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Part 1

Background Material






1

Limsups, Liminfs and Extended Limits

Notation 1.1 The extended real numbers is the set R := RU{+o0}, i.e. it
is R with two new points called oo and —oo. We use the following conventions,
+00:-0=0, £o0-a = Fo0 if a € R with a > 0, +00-a = Foo if a € R with
a<0,oo+a==x0 for any a € R, co + o0 = 00 and —o0o — o0 = —o0 while
o0 — 00 is not defined. A sequence a, € R is said to converge to 0o (—oo) if for
all M € R there ezists m € N such that ap, > M (a, < M) for all n > m.

Lemma 1.2. Suppose {a,},—, and {b,},. | are convergent sequences in R,
then:

1. If a, < by, meI a.a. n then lim,,_, oo a, < lim,,_, oo bn.
2. If c € R, limy, o0 (cap) = climy, o0 ay.
3. If {an, + b, },— | is convergent and

lim (a, +b,)= lim a, + lim b, (1.1)

n—oo n—oo n—oo

provided the right side is not of the form oo — co.
4. {anby },2, is convergent and

lim (apb,) = lim a, - lim b, (1.2)

provided the right hand side is not of the for £00-0 of 0 (£00).

Before going to the proof consider the simple example where a,, = n and
b, = —an with a > 0. Then

o ifa<l1
lim (ay, + by) = 0 fa=1
—ocoifa>1
while
lim a, + lim b,“="00 — o0.

n—oo n—oo

This shows that the requirement that the right side of Eq. (1.1)) is not of form
00— o0 is necessary in Lemma[l.2] Similarly by considering the examples a,, = n

! Here we use “a.a. n” as an abreviation for almost all n. So an < b, a.a. n iff there
exists N < oo such that a, < b, for all n > N.

and b, = n~% with a > 0 shows the necessity for assuming right hand side of
Eq. is not of the form oo - 0.

Proof. The proofs of items 1. and 2. are left to the reader.
Proof of Eq. . Let a :=lim, .« a, and b = lim,,_. o, b,. Case 1., suppose
b = oo in which case we must assume a > —oo. In this case, for every M > 0,
there exists NV such that b, > M and a,, > a — 1 for all n > N and this implies

ap +by, > M+a—1foralln > N.

Since M is arbitrary it follows that a, + b, — 0o as n — oco. The cases where
b = —oo or a = £oo are handled similarly. Case 2. If a,b € R, then for every
€ > 0 there exists N € N such that

la —ap| <eand |b—1b,| <eforalln>N.
Therefore,
la+b—(an+bn)|=|a—an+b—by| <|a—ay|+1|b—0,| <2

for all n > N. Since n is arbitrary, it follows that lim,, . (@, + b,) = a + .

Proof of Eq. (|1.2)). It will be left to the reader to prove the case where lim a,,
and lim b,, exist in R. I will only consider the case where a = lim,, o, a, # 0
and lim,_, . b, = oo here. Let us also suppose that a > 0 (the case a < 0 is
handled similarly) and let o := min (%, 1) . Given any M < oo, there exists
N € N such that a,, > o and b, > M for all n > N and for this choice of N,
anby > Ma for all n > N. Since o > 0 is fixed and M is arbitrary it follows
that lim, o (anby) = 0o as desired. [

For any subset A C R, let sup A and inf A denote the least upper bound and
greatest lower bound of A respectively. The convention being that sup A = oo
if oo € A or A is not bounded from above and inf A = —o0 if —co € A or Ais
not bounded from below. We will also use the conventions that sup ) = —co
and inf ) = +oo.

Notation 1.3 Suppose that {x,}.., C R is a sequence of numbers. Then

liminf z, = lim inf{zy : k > n} and (1.3)
limsup x,, = lim sup{xy : k > n}. (1.4)

We will also write lim for liminf, ., and lim for limsup,, .
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Remark 1.4. Notice that if ay := inf{zy : £k > n} and by := sup{z; : k >
n}, then {ax} is an increasing sequence while {b;} is a decreasing sequence.
Therefore the limits in Eq. (1.3) and Eq. (1.4) always exist in R and
liminf x,, = supinf{zy : £ > n} and
n—oo n
limsup z,, = inf sup{zy, : k > n}.
n

n—o0

The following proposition contains some basic properties of liminfs and lim-
sups.

