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Exercise 9.12. Again let i be a finite measure on Bga. Further assume that Cpy :=
Jra €1l dp(x) < oo for all M € (0,00). Let P(R?) be the space of polynomials,
p() = 301« n Par® With po € C, on R?. (Notice that |p(z)[” < C(p,p, M)eMlel,
so that P(RY) C LP(u) for all 1 < p < 00.) Show P(R?) is dense in LP(p) for all
1 < p < oo. Here is a possible outline.

Outline: For A € RY and n € Nlet f(z) = (A-2)" /n!

1. Use calculus to verify sup,~qt®e™™! = (a/M)*e™® for all @ > 0 where

(0/M)° := 1. Use this estimate along with the identity

-z < AP |2 = (|$‘pn e—M\m|) I[P Ml

to find an estimate on || /]| .
2. Use your estimate on [|f}[|, to show 377 || f3'[|, < oo and conclude

N
R
n=0

3. Now finish by appealing to Exercise 9.10.
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P

lim
N—oo

Exercise 9.13. Again let p be a finite measure on Bra but now assume there exists
an € > 0 such that C := [y, e*ldu(x) < co. Also let ¢ > 1 and h € LI(n) be a
function such that [,, h(z)z*du(x) = 0 for all o € N§. (As mentioned in Exercise
9.13, P(RY) C LP(u) for all 1 < p < oo, so & — h(x)z® is in L*(p).) Show h(z) =0
for p— a.e. z using the following outline.

Outline: For A € R? and n € Nlet f)(z) = (A-2)" /n! and let p = ¢/(q — 1)
be the conjugate exponent to q.

1. Use calculus to verify sup,~q t®e~ < = (c/e)* e~ for all a > 0 where (0/¢)° :=

1. Use this estimate along with the identity
D e (e [PV

to find an estimate on Hfé‘ ||p .

2. Use your estimate on || fé‘”p to show there exists 6 > 0 such that
> Hfé‘”p < oo when |A| < § and conclude for |\| < § that e*® = LP(u)-
o2 o fa(z). Conclude from this that

/ h(x)e™*du(x) = 0 when |\ < 6.
R4

3. Let A € R? (|| not necessarily small) and set g(t) := [, e *h(z)dp(z) for
t € R. Show g € C*°(R) and

g™ (t) = / (@A z)" e h(z)du(z) for all n € N.
4. Let T =sup{r >0: 5[0,7] =0}. By Step 2., T > 6. If T < oo, then
0=g"(T) = /R 2% 2)"e T % h(z)dp(x) for all n € N.
Use Step 3. with h replaced by eT**h(z) to conclude

o(T +1) = / HTHONT () du(2) = 0 for all £ < 8/ ||
]Rd
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This violates the definition of T' and therefore T' = oo and in particular we
may take T' =1 to learn

/ h(x)e™*du(x) = 0 for all A € R%
]Rd
5. Use Exercise 9.10 to conclude that
[ H@g(@)dntz) =0
Rd

for all g € LP(u). Now choose g judiciously to finish the proof.



