
UHDO DQDO\VLV OHFWXUH QRWHV 4;8

Uhpdun <1871 Jlyhq dq| froohfwlrq ri erxqghg uhdo ydoxhg ixqfwlrqv I rq [> ohw
K+I, eh wkh vxevsdfh riE+[>U, jhqhudwhg e| I > l1h1 K+I, lv wkh vpdoohvw vxevsdfh
ri E+[>U, zklfk lv forvhg xqghu erxqghg frqyhujhqfh dqg frqwdlqv I = Zlwk wklv
qrwdwlrq/ Wkhruhp <185 pd| eh vwdwhg dv iroorzv1 Li I lv d pxowlsolfdwlyh v|vwhp
wkhq K+I, @ E�+I,+[>U, � wkh vsdfh ri erxqghg � +I, � phdvxudeoh uhdo ydoxhg
ixqfwlrqv rq [=

<191 H{huflvhv1

H{huflvh <171 Ohw +[> �, eh d wrsrorjlfdo vsdfh/ � d phdvxuh rq E[ @ �+�, dqg
i = [ $ F eh d phdvxudeoh ixqfwlrq1 Ohwwlqj � eh wkh phdvxuh/ g� @ mi m g�> vkrz
vxss+�, @ vxss�+i,> zkhuh vxss+�, lv gh�qhg lq Gh�qlwlrq :173,1

H{huflvh <181 Ohw +[> �, eh d wrsrorjlfdo vsdfh/ � d phdvxuh rq E[ @ �+�, vxfk
wkdw vxss+�, @ [ +vhh Gh�qlwlrq :173,1 Vkrz vxss�+i, @ vxss+i, @ ii 9@ 3j iru
doo i 5 F+[,=

H{huflvh <191 Suryh Sursrvlwlrq <156 e| dsshdolqj wr Fruroodu| 81761

H{huflvh <1: +Lqwhjudwlrq e| Sduwv,1 Vxssrvh wkdw +{> |, 5 U� Uq�4 $ i+{> |, 5
F dqg +{> |, 5 U�Uq�4 $ j+{> |, 5 F duh phdvxudeoh ixqfwlrqv vxfk wkdw iru hdfk
�{hg | 5 Uq�4> { $ i+{> |, dqg { $ j+{> |, duh frqwlqxrxvo| gl�huhqwldeoh1 Dovr
dvvxph i � j> C{i � j dqg i � C{j duh lqwhjudeoh uhodwlyh wr Ohehvjxh phdvxuh rq
U�Uq�4> zkhuh C{i+{> |, =@ g

gw
i+{. w> |,mw@3= Vkrz]

U�Uq�4
C{i+{> |, � j+{> |,g{g| @ �

]
U�Uq�4

i+{> |, � C{j+{> |,g{g|=+<15:,

+Qrwh= wklv uhvxow dqg Ixelql*v wkhruhp suryhv Ohppd <1581,
Klqwv= Ohw # 5 F4f +U, eh d ixqfwlrq zklfk lv 4 lq d qhljkerukrrg ri 3 5 U dqg

vhw #�+{, @ #+�{,= Iluvw yhuli| Ht1 +<15:, zlwk i+{> |, uhsodfhg e| #�+{,i+{> |, e|
grlqj wkh { � lqwhjudo �uvw1 Wkhq xvh wkh grplqdwhg frqyhujhqfh wkhruhp wr suryh
Ht1 +<15:, e| sdvvlqj wr wkh olplw/ � & 3=
H{huflvh <1;1 Ohw P ?4> vkrz wkhuh duh sro|qrpldov sq+w, vxfk wkdw

olp
q$4

vxs
mwm�P

mmwm � sq+w,m @ 3

dv iroorzv1 Ohw i+w, @
s
4� w iru mwm � 4= E| Wd|oru*v wkhruhp zlwk lqwhjudo uh0

pdlqghu +vhh Ht1 D148 ri Dsshqgl{ D, ru e| dqdo|wlf ixqfwlrq wkhru|/ wkhuh duh
frqvwdqwv56 �q A 3 iru q 5 Q vxfk wkdw

