:71]5) (z) = p(z, D) . fA(g) eiﬂﬂ-ﬁdg
= |, F©p(@Da)etde = | F(©)p(x, e

wherein we have used the fact that De'®¢ = ¢%¢i¢. Now if we further assume that

cach function a, () is a polynomial in z, we may use the relation z*e**¢ = Dge/* ¢

to write
F(©)p(a,)e™™tde = / £ (€) Bjaj<n€ an(De)e™ < dg
Rn .
= lelsN /]R €' Caa(=Dg) |€°F (€)] d
- / e (=D, ) f (€) dg

wherein the second equality we have used repeated integration by parts. Combining
the last two displayed equations gives

pa Do) = [ e p(-De.6) (€)de

which upon taking the Fourier Transform is equivalent to Eq. (18.11). The proof
of Eq. (18.12) is similar:

P& D) =p(&, D) | fl@eTSde= | f(e)p(€,~Ds)e " da
= 2)(—2) % (E)e ™ Edr = 2)(—2)%an (—Dy)e ™ ¢dx
S [ e a@ =3 [ fe-ara D
=Y [ e D) (0 fe) d = (D2 <) f(@)](6).

Corollary 18.9. The Fourier transform preserves the space S, i.e. F(S) C S.
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Proof. Let p(z,§) = Z‘a|<Naa( x)£® with a,(z) being a polynomial function
in z. If f € S, then because p(Dg,—x)f € S C L' we have by Eq. (18.12) that
(&, Dg)f(f) is bounded in ¢, i.e.

sup, Ip(€, De) f(£)] < C(p, f) < 0.

Since p is arbitrary it follows easily that all derivative of f (&) have fast decay and
therefore fisin S. m

18.3. Fourier Inversion Formula .

Theorem 18.10 (Fourier Inversion Theorem). Suppose that f € L' and f € LY,
then

(1) there emists fo € Co(R™) such that f = fy a.e.

2) fo=F'Ff and fo=FF'f,

(3) f and f are in L' N L™ and

@ 1712 = || -

In particular, F : S — S is a linear isomorphism of vector spaces.

Proof. First notice that f € Cp (R™) C L and f € L' by assumption, so that
f e L'NL>®. Let py(x) = t=/2¢= 31" be as in Example 18.4 so that pi(€) = e 3lEP
and p; = p;. Define fo := fV € Cp then

folw)= (V@)= [ feesTde=1im [ f(&)e'“p(&)de

Rn t|0 R”

= lim F)e 0B, (©)dE dy
t|0 n JRn

=lim [ f(y)p:(y)dy = f(z) ae.
t10 Jgn
wherein we have used Theorem 9.20 in the last equality along with the observations
that p;(y) = p1(y/vt) and fR" p1(y)dy = 1. In particular this shows that f €
L' N L°°. A similar argument shows that F~1F f = f; as well.
Let us now compute the L2 — norm of f,

1F2= [ fei©de= [ acie) / df(z)e s

R Rn n

— [ asF@) [ deqe
_ / e F@)f (@) = 1713

because [, dEf(€)e™ € = F~1f(z) = f(z) ae. m

Corollary 18.11. By the B.L.T. Theorem 3.67, the maps Fls and F~|s extend
to bounded linear maps F and F~' from L? — L?. These maps satisfy the following
properties:

(1) F and F~! are unitary and are inverses to one another as the notation
suggests.
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(2) For f € L? we may compute F and F~1 by

(18.14) Ff(€) =L* lim f(x)e"™¢dx and
fi=oe Jjz|<r

(18.15) F7Lf(€) = L2~ lim f(x)e™tda.
fi=ee Jiai<r
(3) We may further extend F to a map from L' + L? — Co + L? (still denote
by F) defined by Ff = h+Fg where f = h4+g € L'+ L?. For f € L' + L?,
Ff may be characterized as the unique function F € L} (R™) such that

loc

(18.16) (F,¢) = (f, @) for all ¢ € CZ(R").

Moreover if Eq. (18.16) holds then F € Cy+L* C L}, .(R") and Eq.(18.16)
is valid for all ¢ € S.

Proof. Item 1., If f € L? and ¢,, € S such that ¢, — f in L% then Ff :=

limy, 00 ¢n. Since an € S C L', we may concluded that ‘ (ﬁn )2 = ||¢n ||, for all n.
Thus
177, = im {6, = tim lull, = 111,

which shows that F is an isometry from L? to L? and similarly F~! is an isometry.
Since F~'F = F~'F = id on the dense set S, it follows by continuity that F~1F =
id on all of L2. Hence FF ' = id, and thus £~ is the inverse of . This proves
item 1.

