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Remark 9.54. Given any collection of bounded real valued functions F on X, let
H(F) be the subspace of B(X,R) generated by F,i.e. H(F) is the smallest subspace
of B(X,R) which is closed under bounded convergence and contains F. With this
notation, Theorem 9.52 may be stated as follows. If F is a multiplicative system
then H(F) = B,(7)(X,R) — the space of bounded o (F) — measurable real valued
functions on X.

9.6. Exercises.

Exercise 9.4. Let (X, 7) be a topological space, p a measure on Bx = o(7) and
f: X — C be a measurable function. Letting v be the measure, dv = | f| du, show
supp(v) = supp,(f), where supp(v) is defined in Definition 7.40).

Exercise 9.5. Let (X, 7) be a topological space, i a measure on Bx = o(7) such
that supp(u) = X (see Definition 7.40). Show supp,,(f) = supp(f) = {f # 0} for
all f e C(X).

Exercise 9.6. Prove Proposition 9.23 by appealing to Corollary 5.43.

Exercise 9.7 (Integration by Parts). Suppose that (z,y) € R x R"™! — f(z,y) €
Cand (z,y) € R x R"™" — g(x,y) € C are measurable functions such that for each
fixed y € R"~! z — f(x,y) and  — g(z,y) are continuously differentiable. Also
assume f - g, 0.f - g and f - O,g are integrable relative to Lebesgue measure on
R x R™ !, where 0, f(z,y) :== <4 f(z +t,9)|s=o. Show

021 [ ouf@w)-sddy == [ f(e.y)-0ug(a)dady,

xRr—1
(Note: this result and Fubini’s theorem proves Lemma 9.25.)

Hints: Let ¢ € C°(R) be a function which is 1 in a neighborhood of 0 € R and
set Yc(x) = Y(ex). First verify Eq. (9.27) with f(z,y) replaced by ¢.(x)f(x,y) by
doing the x — integral first. Then use the dominated convergence theorem to prove
Eq. (9.27) by passing to the limit, € | 0.

Exercise 9.8. Let M < oo, show there are polynomials p,(t) such that

lim sup [[t| —pn(t)] =0
00 | <M

as follows. Let f(t) = +/1—t for |t| < 1. By Taylor’s theorem with integral re-
mainder (see Eq. A.15 of Appendix A) or by analytic function theory, there are
constants?3 «,, > 0 for n € N such that

Vi-z=1- Zanx” for all |z| < 1.

n=1

Use this to prove Y 2 | ay, = 1 and therefore ¢, (z) :==1— 3" | a,a™

lim sup [V1—x —gn(z)] =0.

m—00 ‘.f‘gl

Let 1 —x =t2/M? ie. x=1—12/M?, then
: lt] 202
lim sup |— —¢qn(1—t°/M*)| =0
mﬂoolt‘gzu Z\/[ ( / )

so that p,,(t) :== Mg (1 —t2/M?) are the desired polynomials.

—_ "
231 fact an = M, but this is not needed.

- 2nnp!
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Exercise 9.9. Given a continuous function f : R — C which is 27 -periodic and

n .
€ > 0. Show there exists a trigonometric polynomial, p(6) = 3 a,e™?, such that
n=—N

|f(6) — P(6)] < € for all § € R. Hint: show that there exists a unique function
F € C(S1) such that f(0) = F(e?) for all § € R.

Remark 9.55. Exercise 9.9 generalizes to 2 — periodic functions on R?, i.e. func-
tions such that f(0+2we;) = f(0) foralli = 1,2,...,d where {ei}?:1 is the standard
basis for R%. A trigonometric polynomial p(#) is a function of § € R? of the form

p(0) =D ape™’
nel’
where T is a finite subset of Z?. The assertion is again that these trigonometric

polynomials are dense in the 27 — periodic functions relative to the supremum
norm.