s
4� { @ 4�

4[
q@4

�q{
q iru doo m{m ? 4=

Xvh wklv wr suryh
S4

q@4 �q @ 4 dqg wkhuhiruh tp+{, =@ 4�Sp
q@4 �q{

q

olp
p$4

vxs
m{m�4

ms4� {� tp+{,m @ 3=

Ohw 4� { @ w5@P5> l1h1 { @ 4� w5@P5> wkhq

olp
p$4

vxs
mwm�P

���� mwmP � tp+4� w5@P5,

���� @ 3

vr wkdw sp+w, =@Ptp+4� w5@P5, duh wkh ghvluhg sro|qrpldov1

2�
Lq idfw k? G'

E2?3��--
2q?-

c exw wklv lv qrw qhhghg1
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H{huflvh <1<1 Jlyhq d frqwlqxrxv ixqfwlrq i = U $ F zklfk lv 5� 0shulrglf dqg

� A 3= Vkrz wkhuh h{lvwv d wuljrqrphwulf sro|qrpldo/ s+�, @
qS

q@�Q

�qhlq�> vxfk wkdw

mi+�,� S +�,m ? � iru doo � 5 U= Klqw= vkrz wkdw wkhuh h{lvwv d xqltxh ixqfwlrq
I 5 F+V4, vxfk wkdw i+�, @ I +hl�, iru doo � 5 U=
Uhpdun <1881 H{huflvh <1< jhqhudol}hv wr 5� � shulrglf ixqfwlrqv rq Ug> l1h1 ixqf0
wlrqv vxfk wkdw i+�.5�hl, @ i+�, iru doo l @ 4> 5> = = = > g zkhuh ihljgl@4 lv wkh vwdqgdug
edvlv iru Ug= D wuljrqrphwulf sro|qrpldo s+�, lv d ixqfwlrq ri � 5 Ug ri wkh irup

s+�, @
[
q5�

�qh
lq��

zkhuh � lv d �qlwh vxevhw ri ]g= Wkh dvvhuwlrq lv djdlq wkdw wkhvh wuljrqrphwulf
sro|qrpldov duh ghqvh lq wkh 5� � shulrglf ixqfwlrqv uhodwlyh wr wkh vxsuhpxp
qrup1

H{huflvh <1431 Ohw � eh d �qlwh phdvxuh rq EUg > wkhq G =@ vsdqihl��{ = � 5 Ugj
lv d ghqvh vxevsdfh ri Os+�, iru doo 4 � s ? 4= Klqwv= E| Fruroodu| <1;/ Ff+Ug,
lv d ghqvh vxevsdfh ri Os+�,= Iru i 5 Ff+U

g, dqg Q 5 Q> ohw
iQ+{, =@

[
q5]g

i+{. 5�Qq,=

Vkrz iQ 5 EF+Ug, dqg { $ iQ+Q{, lv 5� � shulrglf/ vr e| H{huflvh <1</ { $
iQ+Q{, fdq eh dssur{lpdwhg xqlirupo| e| wuljrqrphwulf sro|qrpldov1 Xvh wklv
idfw wr frqfoxgh wkdw iQ 5 �GO

s+�,= Diwhu wklv vkrz iQ $ i lq Os+�,=

H{huflvh <1441 Vxssrvh wkdw � dqg � duh wzr �qlwh phdvxuhv rq Ug vxfk wkdw]
Ug

hl��{g�+{, @

]
Ug

hl��{g�+{,+<15;,

iru doo � 5 Ug= Vkrz � @ �=
Klqw= Shukdsv wkh hdvlhvw zd| wr gr wklv lv wr xvh H{huflvh <143 zlwk wkh phdvxuh

� ehlqj uhsodfhg e| �. �= Dowhuqdwlyho|/ xvh wkh phwkrg ri surri ri H{huflvh <1< wr
vkrz Ht1 +<15;, lpsolhv