Item 2. Let f € L? and R < oo and set fr(x) := f(x)15<gr- Then fr € L'NL%
Let ¢ € C°(R™) be a function such that [,, ¢(x)dz = 1 and set ¢ (z) = k"¢ (k).
Then frkor — fr € L' N L? with frkgr € C°(R™) C S. Hence

ﬁfR = L27 kh—{gof(fR*(bk) - ffR a.e.

where in the second equality we used the fact that F is continuous on L'. Hence
f‘zl<Rf(x)e_m'§dx represents Ffr(€) in L2. Since fr — f in L%, Eq. (18.14)
follows by the continuity of F on L2.

Item 3. If f=h+g€ L'+ L?and ¢ €S, then

(h+Fg,¢) = (h,¢) + (Fg,0) = (h,d) + Jim (F (g1 <r) , 0)

(18.17) = (h,d) + lim (g1|1<p, ) = (h+9,6).

In particular if h + g = 0 a.e., then <iL + Fg,¢) = 0 for all ¢ € S and since
h+ Fg e L}, it follows from Corollary 9.27 that h 4+ Fg = 0 a.e. This shows that
Ff is well defined independent of how f € L' 4 L? is decomposed into the sum
of an L' and an L? function. Moreover Eq. (18.17) shows Eq. (18.16) holds with

F=h+FqgeCy+L?and ¢ €S. Now suppose G € L, and (G, ¢) = (f, (;3> for

all ¢ € C°(R™). Then by what we just proved, (G, ¢) = (F, ¢) for all ¢ € C°(R"™)
and so an application of Corollary 9.27 shows G = F € Cy + L?. =

Notation 18.12. Given the results of Corollary 18.11, there is little danger in
writing f or Ff for Ff when f € L' + L?.
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Corollary 18.13. If f and g are L' functions such that f,g € L', then

F(fg) = fHg and F~(fg) = f¥Hkg".

Since S is closed under pointwise products and F : S — S is an isomorphism it
follows that S is closed under convolution as well.

R Proof. By Theorem 18.10, f,g, ﬂg € L' N L™ and hence f-g € L' N L*> and
fHg € L' N L>. Since

(fkg)=F(F) F @ =fger!

we may conclude from Theorem 18.10 that

hiy=FF ' (f*g) = F(f 9.
Similarly one shows F~1(fg) = fV%g’. ®

Corollary 18.14. Suppose o is a multi-index and f € L2. Then 0“f exists in L?
iff € — (i€)*f(€) € L? and if 9°f € L? then

(O°F) (&) = (1) f(€) for € — ace. €.

Proof. Suppose f,0%f € L? and ¢ € C°(R"), then by item 2. of Lemma 17.12
and Eq. (18.4),

(@oF,0) = (0°f, ) = (=) (£,0°) = (~1)1* (£ (¢), F [(—iz)* ¢(2)] (€))
= (f(£), (&)~ 9(&)) = ((i€)" f(£), d(£))-

Since this holds for all ¢ € C2°(R™), we conclude that (i)™ f(€) = 6/‘1\]"(5) € L2

Conversely if (i€)*f(€) € L2, let g(x) := [ } ) € L% Then for ¢ €
Ce(R™),
(g, 8) = (F 1 |(i©)* ()] (@), d(2)) =

(i) £(€), 6" (€) = (F(©), (1€)76" (&)
= (£(©), (=0)" 9)" (&) = (/@) F [((=9)" 9)" (&) (@)

Since this equation holds for all ¢ € C°(R™), it follows that 0 f exists and 0% f =
geEL?> m

The following table summarizes some of the basic properties of the Fourier trans-
form and its inverse.

) — forfY
Smoothness «— Decay at infinity
o «—— Multiplication by (4i&)”
S — S
IR p— L2(R")

Convolution +«— Products.
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18.4. Constant Coefficient partial differential equations. Suppose that
p(&) = ka\gk o,€* with a, € C and

1 «
L :p(DI) = Zla\gNaaDg = Z\oz|§Nafoz (;8@") .

Then for f € S
Lf(€) = p()f(©),

that is to say the Fourier transform takes a constant coefficient partial differential
operator to multiplication by a polynomial. This fact can often be used to solve
constant coefficient partial differential equation. For example suppose g : R* — Cis
a given function and we want to find a solution to the equation Lf = g. Taking the

Fourier transform of both sides of the equation Lf = g would imply p(§) (&) = §(&)
and therefore f(£) = §(&)/p(§) provided p(&) is never zero. (We will discuss what
happens when p(&) has zeros a bit more later on.) So we should expect

) =5 (535010 ) (0) =71 () Kol

18.4.1. Elliptic examples. As a specific example consider the equation
(—A + m2) f=g
where f,g: R" — C and A = Y | §?/0z7 is the usual Laplacian on R". Taking
the Fourier transform of this equation implies
(Ig* +m?) £(&) = 9(¢)
and therefore,
1) = (I +m*) " 4(9)

from which we deduce

f(z) = Gnkg(r) = - Gm(z —y)g(y)dy

1 i&-x
= _— d€.
@)= [ e

At the moment F~1 (|¢]? + 777,2)_1 only makes sense when n = 1,2, or 3 because

only then is (]¢| + m2)71 € L'(R"). For now we will restrict our attention to the
one dimensional case, n = 1, in which case

where

Gm(x) = F L (|€2 +m?) ™"

(18.18) Gz e de.