Proposition 1.5. Let {a,,}22; and {b,}32, be two sequences of real numbers.
Then

1. liminf, o an <limsup,,_, . an and lim, .o a,, exists in R iff

liminf a,, = limsupa,, € R.
n—oo n— o0
2. There is a subsequence {an, }32, of {an}S2, such that limg .o apn, =
limsup,, . an. Similarly, there is a subsequence {an, }32, of {an}32, such
that limy_, o0 Gy, = liminf, . ay,.
3.
lim sup(a,, + b,) < limsup a,, + limsup by, (1.5)

n— oo n—oo n—00

whenever the right side of this equation is not of the form oo — co.
4. If ap, >0 and b, > 0 for all n € N, then

lim sup(anby,) < limsup a,, - lim sup by, (1.6)

provided the right hand side of @ is not of the form 0 - oo or oo - 0.

Proof. Item 1. will be proved here leaving the remaining items as an exercise
to the reader. Since

inf{ay : k > n} <sup{ap: k >n} Vn,
liminf a,, < limsup a,.
n— 00 n—00

Now suppose that lim inf,,_,~ a, = limsup,,_, ., a, = a € R. Then for all € > 0,
there is an integer N such that

a—ce<inf{ag: k> N} <supfar : k> N} <a+e,
i.e.

a—e<ap<a+eforall k> N.
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Hence by the definition of the limit, limg .o ax = a. If liminf,, . a, = oo,
then we know for all M € (0,00) there is an integer N such that

M <inf{ay : k> N}

and hence lim,,_, a,, = co. The case where limsup,,_, ., a, = —oo is handled
similarly.

Conversely, suppose that lim, .., a, = A € R exists. If A € R, then for
every € > 0 there exists N(¢) € N such that |A — a,| < ¢ for all n > N(e), i.e.

A—ce<a, <A+e¢eforalln> N(e).
From this we learn that

A — e <liminfa, <limsupa, < A+e¢.

n—0o0 n— oo

Since € > 0 is arbitrary, it follows that

A <liminfa, <limsupa, < A4,

n—0o0 n— oo

ie. that A = liminf,,_,. a, = limsup,,_, ., a,. If A = oo, then for all M > 0
there exists N = N(M) such that a, > M for all n > N. This show that
liminf, .. a, > M and since M is arbitrary it follows that

oo < liminf a,, < limsup a,,.

n—oo n— o0
The proof for the case A = —oo is analogous to the A = oo case. [

Proposition 1.6 (Tonelli’s theorem for sums). If {ak,},,_; is any se-
quence of non-negative numbers, then

k=1n=1 n=1k=1

Here we allow for one and hence both sides to be infinite.

Proof. Let
K N N K
M = sup{ZZakn :K,N € N} :sup{ZZakn :K,N € N}
k=1n=1 n=1k=1
and
oo oo
) e
k=1n=1
macro: svmonob.cls date/time: 6-0ct-2006/7:49



Since

0o 0o K o K N
L:ZZQ- = lim ZZCL- = lim lim ZZa
ken K—oo ken K—o00 N—oo kn

k=1n=1 k=1n=1 k=1n=1

and Zle Zﬁle apn < M for all K and N, it follows that L < M. Conversely,

K N K oo oo
Zzakngzzakngz
k=1

k=1n=1 k=1n=1

0o
Qfen, = L
n=1

and therefore taking the supremum of the left side of this inequality over K
and N shows that M < L. Thus we have shown

o0 o0
E E Afn = M.
k=1n=1

By symmetry (or by a similar argument), we also have that Y07 | >°7° | ap, =
M and hence the proof is complete. [






2

Basic Probabilistic Notions

Definition 2.1. A sample space {2 is a set which is to represents all possible
outcomes of an “experiment.”

Example 2.2. 1. The sample space for flipping a coin one time could be taken
to be, 2 ={0,1}.
2. The sample space for flipping a coin N -times could be taken to be, 2 =
{0, 1}N and for flipping an infinite number of times,

Q={w=(w,ws,...) rw; €{0,1}} = {0,1}".
3. If we have a roulette wheel with 40 entries, then we might take
2 ={00,0,1,2,...,36}

for one spin,
2 =1{00,0,1,2,...,36}"

for N spins, and
2 ={00,0,1,2,...,36}"

for an infinite number of spins.
4. If we throw darts at a board of radius R, we may take

2 =Dp:={(z,y) ER*:2” +y* < R}

for one throw,
2 =D¥

for N throws, and
N
for an infinite number of throws.