U
Ug

ig�+{, @
U
Ug

ig�+{, iru doo i 5 Ff+U
g,=

H{huflvh <1451 Djdlq ohw � eh d �qlwh phdvxuh rq EUg = Ixuwkhu dvvxph wkhuh h{lvwv
dq � A 3 vxfk wkdw F =@

U
Ug

h�m{mg�+{, ?4= Vkrz wkh vsdfh S+Ug, ri sro|qrpldov
rq Ug duh ghqvh lq Os+�, iru doo 4 � s ?4= Khuh lv d srvvleoh rxwolqh1

Rxwolqh= Iru � 5 Ug dqg q 5 Q ohw iq+{, @ +� � {,q @q$
41 Xvh fdofxoxv wr yhuli| vxsw�3 w

�h��w @ +�@�,� h�� iru doo � � 3 zkhuh +3@�,3 =@
4= Xvh wklv hvwlpdwh dorqj zlwk wkh lghqwlw|

m� � {msq � m�msq m{msq @
�
m{msq h��m{m

�
m�msq h�m{m

wr �qg dq hvwlpdwh rq niqns =
51 Xvh |rxu hvwlpdwh rq niqns wr vkrz wkhuh h{lvwv � A 3 vxfk wkdw

S4
q@3 niqns ?

4 zkhq m�m � � dqg frqfoxgh iru m�m � � wkdw hl��{ @ Os+�,�
S4

q@3 iq+{,=
Iurp wklv lw iroorzv wkdw

U
Ug

hl��{g�+{, @ 3 zkhq m�m � �=

61 Ohw � 5 Ug +m�m qrw qhfhvvdulo| vpdoo, dqg vhw j+w, =@
U
Ug

hlw��{g�+{, iru w 5 U=
Vkrz j 5 F4+U, dqg

j+q,+w, @

]
Ug

+l� � {,qhlw��{g�+{, iru doo q 5 Q=
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71 Ohw W @ vxsi� � 3 = jm^3>� ` � 3j= E| Vwhs 51/ W � �= Li W ?4> xvh Vwhs 61 wr
frqfoxgh ]

Ug

+l� � {,qhlW��{g�+{, @ 3 iru doo q 5 Q=
Wkhq xvh Vwhs 51 djdlq wr frqfoxgh]

Ug

hl+W.w,��{g�+{, @ 3 iru doo w � �@ m�m
zklfk ylrodwhv wkh gh�qlwlrq ri W dqg wkhuhiruh W @4=

81 Qrz �qlvk e| dsshdolqj wr H{huflvh <1431
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Surri1 Wkh dvvhuwlrq wkdw �} = Os $ Os lv dq lvrphwulf lvrprusklvp iroorzv
iurp wudqvodwlrq lqyduldqfh ri Ohehvjxh phdvxuh dqg wkh idfw wkdw ��} � �} @ lg=
Iru wkh frqwlqxlw| dvvhuwlrq/ revhuyh wkdw

n�}i � �|ins @ n��| +�}i � �|i,ns @ n�}�|i � in
s

iurp zklfk lw iroorzv wkdw lw lv hqrxjk wr vkrz �}i $ i lq Os dv } $ 3 5 Uq=
Zkhq i 5 Ff+U

q,> �}i $ i xqlirupo| dqg vlqfh wkh N =@ ^m}m�4vxss+�}i, lv
frpsdfw/ lw iroorzv e| wkh grplqdwhg frqyhujhqfh wkhruhp wkdw �}i $ i lq Os dv
} $ 3 5 Uq= Iru jhqhudo j 5 Os dqg i 5 Ff+U

q,>

n�}j � jns � n�}j � �}ins . n�}i � ins . ni � jns @ n�}i � ins . 5 ni � jns
dqg wkxv

olp vxs
}$3

n�}j � jns � olp vxs
}$3

n�}i � ins . 5 ni � jns @ 5 ni � jns =

Ehfdxvh Ff+Uq, lv ghqvh lq Os> wkh whup ni � jns pd| eh pdgh dv vpdoo dv zh
sohdvh1