Exercise 9.10. Let u be a finite measure on Bga, then I := span{e”*® : A € R?}
is a dense subspace of LP(y) for all 1 < p < co. Hints: By Corollary 9.8, C.(R?)
is a dense subspace of LP(yu). For f € C.(R?) and N € N, let

fn(x) = Z f(z+ 27 Nn).
nezd
Show fy € BC(RY) and z — fy(Nwz) is 27 — periodic, so by Exercise 9.9, z —
fn(Nzx) can be approximated uniformly by trigonometric polynomials. Use this
fact to conclude that fy € DX, After this show fy — f in LP ().

Exercise 9.11. Suppose that p and v are two finite measures on R? such that

9.28) /]R () = /]R ()

for all A € RY. Show u = v.

Hint: Perhaps the easiest way to do this is to use Exercise 9.10 with the measure
1 being replaced by p+ v. Alternatively, use the method of proof of Exercise 9.9 to
show Eq. (9.28) implies [, fdu(z) = [u fdv(z) for all f € C.(RY).
Exercise 9.12. Again let y be a finite measure on Bra. Further assume there exists
an € > 0 such that C := [, e“l?ldu(x) < co. Show the space P(R?) of polynomials
on R? are dense in LP(p) for all 1 < p < oo. Here is a possible outline.

Outline: For A € RY and n € Nlet f,(z) = (A-z)" /n!

1. Use calculus to verify sup,sq t*e~ = (a/e)* e~ for all @ > 0 where (0/¢)® :=

1. Use this estimate along with the identity

A < AP o = (Jaf el ) A el

to find an estimate on [|f,||, .

2. Use your estimate on || ||, to show there exists § > 0 such that 332 | full, <
oo when |[A| < & and conclude for [A| < § that e*® = LP(p)-Y 07 fu(x).
From this it follows that [, e**du(z) = 0 when || < 6.

3. Let A € R? (|A| not necessarily small) and set g(t) := [pq € *dpu(z) for t € R.
Show g € C*°(R) and

g™ (t) = / (i) - )" % du(x) for all n € N.
R4
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4. Let T'=sup{T > 0: gljo,; = 0}. By Step 2., T'> 6. If T" < oo, use Step 3. to
conclude

/ (X - )" T du(x) = 0 for all n € N,
R4
Then use Step 2. again to conclude
/ THONT 4y (0) = 0 for all £ < 6/ ||
Rd

which violates the definition of T and therefore T' = oco.
5. Now finish by appealing to Exercise 9.10.
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Proof. The assertion that 7, : L? — LP is an isometric isomorphism follows
from translation invariance of Lebesgue measure and the fact that 7_, o 7, = id.
For the continuity assertion, observe that

I7=f — Tnyp =7y (7f - Tyf)Hp =7y f - pr
from which it follows that it is enough to show 7. f — f in LP as z — 0 € R™.
When f € C.(R"), 7.f — f uniformly and since the K := Uj.j<isupp(7.f) is
compact, it follows by the dominated convergence theorem that 7,f — f in LP as
z — 0 € R™. For general g € LP and f € C.(R"),

Ime9 = gll, < IIreg = 72 fll, + 7 f = £IL + 1f = gll, = ll7f = £Il, + 211f = gl
and thus
fim sup 729 — gll, < lin sup | f = fll, +20f—gll, =2lf—dll,-

Because C(R") is dense in L?, the term ||f — g[[, may be made as small as we
please. m

Definition 9.14. Suppose that (X, 7) is a topological space and p is a measure on
Bx = o(7). For a measurable function f : X — C we define the essential support
of f by
(9.5)
supp,(f) ={z € U: u({y € V : f(y) # 0}}) > 0 for all neighborhoods V' of x}.
It is not hard to show that if supp(r) = X (see Definition 7.40) and f € C(X)
then supp,,(f) = supp(f) := {f # 0}, see Exercise 9.5.

Lemma 9.15. Suppose (X, T) is second countable and f : X — C is a measurable
function and p is a measure on Bx. Then X := U \ supp,(f) may be described
as the largest open set such that flw (x) = 0 for p — a.e. x. Equivalently put,
C:= suppu(f) is the smallest closed subset of X such that f = fl¢ a.e.