5. Suppose we release a perfume particle at location z € R? and follow its
motion for all time, 0 < ¢ < oco. In this case, we might take,

2 ={weC(0,0),R*:w(0)=2a}.
Definition 2.3. An event is a subset of 2.

Ezample 2.4. Suppose that 2 = {0, 1}N is the sample space for flipping a coin
an infinite number of times. Here w,, = 1 represents the fact that a head was
thrown on the n'® — toss, while w,, = 0 represents a tail on the n*" — toss.

1. A={w € 2 : w3 =1} represents the event that the third toss was a head.

2. A=U2, {w e N:w; =w;41 = 1} represents the event that (at least) two
heads are tossed twice in a row at some time.

3.A=NF_; Up>n {w € 2:w, =1} is the event where there are infinitely
many heads tossed in the sequence.

4. A = UF_y N>y {w € 2:w, =1} is the event where heads occurs from
some time onwards, i.e. w € A iff there exists, N = N (w) such that w, =1
for all n > N.

Ideally we would like to assign a probability, P (A), to all events A C (2.
Given a physical experiment, we think of assigning this probability as follows.
Run the experiment many times to get sample points, w (n) € (2 for each n € N,
then try to “define” P (A) by

P(A):A;iinoo%#{lgng:w(k)eA}. (2.1)

That is we think of P (A) as being the long term relative frequency that the
event A occurred for the sequence of experiments, {w (k)} -, -

Similarly supposed that A and B are two events and we wish to know how
likely the event A is given that we now that B has occurred. Thus we would
like to compute:

. #{k:1<k<nandw, € AN B}
P(AB)=1
(4]B) o #{k:1<k<nandwy € B} ’
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which represents the frequency that A occurs given that we know that B has
occurred. This may be rewritten as

%#{k:lgkgnandwkeAﬁB}
%#{k:lgkgnandwkeB}
P(ANB)
P(B)

P(A|B) = lim

n—oo

Definition 2.5. If B is a non-null event, i.e. P(B) > 0, define the condi-
tional probability of A given B by,

P(ANB)

PAIB) = =5

There are of course a number of problems with this definition of P in Eq.
including the fact that it is not mathematical nor necessarily well defined.
For example the limit may not exist. But ignoring these technicalities for the
moment, let us point out three key properties that P should have.

1. P(A) €[0,1] for all A C 0.

2. P(@)=1and P(N2) =1.
3. Additivity. If A and B are disjoint event, i.e. AN B = AB = (), then

P(AUB) = lim %#{1§k§N:w(k)eAuB}
:]\}iixlm%[#{lgng:w(k)eA}+#{1§k§N:w(k)eB}]
— P(A)+P(B).

Example 2.6. Let us consider the tossing of a coin N times with a fair coin. In
this case we would expect that every w € 2 is equally likely, i.e. P ({w}) = k.
Assuming this we are then forced to define

P(A)= oo# (4).

Observe that this probability has the following property. Suppose that o €
{0, 1}]c is a given sequence, then
1 1
P({w:(wla"wwk)zo—}):27N'2N :27
That is if we ignore the flips after time k, the resulting probabilities are the
same as if we only flipped the coin k times.

Page: 8 job: prob

Ezxample 2.7. The previous example suggests that if we flip a fair coin an infinite
number of times, so that now £2 = {0,1}", then we should define

P({we 2: (w,... (2.2)

for any k > 1 and o € {0, 1}k. Assuming there exists a probability, P : 22 —
[0,1] such that Eq. holds, we would like to compute, for example, the
probability of the event B where an infinite number of heads are tossed. To try
to compute this, let

Ap ={w € 2 :w, =1} = {heads at time n}

By :=Up>nA, = {at least one heads at time N or later}

and
B = ﬁ}’voleN = {An 10} = ﬂ})vozl UnZN An

Since
va = mnzNA% C ﬂMZnZNAfL = {w cEN:wny=-=wy = 1},

we see that

P (BY) —0as M — oo.