1 1
)= o= | e
V2r Jr (€4 mi) (§ —mi)
The function G,,, may be computed using standard complex variable contour inte-
gration methods to find, for x > 0,

.2
1 el mx 1
(x) Nors i 5 V2re

and since G, is an even function,

1

V2T —mla|
—€ .

(18.19) Gm(z) = F (|§|2 + m2>_ m

(z) =



REAL ANALYSIS LECTURE NOTES 353

This result is easily verified to be correct, since

F l@e—mlf'] €= L [ et ieeds
R

2m
1 o ) 0 )
= — (/ eIy +/ emze”'gdl’)
2m 0 —00

(1, 1y
S 2m \m+ifE m—if) m24E€2

Hence in conclusion we find that (—A + m2) f = g has solution given by

f(x) = Gukg(z) = \g—_jf/ﬂ{e‘m’”‘y'g(y)dy = ﬁ /Re‘m'x‘y‘g(y)dy-

Question. Why do we get a unique answer here given that f(xz) = Asinh(z) +
B cosh(z) solves
(—A + m2) f=07
The answer is that such an f is not in L? unless f = 0! More generally it is worth
noting that Asinh(z) 4+ B cosh(z) is not in P unless A = B = 0.
What about when m = 0 in which case m? + £¢2 becomes ¢2 which has a zero at
0. Noting that constants are solutions to Af = 0, we might look at
ous ous
i 1) = im Y (el )y = V2T
lim(Gn(2) — 1) = lim 22 (e D=-Y" .

as a solution, i.e. we might conjecture that

f@)i= =5 [ le=sloiy

solves the equation — f” = g. To verify this we have

fz):= —% /_w (xz —y)g(y)dy — % /OO (y — ) g(y)dy
so that
f(x) = *%1 g(y)der%/ g(y)dy and
() = —59(a) ~ 3(a).

18.4.2. Heat Equation on R™. The heat equation for a function u: Ry x R* — C
is the partial differential equation

(18.20) <8t - %A) u =0 with u(0,z) = f(x),

where f is a given function on R™. By Fourier transforming Eq. (18.20) in the z —
variables only, one finds that (18.20) implies that

(18.21) (at + % |5|2) a(t,€) = 0 with a(0,¢) = f(£).

and hence that a(t, &) = e~16I°/2f(¢). Inverting the Fourier transform then shows

that
ut,a) = F 7 (T2 1()) (@) = (£ (719/2) ks ) (@),
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From Example 18.4,
1 (eft\£\2/2) (2) = py(z) =t /2wl
and therefore,
ut.a) = [ oo =) i)y,
This suggests the following theorem.
Theorem 18.15. Let

(1822) p(t7gj’y) = (27rt)_"/2 e—\x—y|2/2t
be the heat kernel on R™. Then
1
(18.23) <6t - §Az) pt,z,y) =0 and lim p(t, z,y) = 0a(y),

where 0, s the 0 — function at x in R™. More precisely, if f is a continuous bounded
(can be relazed considerably) function on R™, then u(t,z) = [5. p(t,x,y) f(y)dy is
a solution to Eq. (18.20) where u(0,z) = limy o u(t, z).

Proof. Direct computations show that (0; — %Az) p(t,x,y) = 0 and an ap-
plication of Theorem 9.20 shows limy o p(t,z,y) = 6;(y) or equivalently that
limy o fR" p(t,x,y)f(y)dy = f(x) uniformly on compact subsets of R™. This shows
that limy o u(t, ) = f(«) uniformly on compact subsets of R"”. m

Notation 18.16. We will write (e!2/2f) (z) for [, p(t,z,y)f(y)dy = prk f.