Proof. To verify that the two descriptions of suppu( f) are equivalent, suppose
supp,,(f) is defined as in Eq. (9.5) and W := X \ supp,,(f). Then
W={zxeX:u({yeV: fly) #0}}) =0 for some neighborhood V of z}
=U{V Co, X : pn(flv #0) =0}
=U{V C, X: fly =0 for p —a.e.}.
So to finish the argument it suffices to show p (f1ly # 0) = 0. To to this let & be
a countable base for 7 and set
Up:={V el: fly =0a.e.}.
Then it is easily seen that W = Ul and since Uy is countable p(fly #0) <
Syew, #(Fly £0)=0. m
Lemma 9.16. Suppose f,g,h: R" — C are measurable functions and assume that
x s a point in R™ such that |f| x |g| () < 0o and |f] * (|g| * |h]) (z) < oo, then

1. f*g(z)=gx* f(x)
2. fx(gxh)(x) = (f * g) * h(z)
3. If z € R™ and 7,(|f] * |g])(x) = |f] * |g] (x — 2) < 00, then

T (f*g)(x) = Tof x g(x) = [ * T2g(x)
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4. If x ¢ supp,,(f) + supp,,,(g) then fx g(x) =0 and in particular, supp,, (f *
g) C supp,,(f) + supp,,(g) where in defining supp,,,(f * g) we will use the
convention that “f x g(x) # 07 when |f| x |g| (z) = .

Proof. For item 1.,

11l @ = [ 151w =9)lol @y = [ 1710 lal (o= )y = lol = 1] )

where in the second equality we made use of the fact that Lebesgue measure in-
variant under the transformation y — x — y. Similar computations prove all of the
remaining assertions of the first three items of the lemma.

Item 4. Since f x g(z) = f = glx) if f = fand ¢ = § ae. we may,
by replacing f by flgpp (r) and g by glgpp (g if necessary, assume that
{f # 0} C supp,,(f) and {g # 0} C supp,,(g). So if ¢ (supp,,(f) +supp,,(9))
then z ¢ ({f #0}+ {9 #0}) and for all y € R”, either x —y ¢ {f #0} or
y ¢ {g #0}. That is to say either z —y € {f =0} or y € {g =0} and hence
f(xz —y)g(y) =0 for all y and therefore f x g(a) = 0. This shows that f*g =0 on

R™\ (suppm( f) + supp,, (g)) and therefore

R™\ (Suppm(f) + SUPpm(g)) C R™ \ supp,,(f * g),

i.e. supp,,(f * g) C supp,,(f) + supp,,(g). m

Remark 9.17. Let A, B be closed sets of R™, it is not necessarily true that A + B
is still closed. For example, take

A={(z,y):x>0andy >1/z} and B={(z,y) :x <0andy > 1/|z|},

then every point of A + B has a positive y - component and hence is not zero. On
the other hand, for z > 0 we have (z,1/z) + (—z,1/z) = (0,2/z) € A+ B for all
x and hence 0 € A+ B showing A + B is not closed. Nevertheless if one of the
sets A or B is compact, then A + B is closed again. Indeed, if A is compact and
Tp = an + b, € A+ B and z,, — x € R"™, then by passing to a subsequence if
necessary we may assume lim,, .., a, = a € A exists. In this case

lim b, = lim (zp, —an)=2—a € B
n—oo n—0o0

exists as well, showing r =a+b € A+ B.

Proposition 9.18. Suppose that p,q € [1,00] and p and q are conjugate exponents,
f €Ll andg e I, then f+g € BOR™), | £ *gl, < 7], lloll, and if p.q € (1,00)
then fx g € Co(R™).

Proof. The existence of f* g(z) and the estimate |f  g| () < || f[|,, [l]l, for all
x € R™ is a simple consequence of Holders inequality and the translation invariance
of Lebesgue measure. In particular this shows || f = g[[,, <|[f|l,, ll9[l, - By relabeling
p and ¢ if necessary we may assume that p € [1,00). Since

7= (f*x9) = Frglly =llm=f g = Frgl, <llm=f = fl, lglly = 0as z—0

it follows that f % g is uniformly continuous. Finally if p,q € (1,00), we learn
from Lemma 9.16 and what we have just proved that f,, * gm € C.(R™) where