S QM—N

Therefore, P (By) = 1 for all N. If we assume that P is continuous under taking
decreasing limits we may conclude, using By | B, that

P(B) = lim P(By)=1.

Without this continuity assumption we would not be able to compute P (B).

The unfortunate fact is that we can not always assign a desired probability
function, P (A), for all A C 2. For example we have the following negative
theorem.

Theorem 2.8 (No-Go Theorem). Let S = {z € C: |z| =1} be the unit cir-
cle. Then there is no probability function, P : 25 — [0,1] such that P (S) = 1,
P is invariant under rotations, and P is continuous under taking decreasing
limats.

Proof. We are going to use the fact proved below in Lemma , that the
continuity condition on P is equivalent to the o — additivity of P. For z € S
and N C S let

zN :={zneS:neN}, (2.3)

that is to say ¢’ N is the set N rotated counter clockwise by angle 6. By
assumption, we are supposing that

macro: svmonob.cls date/time: 6-0ct-2006/7:49



P(zN) = P(N) (2.4)

forall z€ Sand N C S.
Let 4 '
Ri={z=¢e?":tcQ}={z=¢""":tc[0,1)NQ}

— a countable subgroup of S. As above R acts on S by rotations and divides S
up into equivalence classes, where z,w € S are equivalent if z = rw for some
r € R. Choose (using the axiom of choice) one representative point n from each
of these equivalence classes and let N C S be the set of these representative
points. Then every point z € S may be uniquely written as z = nr with n € N
and r € R. That is to say

S=1] N (2.5)

reR

where [ A, is used to denote the union of pair-wise disjoint sets {Aq}. By

Eqgs. and ,
1=P(S)=>_ P(rN)=>_ P(N). (2.6)

r€ER rcR

We have thus arrived at a contradiction, since the right side of Eq. is either
equal to 0 or to co depending on whether P (N) =0 or P(N) > 0. |

To avoid this problem, we are going to have to relinquish the idea that P
should necessarily be defined on all of 2. So we are going to only define P on
particular subsets, B C 22. We will developed this below.
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3

Preliminaries

3.1 Set Operations

Let N denote the positive integers, Ny := NU{0} be the non-negative integers
and Z = Ny U (—=N) — the positive and negative integers including 0, Q the
rational numbers, R the real numbers, and C the complex numbers. We will
also use F to stand for either of the fields R or C.

Notation 3.1 Given two sets X and Y, let YX denote the collection of all
functions f : X — Y. If X = N, we will say that f € YN is a sequence
with values in'Y and often write f, for f(n) and express f as {fn}rry. If
X ={1,2,..., N}, we will write YV in place of Y112N}t and denote f € YN
by f = (f1, f2,..., fn) where fr, = f(n).

Notation 3.2 More generally if {X, : « € A} is a collection of non-empty sets,

let X4 = [] Xa and 7o : Xq4 — X, be the canonical projection map defined
acA
by mo(z) = zo. If If Xo = X for some fized space X, then we will write || X,
acA
as X4 rather than X 4.

Recall that an element x € X4 is a “choice function,” i.e. an assignment
ZTo = z(a) € X, for each @ € A. The axiom of choice states that X4 # 0
provided that X, # ) for each a € A.

Notation 3.3 Given a set X, let 2% denote the power set of X — the collection
of all subsets of X including the empty set.

The reason for writing the power set of X as 2% is that if we think of 2
meaning {0, 1}, then an element of a € 2% = {0, 1}X is completely determined
by the set

A={re X :a(zx)=1} C X.

In this way elements in {0,1}~ are in one to one correspondence with subsets
of X.
For A € 2% let
A =X\A={zeX:z ¢ A}

and more generally if A, B C X let
B\A:={zxeB:x¢ A} = An B°.

We also define the symmetric difference of A and B by
AAB:=(B\A)U(A\B).
As usual if {A4},,; is an indexed collection of subsets of X we define the union
and the intersection of this collection by
Ugerda ={z€X:F3a€l 3 x€ A,} and
NactAa ={zeX:z € A Vael}.

Notation 3.4 We will also write Hael A, for UgecrAy in the case that
{Aa} e are pairwise disjoint, i.e. Aq N Ag =0 if o # .