This notation suggests that we should be able to compute the solution to g to
(A —m?)g = f using

o

o) = (o = &) ) = [T (I f) @ = [T (e k) ()

as may be easily verified using the Fourier transform. This gives us a method to
2
compute G, (z) from the previous section, namely t—n/2¢= 3¢ lal

Gm(z) = / ¢ " gy (x)dt = / (2t) /2=t ol g
0 0

We make the change of variables, A = |z|* /4t (t = |z|* /4), dt = f%dk) to find

o s 9 —n/2 9
G (2 :/ 2t *"/Qe*mzt*%\””‘QdF/ ol emmelaf/an=a 2
(=) 0 (2) 0 27 (2)\)2

n/2—-2 oo
(1824) = 2( / : / An/2*2€7)\67m2|m|2/4)\d)\.
0

|x‘7l—2

In case n = 3, Eq. (18.24) becomes

VT e Ae—mAleP /A gy — Vi p——

> 1
G"l(x)‘mx/o N V2]
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where the last equality follows from Exercise 18.4. Hence when n = 3 we have
found

(m? = A) 7" f(z) = Gk f(z) = (21) /2 v e ™= f(y)dy

s V22|
1
18.25 = [ ———e MVl f(y)dy.
(18.25) /Ra47rx_y6 f(y)dy
The function me’mm is called the Yukawa potential.

When m =0, Eq. (18.24) becomes

on/2-2) oo gy g(n/2-2)
o(z :W/o A2 te A7=WF(n/z—1)

where I'(z) in the gamma function defined in Eq. (6.30). Hence for “reasonable”
functions f (and n # 2)
1

(—=A) ' f(z) = Gok f(z) = 202D (n/2 — 1)(277)_n/2/ —— = f(y)dy
R |2~y

1 1
=—--JI(n/2-1 _— dy.
02 1) [ sy
The function

- 1 1
Go(z,y) == WF(”/2 - I)W

is a “Green’s function” for —A. Recall from Exercise 6.16 that, for n = 2k, I'(§ —
1)=T(k-1)=(k—2)!, and for n =2k + 1,

1-3-5-----(2k—3)

P(g—l):l“(k—l/2):F(k—1+1/2):ﬁ

9k—1
2k —3)!!
= 7r( 2k—1) where (—1)!l = 1.
Hence 1 )
~ 1 1 k=2 if n=2k
G =———=4q 7 _
o= 9) = L { LIy gk
and in particular when n = 3,
~ 1 1
G =——

which is consistent with Eq. (18.25) with m = 0.
18.4.3. Wave Equation on R™. Let us now consider the wave equation on R",
0= (07 — A) u(t,z) with
u(0,2) = f(z) and w(0,z) = g(x).
Taking the Fourier transform in the = variables gives the following equation

0= ﬁtt(ta 5) + |£|2 ,&(ta 5) with

a(0,€) = f(&) and (0, &) = (&)

The solution to these equations is

at,€) = F(€) cos (t|e]) + g(&)“%'g'
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and hence we should have

ult,z) = F <f(€) cos (¢ [€]) + g€ )“Tf') (2)

= Flcos (t]€]) % f(z) + Fosndlel (z)

€]
d in in
(18.26) =35 [T e e [T o).

The question now is how interpret this equation. In particular what are the inverse

Fourier transforms of F~!cos(t[£]) and F~! blrllgl‘é‘ Since 4 F~1 b”llgl‘é‘ *f(x) =

F~Lcos (t|€]) %k f(z), it really suffices to understand F~1 {%ﬂlil} The problem we

immediately run into here is that S“‘l t“gl € L2(R") iff n = 1 so that is the case we
should start with.
Again by complex contour integration methods one can show

— — . 7r
(F~ ¢ sinté) (z) = Wor (Legt>0 — Lio—ty>0)
Vs Vs
= o (Logs—t — 1ysy) = ﬁl[—t,t] ()

where in writing the last line we have assume that ¢ > 0. Again this easily seen to
be correct because

7 L/%l[m (3«’)] €)= %/let] (z)e v dy = _;Z{e"f"”lit
2; [t — e8! = ¢ sinte.
Therefore,
(F'e  sinté) * /(@ / fa—y

and the solution to the one dimensional wave equation is

dt2/ fle—y)dy + 5 /g(l‘*y)dy

— U=+ 1w+t +5 [ ow—vy
T+t

:%(f(x—t)—l-f(w—&-t))—&-%/z 9(y)dy.

—t

[\

We can arrive at this same solution by more elementary means as follows. We
first note in the one dimensional case that wave operator factors, namely

0= (5‘,52 — ) ult,z) = (0 — 0y) (O¢ + Oy) u(t, ).

Let U(t,x) := (0¢ + 0x) u(t, x), then the wave equation states (0; — 9,) U = 0 and
hence by the chain rule %U(t, x—t)=0.So

Utz —t) = U(0,2) = g(z) + f'(z)
and replacing x by = + ¢ in this equation shows
(9 + Da) ult.x) = Ult,x) = gl + 1) + f/(x+1).
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Working similarly, we learn that
d
Eu(t, z+t)=g(z+2t) + f(z+ 2t)

which upon integration implies

u(t,r +t) = u(0,x) Jr/o {9(x +27) + f(x + 27)} dr

K 1
—7(@)+ [ gl 2+ 31+ 20l
0

1

. 5(f(ag)+f(:c+2t))+/o oz + 27)dr.