Gh�qlwlrq <1471 Vxssrvh wkdw +[> �, lv d wrsrorjlfdo vsdfh dqg � lv d phdvxuh rq
E[ @ �+�,= Iru d phdvxudeoh ixqfwlrq i = [ $ F zh gh�qh wkh hvvhqwldo vxssruw
ri i e|

vxss�+i, @ i{ 5 X = �+i| 5 Y = i+|, 9@ 3jj, A 3 iru doo qhljkerukrrgv Y ri {j=
+<18,

Lw lv qrw kdug wr vkrz wkdw li vxss+�, @ [ +vhh Gh�qlwlrq :173, dqg i 5 F+[,

wkhq vxss�+i, @ vxss+i, =@ ii 9@ 3j > vhh H{huflvh <181
Ohppd <1481 Vxssrvh +[> �, lv vhfrqg frxqwdeoh dqg i = [ $ F lv d phdvxudeoh
ixqfwlrq dqg � lv d phdvxuh rq E[ = Wkhq [ =@ X q vxss�+i, pd| eh ghvfulehg
dv wkh odujhvw rshq vhw vxfk wkdw i4Z +{, @ 3 iru � � d1h1 {= Htxlydohqwo| sxw/
F =@ vxss�+i, lv wkh vpdoohvw forvhg vxevhw ri [ vxfk wkdw i @ i4F d1h1

Surri1 Wr yhuli| wkdw wkh wzr ghvfulswlrqv ri vxss�+i, duh htxlydohqw/ vxssrvh
vxss�+i, lv gh�qhg dv lq Ht1 +<18, dqg Z =@ [ q vxss�+i,= Wkhq

Z @ i{ 5 [ = �+i| 5 Y = i+|, 9@ 3jj, @ 3 iru vrph qhljkerukrrg Y ri {j
@ ^iY �r [ = � +i4Y 9@ 3, @ 3j
@ ^iY �r [ = i4Y @ 3 iru � � d1h1j =

Vr wr �qlvk wkh dujxphqw lw vx!fhv wr vkrz � +i4Z 9@ 3, @ 3= Wr wr wklv ohw X eh
d frxqwdeoh edvh iru � dqg vhw

Xi =@ iY 5 X = i4Y @ 3 d1h1j=
Wkhq lw lv hdvlo| vhhq wkdw Z @ ^Xi dqg vlqfh Xi lv frxqwdeoh � +i4Z 9@ 3, �S

Y 5Xi
� +i4Y 9@ 3, @ 3=

Ohppd <1491 Vxssrvh i> j> k = Uq $ F duh phdvxudeoh ixqfwlrqv dqg dvvxph wkdw
{ lv d srlqw lq Uq vxfk wkdw mi m � mjm +{, ?4 dqg mi m � +mjm � mkm, +{, ?4> wkhq

41 i � j+{, @ j � i+{,
51 i � +j � k,+{, @ +i � j, � k+{,
61 Li } 5 Uq dqg �}+mi m � mjm,+{, @ mi m � mjm +{� }, ?4> wkhq

�}+i � j,+{, @ �}i � j+{, @ i � �}j+{,
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71 Li { @5 vxssp+i, . vxssp+j, wkhq i � j+{, @ 3 dqg lq sduwlfxodu/ vxssp+i �
j, � vxssp+i, . vxssp+j, zkhuh lq gh�qlqj vxssp+i � j, zh zloo xvh wkh
frqyhqwlrq wkdw �i � j+{, 9@ 3� zkhq mi m � mjm +{, @4=

Surri1 Iru lwhp 41/

mi m � mjm +{, @
]
Uq

mi m +{� |, mjm +|,g| @

]
Uq

mi m +|, mjm +| � {,g| @ mjm � mi m +{,

zkhuh lq wkh vhfrqg htxdolw| zh pdgh xvh ri wkh idfw wkdw Ohehvjxh phdvxuh lq0
yduldqw xqghu wkh wudqvirupdwlrq | $ {� |= Vlplodu frpsxwdwlrqv suryh doo ri wkh
uhpdlqlqj dvvhuwlrqv ri wkh �uvw wkuhh lwhpv ri wkh ohppd1