Notice that U is closely related to 3 and N is closely related to V. For example
let {A,},~, be a sequence of subsets from X and define

inf A, == Ni>nAgk,
k>n -

sup A, = UanAk,
k>n

limsup A, :={A, l0.} ={z e X :#{n:xe€ A} =}

and
liminf A, := {A, a.a.} :={z € X : 2 € A, for all n sufficiently large}.

n—oo

(One should read {A,, i.0.} as A, infinitely often and {A,, a.a.} as A, almost
always.) Then = € {A, i.0.} iff

VNeNdn>N>ze€A,
and this may be expressed as

{4, 1.0.} =Ny Un>n An.
Similarly, z € {4,, a.a.} iff

dNeN>3VYn>N, z€ A,
which may be written as

{An a.a.} = U?\?:l ngN An
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Definition 3.5. Given a set A C X, let

wo={o s

be the characteristic function of A.

Lemma 3.6. We have:

{A, i.0.}° = {A¢ a.a.},

limsup,, oo Ap ={x € X :3° 14, (z) = oo},
liminf, .o Ay = {z € X : 307 14c (2) < 00},
SUPy>y, La, (z) = LupsnAr = Lsup,o, Aps

inf1a, () = 1n,2, 4, = linfes, Ars

Liim SUP,, oo An lim SUpP,, 00 ].An, and

111m infr, oo An — lim infnﬁoo 1An'

NOo Ot W=

Definition 3.7. A set X is said to be countable if is empty or there is an
injective function f: X — N, otherwise X is said to be uncountable.

Lemma 3.8 (Basic Properties of Countable Sets).

If A C X is a subset of a countable set X then A is countable.

. Any infinite subset A C N is in one to one correspondence with N.

. A non-empty set X is countable iff there exists a surjective map, g : N — X.

Af X and Y are countable then X X Y is countable.

. Suppose for each m € N that A,, is a countable subset of a set X, then
A =U_1 Ay, is countable. In short, the countable union of countable sets
is still countable.

6. If X is an infinite set and Y is a set with at least two elements, then Y X

is uncountable. In particular 2% is uncountable for any infinite set X.

Grds Lo o~

Proof. 1. If f: X — N is an injective map then so is the restriction, f|a4,
of f to the subset A. 2. Let f (1) = min A and define f inductively by

fn+1) = min (A\{f(1),...., f(n)}).

Since A is infinite the process continues indefinitely. The function f : N — A
defined this way is a bijection.
3. If g : N — X is a surjective map, let

f(z) =ming™' ({z}) = min{n e N: f(n) = z}.

Then f : X — N is injective which combined with item

2. (taking A = f(X)) shows X is countable. Conversely if f : X — N is
injective let 79 € X be a fixed point and define g : N — X by g(n) = f~1(n)
for n € f(X) and g(n) = xy otherwise.

Page: 14 job: prob
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4. Let us first construct a bijection, h, from N to N x N. To do this put the
elements of N x N into an array of the form

(1,1) (1,2) (1,3) ...
(2,1) (2,2) (2,3) ...
(3,1) (3,2) (3,3) ...

and then “count” these elements by counting the sets {(i,5): i+ j =k} one
at a time. For example let h (1) = (1,1), h(2) = (2,1), h(3) = (1,2), h(4) =
(3,1), h(5) = (2,2), h(6) = (1,3) and so on. If f : N—=X and g : N =Y are
surjective functions, then the function (f x g) oh : N =X x Y is surjective
where (f x g) (m,n) := (f (m),g(n)) for all (m,n) € N x N.

5. If A = () then A is countable by definition so we may assume A # ().
With out loss of generality we may assume A; # @ and by replacing A,, by
Ay if necessary we may also assume A,, # @ for all m. For each m € N let
am : N —A,, be a surjective function and then define f: NxN — U>®_, A, by
flm,n) := a,(n). The function f is surjective and hence so is the composition,
foh:N—UX_ A, where h : N — N x N is the bijection defined above.