Replacing + — x — ¢ in this equation gives

u(t, o) :%(f(a:—t)—s—f(x—l—t))—k/o o(z — 1+ 20)dr

and then letting y = x — t + 27 in the last integral shows again that

1 1 x4t
ut,z) =5 (flz—t) + flz+1) + 5 9(y)dy.
2 2 r—t
Let us now go to the n = 3 case where it turns out that we should interpret

—1 | SntlEl | ag a measure. en n > 3 it is necessary to treat F—! |32l | a5 4
For |l Wh 3 it to treat F~1 | Sl

“distribution” or “generalized function,” see Section 24 below. To motivate the next
definition suppose that u is a finite measure on R™ which is absolutely continuous
relative to Lebesgue measure, du(z) = p(x)dx. Then it is reasonable to require

i) =6 = [ e pla)ar = [ e (o)

n n

and

(1) (z) = pokg(a) = /

Rn

oz — y)p(a)dz = / o — y)du(y)

n

when ¢g : R™ — C is a function such that the latter integral is defined, for example
assume g is bounded. This considerations lead to the following definitions.

Definition 18.17. The Fourier transform, fi, of a complex measure p on Brn is
defined by

(18.27) A(€) = / e dua)

and the convolution with a function g is defined by

(ukg) (z) = / oz — y)du(y)

n

when the integral is defined.

It follows from the dominated convergence theorem that [ is continuous. Also
by a variant of Exercise 9.11, if y and v are two complex measure on Bg- such that
i1 = U, then p = v. The reader is asked to give another proof of this fact in Exercise
18.3 below.
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Example 18.18. Let o; be the surface measure on the sphere S; of radius t centered
at zero in R3. Then

G4(€) = 4msm|§|f .
Indeed,
G1(€) = /tS2 e 8 do(z) = 12 /52 e 8o (x)

27 T
:tQ/ efim"*‘g‘da(:r) :tQ/ dﬂ/ d sin pe 7t cos ¢l
52 0 0

1 .
= 27rt2/ e~ tultl gy, = 271'152—,1 emituleluzl = grg? sint €] :
-1 —it[¢] a tg]

From this example we should expect

_q [sint[€]] ¢ L
F |: |£‘ = 47Tt20't—t0t

where 7; is ﬁat, the surface measure on S; normalized to have total measure
one. Hence from Eq. (18.26) the solution to the three dimensional wave equation
should be given by

d
(18.28) u(t,x) = % (tovk f(x)) +tarkg (x).
Using this definition in Eq. (18.28) gives

u(t,x) = d {t ., flz— y)dat(y)} +t/st 9(z — y)do(y)

dt
:%{t f(x—tw)dw}—l—t/Slg(x—tw)dw

S1

(18.29) _ 4 {t flz+ tw)dw} + t/ g(x + tw)dw
dt S1 S1

where dw := dg(w). It is possible to verify directly that this formula does solve the

wave equation when f € C3(R3) and g € C%(R?) but we will not pause to do this

now.

Rather let us simply point out that solution exhibits a basic property of wave
equations, namely finite propagation speed. To exhibit the finite propagation speed,
suppose that f = 0 (for simplicity) and g has compact support near the origin, for
example think of g = dp(z). Then x + tw = 0 for some w iff |x| = ¢. Hence the
“wave front” propagates at unit speed and the wave front is sharp. See Figure 36
below.

The solution of the two dimensional wave equation may be found using
“Hadamard’s method of decent” which we now describe. Suppose now that f and
g are functions on R? which we may view as functions on R® which happen not to
depend on the third coordinate. We now go ahead and solve the three dimensional
wave equation using Eq. (18.29) and f and g as initial conditions. It is easily seen
that the solution u(¢,z,y, z) is again independent of z and hence is a solution to
the two dimensional wave equation. See figure 37 below.

Notice that we still have finite speed of propagation but no longer sharp prop-
agation. In fact we can work out the solution analytically as follows. Again for
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FIGURE 37. The geometry of the solution to the wave equation in
two dimensions.

simplicity assume that f = 0. Then

27 s
u(t,z,y) = %/0 d9/0 desin ¢g((z,y) + t(sin ¢ cos 0, sin ¢sin 9))
t

27 w/2
=3 d@/ d¢sin ¢pg((x, y) + t(sin ¢ cos 8, sin ¢ sin 9))
T Jo 0

and letting u = sin ¢, so that du = cos ¢d¢ = /1 — u?d¢ we find

2 1
u(t,z,y) = %/0 d9/0 \/ld%_ugug((x,y)—i—ut(cos@,sine))
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and then letting r = ut we learn,

u(t,z,y) /QW / mt o((,y) + r(cos 9, sin 0))

= %/% d@/ \/%rg((x,y) + 7(cosf,sin6))

2w[ét xyMyd(w)

