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56.11. Solutions to Last Homework Assignment.
6.18. Recall 0(E) = n-m(Ey) where By = {rz : 0 <r < 1,z € E}. For all
rotations R, (RE); = RE;. Therefore
o(RE) =n m((RE)1) =n m(RE)
=n (det Rym(E1) =n m(Ey) = o(E),

showing o is rotation invariant. m

6.19.
B
/ |x|a\ln\:1:|\bd:1::cn/ ra\lnr\br"_ldr
a<|z|<B a

s b
=c, rt = nr|” dr
«

where ¢, = 0(S™!). Letting u = Inr, i.e. 7 =%, we find

In 3
/ |z|* |In |x|\b dx = ¢, elatn)u |u\bdu.
a<|z|<p

Ina

Therefore,

—In2
a b _ (a+n)u b
- +n
/ |z|* In|z||” dz = ¢ / e |u|” du
|z|<1/2 —o0

is finite iff either (@ +n) > 0 or a = —n and b < —1. Similarly,

o0
/ \x\a|ln\x\|bdx:cn/ el@tme )b du
2<|z| In2

which is finite if a+n<Oora=-nand b<—1. m

7.3. Let W := X \ supp(v), then x € W iff there exists an open neighborhood
V of = such that v(V) = 0. Now clearly V' C W and therefore W may be written
as a union of open sets and hence W is open as well. This proves (1).

(2) Suppose that W’ is an open set such that v(W’) = 0, then clearly W/ C W
by definition. So to finish the proof it suffices to show (W) = 0. Let D and V be
as in the hint and suppose that + € W and € > 0 is such that v(B,(e)) = 0. Let
n € N be chosen so that 2 < e and choose y € D such that d(z,y) < 1/n. Then
x € By(1/n) C B,(e) and hence v(By(1/n)) = 0 showing

W:=U{VeV:vyV)=0}
This show W is a countable union of null sets and therefore W is a null set as well,
ie. v(W)=0. m
7.4.
(1) X € supp(v) iff for all € > 0,

0 < v(Ba(e)) = u(f~(Ba(e)) = u(|f — Al <€) > 0.

This clearly proves essran(f) = supp(v).
(2) Item (1) and the results of Exercise 7.3 prove (2) since

u(f ¢ essran(f)) = pu(f ¢ supp(v)) = v(C\ supp()) = 0.
(3) If X ¢ F, then there exists € > 0 such that By(¢) C F° and therefore
plf =N <€) =u(f71(Bale) < u(f ¢ F)=0.
This shows A ¢ C, so F° C C° or C C F.
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(4) Let M = sup{|A|: A € essran(f)}, then clearly essran(f) C Cy(M) so
that f € Co(M) ae., ie. |f| < M ae. So by Remark 7.4, ||f|| . < M.
Conversely, it is also clear that essran(f) C Co(] f||,,) and hence M <

11l

L]
7.9. Notice that making the change of variables u = In x below gives

8 In 3
/ z % |log z|’ do = / e |’ edu.
« Ina
1/2 —In2
/ x~® |10g:1:\b dr = / e(l—a)u |u|b du
0 —o0

which is finite iff e <1 or a =1 and b < —1 (so if b < —1 we get a finite answer iff

a<1),
/ % |logz|’ do = / eI |y du < 00
2 In2

which is finite iff e > 1 or a =1 and b < —1 (so if b < —1 we get a finite answer iff

a>1),
1 0
/ x~ ¢ \logx\bda: = / ell—a)u \u|bdu
0 —00

which is finite iff a < 1 and b > —1 (so if b > —1 we get a finite answer iff a < 1)

and
/ =% |logz|’ da = / 1= |y du, < 0o
1 0

which is finite iff @ > 1 and b > —1 (so if b > —1 we get a finite answer iff a > 1).
I will use these facts below The first two with b = —2 and the second two with
b=0..
a) For pg < p < p1 < 00, let A(z) = 1,512 and B(z) = 1,<12 then [ |4 < oo
iff p>1and [|B <ocoiff p<1. Therefore, letting f = A'/Po + BY/P1 we have

191 = [ 4wt [ i <o

iff p > po and p < p1. If p; = oo take f(zx) = AVPo(x) +

while
i1 = [ arm s [
for all pg < p < 0.

b) po < p < p; < 0. Let A(x) = 1m>2$(lmj)2 and B(x) = 1z§1/21(1n1
[|AF < o0iff p>1and [|BJY < coiff p < 1. Therefore, letting f = A'/Po 4 BY/P1

we have
1= [ v+ [ o < oo

iff p>po and p < py. If p; = o0, let f = Al/Po.
¢) If p < oo, let A and B be as b) and set f(x) = AY/P + BY/? If p = oo, let
flz)=1. m

so that

:(;<1a ||fH

log x

p

log x

E then
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7.12. By Holder’s inequality,

2
[l i) (/mxyw Q 11l 20
and by Tonelli’s theorem
/X dp(z) / e, 9) doy) = )2 -

This shows [ |k(z,y)f(y)| dv(y) < oo for u — a.e. x. Since

Kf( [/ky |du] < [ e avty) 113,

it again follows by Tonelli’s theorem that
2 2 2
I 22y < IR 22 (uowy 11Tz )

This finishes the argument since it is easily verified that K is linear. m