Lwhp 71 Vlqfh i � j+{, @ �i � �j+{, li i @ �i dqg j @ �j d1h1 zh pd|/
e| uhsodflqj i e| i4vxssp+i, dqg j e| j4vxssp+j, li qhfhvvdu|/ dvvxph wkdw
ii 9@ 3j � vxssp+i, dqg ij 9@ 3j � vxssp+j,= Vr li { @5 +vxssp+i, . vxssp+j,,
wkhq { @5 +ii 9@ 3j. ij 9@ 3j, dqg iru doo | 5 Uq> hlwkhu { � | @5 ii 9@ 3j ru
| @5 ij 9@ 3j = Wkdw lv wr vd| hlwkhu { � | 5 ii @ 3j ru | 5 ij @ 3j dqg khqfh
i+{� |,j+|, @ 3 iru doo | dqg wkhuhiruh i � j+{, @ 3= Wklv vkrzv wkdw i � j @ 3 rq

Uq q
�
vxssp+i, . vxssp+j,

�
dqg wkhuhiruh

U
q q

�
vxssp+i, . vxssp+j,

�
� Uq q vxssp+i � j,>

l1h1 vxssp+i � j, � vxssp+i, . vxssp+j,=

Uhpdun <14:1 Ohw D>E eh forvhg vhwv ri Uq> lw lv qrw qhfhvvdulo| wuxh wkdw D.E
lv vwloo forvhg1 Iru h{dpsoh/ wdnh

D @ i+{> |, = { A 3 dqg | � 4@{j dqg E @ i+{> |, = { ? 3 dqg | � 4@m{mj >
wkhq hyhu| srlqw ri D.E kdv d srvlwlyh | 0 frpsrqhqw dqg khqfh lv qrw }hur1 Rq
wkh rwkhu kdqg/ iru { A 3 zh kdyh +{> 4@{, . +�{> 4@{, @ +3> 5@{, 5 D. E iru doo
{ dqg khqfh 3 5 D.E vkrzlqj D . E lv qrw forvhg1 Qhyhuwkhohvv li rqh ri wkh
vhwv D ru E lv frpsdfw/ wkhq D . E lv forvhg djdlq1 Lqghhg/ li D lv frpsdfw dqg
{q @ dq . eq 5 D . E dqg {q $ { 5 Uq> wkhq e| sdvvlqj wr d vxevhtxhqfh li
qhfhvvdu| zh pd| dvvxph olpq$4 dq @ d 5 D h{lvwv1 Lq wklv fdvh

olp
q$4

eq @ olp
q$4

+{q � dq, @ {� d 5 E

h{lvwv dv zhoo/ vkrzlqj { @ d. e 5 D.E=

Sursrvlwlrq <14;1 Vxssrvh wkdw s> t 5 ^4>4` dqg s dqg t duh frqmxjdwh h{srqhqwv/
i 5 Os dqg j 5 Ot> wkhq i � j 5 EF+Uq,> ni � jnx � nins njnt dqg li s> t 5 +4>4,

wkhq i � j 5 F3+Uq,=

Surri1 Wkh h{lvwhqfh ri i � j+{, dqg wkh hvwlpdwh mi � jm +{, � nins njnt iru doo
{ 5 Uq lv d vlpsoh frqvhtxhqfh ri Kroghuv lqhtxdolw| dqg wkh wudqvodwlrq lqyduldqfh
ri Ohehvjxh phdvxuh1 Lq sduwlfxodu wklv vkrzv ni � jnx � nins njnt = E| uhodeholqj
s dqg t li qhfhvvdu| zh pd| dvvxph wkdw s 5 ^4>4,= Vlqfh

n�} +i � j,� i � jnx @ n�}i � j � i � jnx � n�}i � ins njnt $ 3 dv } $ 3

lw iroorzv wkdw i � j lv xqlirupo| frqwlqxrxv1 Ilqdoo| li s> t 5 +4>4,> zh ohduq
iurp Ohppd <149 dqg zkdw zh kdyh mxvw suryhg wkdw ip � jp 5 Ff+U

q, zkhuh