Here is a better alternative derivation of this result. We begin by using symmetry
to find

u(ta) =2t [ gla = y)doly) =2 [ glo-+p)doiiy)
Sha S
where S, is the portion of S; with z > 0. This sphere is parametrized by
R(u,v) = (u,v,V1? — u? — v?) with (u,v) € Dy := {(u,v) : u* +v* < ¢*} . In these

coordinates we have

Ant?de, = ‘(—Bu\/ 12 —u2 — 02, -0, \/12 — u2 — 02, 1) ‘ dudv

U v
= , ,1 )| dudv
‘(\/t2u2v2 V2 —uZ — 2 )
u? 4 v? ||
and therefore,
u(t,z) = 2t gl + (u,v, V12 — u? — v2)) id dudv
’ Art? Jg+ T R —

1
- L [ Lotlwo)
m st Vtt—us —w

This may be written as

)= [ DD

as before. (I should check on the sgn(¢) term.)

dudv.

18.5. Bochner’s Theorem. Let i be a finite measure on Bg» and ji(§) be the
Fourier transform of u as in Definition 18.17 above. If A € C™, then

> Al — €A = / 3 e e Kdu(o) = / > e T A TG TN dp(w)
k,j=1 k,j=1 R™ =1

/R” k=1

du(x) = 0

m 2

that is to say /i is a positive definite function. Since /i(0) |A|> > 0, it follows that
£1(0) > 0 and since
am[ 0, D]
pn =& [(0)
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is positive definite of all £, € R? it follows that fi(—n) = fi(n) (since A* = A) and

AO0)  AE=1) | _ V2 age — 2
0< det[ An—g)  A0) ] =1a0)" — A€ —n)
)

and hence |1(€)] < [i(0) for all & In particular ji is continuous. Moreover, if
f € S(R) then
[ e = ms Tt = tim 3 e )(6) G > 0.

Theorem 18.19. Suppose x € C(R™,C) is positive definite function, then there
exists a unique measure (v on Brn such that x = fi.

Proof. For f € S, define

1) = [ (@5 ©ck

Notice that
102 = [ @ (117) ©ds = [ xo) (xF) e
= [ O € m P tdnds = [ (e (€~ niTTTadde
= [ &= ©F Gidnds > 0

for all f € S. Let pi(x — -) be the usual heat kernel, then /p:(x — ) is still a
Gaussian function and hence \/p;(z — -) € S. Therefore,

(I,pe(x—-) ’\/pt:rf ’ y>0forallzeRandt>0.

Hence we have shown, I+p; > 0 for all £.
We will now show®” for ¢ € S that (I%ps,v) — (I,9) as t | 0. Since

—

@) = (el =) = [ (¢540,0) po (e
:/n (e’fAv,v)e w&h,(€)dE,

(I%epe, ) = /n dzi)(x) /n de¢ (eiéAq;,v) e_ix'fﬁt(£>
= /n d¢ . dai(x) (e’fAv,v) e_i””'ﬁﬁt({)
= [ dgd(©) (o) 5lO) [ deb©) (¥hve) = (10)
R R

since pi(§) = e~t€°/2 1 as ¢ | 0. Hence if ¥ > 0, we find
(T.v) = lim{Tkpr, ) > 0.

37Tt is known more generally that if T € S’ then T xp; — T in S’ as ¢ | 0.
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et K C R be a compact set and ¢ € C.(R,[0,00)) be a function such that
=1lon K. If f € C*(R,R) is a smooth function with supp(f) C K, then
< |[flloo® — f €S and hence

0<{Lflloc® = £) = 1flloo (L) = (L, f)

and therefore (I,f) < [ f|lo (I,¥). Replacing f by —f implies, —(I,f) <
| fllo (I,%) and hence we have proved

(18.30) |1, £)| < Csupp(f)) 1 /1

for all f € Dpn := C(R"™,R) where C(K) is a finite constant for each compact
subset of R™. Because of the estimate in Eq. (18.30), it follows that I|p,, has a
unique extension I to C.(R™ R) still satisfying the estimates in Eq. (18.30) and
moreover this extension is still positive. So by the Riesz — Markov theorem, there
exists a unique Radon — measure p on R™ such that such that (I, f) = u(f) for all
f € C.(R™,R).

To finish the proof we must show fi(n) = x(n) for all n € R™ given

p(5) = [ X(OF ©ds for all f € CX (R R)

Let f € C°(R™, R;) be a radial function such f(0) =1 and f(x) is decreasing as
|z| increases. Let fc(z) := f(ex), then by Theorem 18.3,

F e @] (€ = e

€

L
(2
0

)

and therefore

(18.31) pe s @) = [ e

n €

)de.

Because [p, fY(§)dé = FfY(0) = f(0) = 1, we may apply the approximate § —
function Theorem 9.20 to Eq. (18.31) to find

(18.32) (e fe()) — x(n) as € | 0.

