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Math 240C Homework Problem List for S2018

0.1 Homework C1. Due Friday, April 6, 2018

e Hand in: [1.3] [[.4] [I.5] [L.13] [I.14]
e Look at: [[.12]

0.2 Homework C2. Due Friday, April 13, 2018 (L?
inequalities)

e Hand in:[[.1} [L.2} [.6} 1.7} [L.8} [.9]
e Look at:[1.10]

Please note that Exercise 1.6 has been corrected.
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Problems to Solve

Exercise 1.1. If (X, p) is a metric space and p is a finite measure on (X, Bx),
then for all A € Bx and € > 0 there exists a closed set F' and open set V such
that FCACVand p(V\F)=p(FAV) <e.

You may find information in the supplement helpful for this problem. Here
are some more suggestions.

1. Let By denote those A C X such that for all € > 0 there exists a closed set
F and open set V such that FC ACV and d, (F,V)=p(V\F) <e.

2. Show By contains all closed (or open if you like).

3. Show By is a o-algebra.

4. Explain why this proves the result.

Exercise 1.2. Let (X, p) be a metric space and p be a measure on (X, Bx) . If
there exists open sets, {V,,}—, , of X such that V;, 1 X and p (V;,) < oo for all
n, then for all A € Bx and £ > 0 there exists a closed set F' and open set V'
such that F C ACV and d, (F,V) =p(V \ F) < . Hints:

1. Show it suffices to prove; for all € > 0 and A € By, there exists an open set
V € X such that AC V and p(V\ 4) <e.

2. Now you must verify the assertion above holds. For this, you may find it
useful to apply Exercise to the measures, u, : Bx — [0, 1 (V4,)], defined
by pin (A) = n(ANV,) for all A € Bx. The ¢ in Exercise should be
replaced by judiciously chosen small quantities depending on n.

Exercise 1.3 (Folland Problem 2.62 on p. 80. ). Rotation invariance of
surface measure on S"~1.

Exercise 1.4 (Folland Problem 2.64 on p. 80. ). On the integrability of
|2|* [log |z||” for & near 0 and z near oo in R™.

Exercise 1.5. Show, using Problem that
1
iw;d = —g;;0 (871,
/Sdilwwj o (w) 7 o ( )

Hint: show [, , w/do (w) is independent of 7 and therefore

d
1
2 2
/Sd?l wido (w) = p E /qu wjdo (w).

Exercise 1.6 (Folland 6.38 on p. 199.). Suppose (X, M, ) is a measure
space, f : X — C is a measurable function, 0 < p < 00, Af (o) := p(|f] > )
for all @ € (0,00), and

M, (f):= Y 2M)p(29).
k=—o0
Show
(1=27) My (1) < [ 1P de <20, (1) (1.1)

which then implies f € L? (u) iff M, (f) < .
Hint: first note that

RS

/ e (1.2)
ez ” {2F<|fI<2k+1}

Exercise 1.7 (Folland 6.39 on p. 199.). Suppose (X, M, u) is a measure
space, f : X — C is a measurable function, 0 < p < co, and f € LP (i) . Show

lim aPAf (@) =0 = lim oPAs (o).

a—0 a—00

Hint: for the limit, lim,_,0 oAy (o) = 0, start with the special case where
f is a simple function.

Exercise 1.8 (Folland 6.27 on p. 196. Hilbert’s Inequality). Hint: See
Theorem 7?7 which is Theorem 6.20 in Folland .

Exercise 1.9 (Folland 6.22). Exercise, Folland 6.22 on p. 192.

Exercise 1.10 (Global Integration by Parts Formula). Suppose that f, g :
R — C are locally absolutely continuous functionsEI such that f’g, fg¢’, and fg
are all Lebesgue integrable functions on R. Prove the following integration by
parts formula;

/ F () g () de = / f (@) g () de. (1.3)
R R

! This means that f and g restricted to any bounded interval in R are absolutely
continuous on that interval.
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Similarly show that; if f, g : [0,00) — [0,00) are locally absolutely continuous
functions such that f’g, fg’, and fg are all Lebesgue integrable functions on
[0, 00), then

/oof’(fv)~g(z)dx:*f(O)g(O)*/oof(rv%g’(x)d:r- (14)
0 0

Outline: 1. First use the theory developed to see that Eq. holds if
f(x) =0 for |z| > N for some N < co.

2. Let ¢ : R — [0,1] be a continuously differentiable function such that
¢ (z) =1if || <1and ¢ () = 0 if |z| > 2P| For any £ > 0 let ¢ (z) = ¢(ex)
Write out the identity in Eq. with f (x) being replaced by f (z) ¢e ().

3. Now use the dominated convergence theorem to pass to the limit as e | 0
in the identity you found in step 2.

4. A similar outline works to prove Eq. .

Exercise 1.11 (Heisenberg’s Inequality). Suppose that f : R — C is a
locally absolutely continuous function®} show

sl xf(x)dec]l/Q JECRY R

Hint: assuming the right hand side of the above inequality is finite show

/\f(x)|2dx: —2Re/xf(x) ' (z) da. (1.6)
R R

Exercise 1.12. Let 1t
_Je Pt >0
1= { 0 ift<o0.

Show f € C*°(R, [0, 1]). Hints: you might start by first showing lim, o f(™ (¢) =
0 for all n € Ng.
Exercise 1.13.If f € L}, (R%,m) and ¢ € C}! (R?) , then fx¢ € C* (R?) and

loc

9i(f * ) = f x 0;p. Moreover if p € C° (R?) then f* ¢ € C™ (RY).

Exercise 1.14 (Integration by Parts). Suppose that (x,y) € R x R
f(z,y) € Cand (z,y) € RxRY = g(x,y) € C are measurable functions
such that for each fixed y € R?, x — f(x,y) and x — g(z,y) are continuously
differentiable. Also assume f - g, 0, f - g and f - 9.9 are integrable relative to
Lebesgue measure on R x R4™! where O f(z,y) = %f(:n +t,y)|t=0. Show

2 You may assume the existence of such a 1, we will deal with this later.
3 This means that f restricted to any bounded interval in R are absolutely continuous
on that interval.
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/ O:f(,y) - g(z,y)dzxdy = —/ f(x,y) - Owg(x,y)drdy.  (1.7)
RxRd—1 RxRd—1

(Note: this result and Fubini’s theorem proves Lemma ?7.)

Hints: Let ¢ € C°(R) be a function which is 1 in a neighborhood of
0 € R and set 9. (x) = (ex). First verify Eq. with f(z,y) replaced by
Ve (z) f(z,y) by doing the x — integral first. Then use the dominated conver-
gence theorem to prove Eq. by passing to the limit, € | 0.
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