On the the other hand, when 1 = 0, the monotone convergence theorem implies
w(fe) T (1) = u(R™) and therefore p(R™) = p(1) = x(0) < oco. Now knowing the
1 is a finite measure we may use the dominated convergence theorem to concluded

e fe(@)) — ple™™) = fu(n) as e | 0

for all . Combining this equation with Eq. (18.32) shows [(n) = x(n) for all
neR” m

18.6. Supplement: Heisenberg Uncertainty Principle Exercise. Suppose
that H is a Hilbert space and A, B are two densely defined symmetric operators on
H. More explicitly, A is a densely defined symmetric linear operator on H means
there is a dense subspace D4 C H and a linear map A : D4 — H such that
(Ad, ) = (¢, AY) for all ¢, € Dy. Let Dap :={p € H: ¢ € D and Bp € D}
and for ¢ € Dap let (AB) ¢ = A(B¢) with a similar definition of Dp4 and BA.
Moreover, let Do :=Dap NDpa and for ¢ € D¢, let

Co = 3[4, BJo = - (AB ~ BA).
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Notice that for ¢, € De we have

(C6,8) = £ {(ABo, v) — (BAG, 1)} = - {(Bo, Av) — (A6, Bu)}
= < (6, BAY) — (6, ABY)} = (6,C9)

so that C' is symmetric as well.

Theorem 18.20 (Heisenberg Uncertainty Principle). Continue the above notation
and assumptions,

1
(18.3) 510, 00)] < 146 — (0, 49) /I BY ~ (9, By)
for all ¢ € De. Moreover if ||| = 1 and equality holds in Eq. (18.33), then

(A= (¢, AP))¢p = iX(B — (¢, BY))¢ or
(18.34) (B = (¢, BY)) = idp(A — (¢, AY))¢

for some A € R.

Proof. By homogeneity (18.33) we may assume that [[¢)|| = 1. Let a := (¢, A),
b= (v,ByY), A=A —al, and B = B — bl. Then we have still have

[A,B] = [A—al,B — bl =iC.
Now
i(¥, Cy) = (1,iCP) = (4, [A, Bly) = (¢, ABY) — (¢, BAY)
= (Ay, BY) — (By, Ay) = 2i Im(Ay, By)
from which we learn
(@, Cv)| =2 |im( Ay, By)| < 2| (A, By)| < 2| 4v|| | By

with equality iff Re(flw, Bw) = 0 and Ay and B are linearly dependent, i.e. iff
Eq. (18.34) holds.
The result follows from this equality and the identities

~ 2
|4¢]" = 4w - ap)* = 1146)* + a® |9 — 20 Re(Aw, )
= 491 +a? = 207 = | AY|I° — (4, ¥)
and

|Be|| = 1ol - (Bo,v).
]
Example 18.21. As an example, take H = L*(R), A = 10, and B
M, with Dy = {feH:f € H} (f is the weak derivative) and Dp
{f e H: [, |of(z))de < oo} . In this case,

Dec={feH: f,zf and zf" are in H}

and C' = —I on D¢. Therefore for a unit vector ¢ € D¢,

1 1
et
2 1

Nz = byl
2
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; i 38 2
where a =i [ 9'dm ** and b = [, z [¢)(x)|” dm(x). Thus we have

(18.35) i: i/Rdeg/R(k—a)2]z/3(k))2dk./R(x_b)2 (@) da.

Equality occurs if there exists A € R such that
1
iA(z —b)Y(x) = (=0, —a)y(z) a.e.

i
Working formally, this gives rise to the ordinary differential equation (in weak form),
(18.36) Ve = [N — b) + ia] ¢
which has solutions (see Exercise 18.5 below)

A
(18.37) ¢ =Cexp (/ [—A(z — b) +ia] dz) = Cexp (§($ —b)*+ ia:c) .
R

Let A = & and choose C so that [[1[|, = 1 to find

2t
1\ /4 1 o
VYrap(x) = (ﬂ) exp <E(:c —b)° + za:c)

are the functions which saturate the Heisenberg uncertainty principle in Eq. (18.35).
18.6.1. Ezercises.

Exercise 18.2. Let f € L?(R") and « be a multi-index. If 9°f exists in L*(R™)
then F(0*f) = (i€)* f(£) in L2(R™) and conversely if (5 — f‘xf(f)) € L*(R") then
0°f exists.

Exercise 18.3. Suppose u is a complex measure on R™ and ji(§) is its Fourier
transform as defined in Definition 18.17. Show p satisfies,

(0.0) = [ €0 = (@)= [ ddpforall 6 €S
and use this to show if p is a complex measure such that 4 = 0, then p = 0.

Exercise 18.4. Using

1 AP m?)
- ™) I\
rEal A

the identity in Eq. (18.19) and Example 18.4, show for m > 0 and x > 0 that

m > 1 1.2 2
e "™ = — dA\—=e 5% A (let X — \/m?
R

(18.38) FPNILIO Y
. = e (& .
0 VA

Use this to formula and and Example 18.4 again to show, in dimension n, that
r 1)/2
V22 (m2 + [¢2)(ntD)/2
where I'(z) in the gamma function defined in Eq. (6.30). (I am not absolutely
positive I have got all the constants exactly right, but they should be close.)

383We will see in later that a may be described using the Fourier transform as: a =

~ 2
[ k|d@)| dm(k).
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Exercise 18.5. Show that ¢ described in Eq. (18.37) is the general solution to
Eq. (18.36). Hint: Suppose that ¢ is any solution to Eq. (18.36) and % is given
as in Eq. (18.37) with C = 1. Consider the weak — differential equation solved by

¢/t

18.6.2. More Proofs of the Fourier Inversion Theorem.

Exercise 18.6. Suppose that f € L'(R) and assume that f continuously differen-
tiable in a neighborhood of 0, show

(18.39) A}im S wf(:v)d:c =7f(0)
—0 J_ o xZ
using the following steps.
(1) Use Example 6.26 to deduce,
1 Mo
M
lim S xdm = lim Smxdm = .
M —oo 1 X M —oco M X
(2) Explain why
0= lim sin Mz - &dx and
M=00 Jjz|1 r
0= lim sin Mx - de.
M=00 Je|<1 z

(3) Add the previous two equations and use part (1) to prove Eq. (18.39).

Exercise 18.7 (Fourier Inversion Formula). Suppose that f € L!'(R) such that
f e LY(R).
(1) Further assume that f is continuously differentiable in a neighborhood of
0. Show that

A= [ fae= 100,

Hint: by the dominated convergence theorem, A := limy; o0 f\£|<M f(ﬁ)d{.

Now use the definition of f (£), Fubini’s theorem and Exercise 18.6.
(2) Apply part 1. of this exercise with f replace by 7,f for some y € R to
prove

(18.40) fly) = /R fe)eveae

provided f is now continuously differentiable near y.

The goal of the next exercises is to give yet another proof of the Fourier inversion
formula.

Notation 18.22. For L > 0, let C¥(R) denote the space of C* — 27 L periodic
functions:
Ci(R):={feCFR): f(x+2nL) = f(z) for all z € R}.

Also let (-,-), denote the inner product on the Hilbert space Hy, := L?([-7L,nL])
given by
1

2L [-7L,wL]

(f,9)r f(2)g(z)dz.
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Exercise 18.8. Recall that {x£(z) := e***/L : k € Z} is an orthonormal basis for
Hj and in particular for f € Hp,

(18.41) F=> (fxi)exk

keZ

where the convergence takes place in L?([-wL,7L]). Suppose now that f €
C?(R)*. Show (by two integration by parts)

L2
|(fo.x@)L] < =l 1771,

where ||g]|,, denote the uniform norm of a function g. Use this to conclude that the
sum in Eq. (18.41) is uniformly convergent and from this conclude that Eq. (18.41)
holds pointwise.

Exercise 18.9 (Fourier Inversion Formula on S). Let f € S(R), L > 0 and
(18.42) fr(z) = f(x+ 27kL).

keZ
Show:
(1) The sum defining fr, is convergent and moreover that f € C2°(R).

)

(2) Show (fu.xE)1 = —r F (/L)

(3) Conclude from Exercise 18.8 that
)

fo(z) = ﬁ kezzf(k/L)eik“"/L for all x € R.

(4) Show, by passing to the limit, L. — oo, in Eq. (18.43) that Eq. (18.40)
holds for all z € R. Hint: Recall that f € S.

Exercise 18.10. Folland 8.13 on p. 254.
Exercise 18.11. Folland 8.14 on p. 254. (Wirtinger’s inequality.)

Exercise 18.12. Folland 8.15 on p. 255. (The sampling Theorem. Modify to
agree with notation in notes, see Solution F.19 below.)

Exercise 18.13. Folland 8.16 on p. 255.
Exercise 18.14. Folland 8.17 on p. 255.

(18.43

Exercise 18.15. .Folland 8.19 on p. 256. (The Fourier transform of a function
whose support has finite measure.)

Exercise 18.16. Folland 8.22 on p. 256. (Bessel functions.)

Exercise 18.17. Folland 8.23 on p. 256. (Hermite Polynomial problems and
Harmonic oscillators.)

Exercise 18.18. Folland 8.31 on p. 263. (Poisson Summation formula problem.)

39We view C’%(R) as a subspace of Hy, by identifying f € C’%(R) with fl{_rr,~2] € HL-