6. Let us begin by showing 2N = {O,I}N is uncountable. For sake of
contradiction suppose f : N — {0,1}N is a surjection and write f(n) as
(fi(n), f2(n), f3(n),...). Now define a € {0,1}" by a, := 1 — f,(n). By
construction f,, (n) # a, for all n and so a ¢ f(N). This contradicts the as-
sumption that f is surjective and shows 2V is uncountable. For the general
case, since Y7 C YX for any subset Yy C Y, if Y5¥ is uncountable then so
is YX. In this way we may assume Y is a two point set which may as well
be Yy = {0,1}. Moreover, since X is an infinite set we may find an injective
map z : N — X and use this to set up an injection, i : 2V — 2X by setting
i(A) := {z, :n €N} C X for all A C N. If 2% were countable we could find
a surjective map f : 2% — N in which case foi : 28 — N would be surjec-
tive as well. However this is impossible since we have already seed that 2V is
uncountable. [

We end this section with some notation which will be used frequently in the
sequel.

Notation 3.9 If f: X — Y is a function and € C 2Y let
JIE = FNE) = (U B)E € €.
If G C 2%, let
f.G:={Ae2"|f(4) € G}.
Definition 3.10. Let £ C 2% be a collection of sets, A C X, is : A — X be
the inclusion map (is(z) = x for allx € A) and

Ea=i"(&)={ANE:Ec¢&}.

date/time: 6-0ct-2006/7:49



3.2 Exercises

Let f: X — Y be a function and {4;};cs be an indexed family of subsets of Y,
verify the following assertions.

Exercise 3.1. (N;erA;)¢ = U;er AS.

Exercise 3.2. Suppose that B C Y, show that B\ (U;er4;) = Nier(B\ A;).
Exercise 3.3. f~1(UjerA;) = Uier fH(A).

Exercise 3.4. f 1 (NierA;) = NierfH(A).

Exercise 3.5. Find a counterexample which shows that f(C N D) = f(C)n
f(D) need not hold.

Ezample 3.11. Let X = {a,b,c} and Y = {1,2} and define f (a) = f(b) =1
and f (¢) = 2. Then ) = f({a} N{b}) # f({a}) N f({0}) = {1} and {1,2} =
f{a}?) # f({a})" = {2}

3.3 Algebraic sub-structures of sets

Definition 3.12. A collection of subsets A of a set X is a 1 — system or
multiplicative system if A is closed under taking finite intersections.

Definition 3.13. A collection of subsets A of a set X is an algebra (Field)
if

1.0, Xec A

2. A € A implies that A° € A

3. A is closed under finite unions, i.e. if Ay,..., A, € A then A1U---UA, € A.
In view of conditions 1. and 2., 3. is equivalent to

g. A is closed under finite intersections.

Definition 3.14. A collection of subsets B of X is a 0 — algebra (or some-
times called a o — field) if B is an algebra which also closed under countable
unions, i.e. if {A;};o, C B, then U, A; € B. (Notice that since B is also
closed under taking complements, B is also closed under taking countable inter-
sections. )

Example 3.15. Here are some examples of algebras.

1. B=2%X then B is a o — algebra.
2. B={0,X} is a o — algebra called the trivial o — field.
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3. Let X = {1,2,3}, then A = {0, X,{1},{2,3}} is an algebra while, S :=
{0, X,{2,3}} is a not an algebra but is a 7 — system.

Proposition 3.16. Let £ be any collection of subsets of X. Then there exists
a unique smallest algebra A(E) and o — algebra o(E) which contains &.

Proof. Simply take

A(€) = n{A : A is an algebra such that & C A}

and
(&) = ﬂ{./\/l : M is a o — algebra such that £ C M}.

Ezample 3.17. Suppose X = {1,2,3} and & = {0, X, {1,2},{1,3}}, see Figure
Bl Then

(o

Fig. 3.1. A collection of subsets.

AE) =0o(&) =2%.
On the other hand if £ = {{1,2}}, then A (&) = {0, X, {1,2}, {3}}.

Exercise 3.6. Suppose that & C 2% for i = 1,2. Show that A (&;) = A(&)
iff & C A(&) and & C A(&r). Similarly show, o (€1) = 0 (&) iff & C o (&)
and & C o (&) . Give a simple example where A (1) = A (E2) while & # &s.

Definition 3.18. Let X be a set. We say that a family of sets F C 2% is a
partition of X if distinct members of F are disjoint and if X is the union of
the sets in F.

date/time: 6-0ct-2006/7:49



16 3 Preliminaries

Ezample 3.19. Let X be a set and &€ = {A;,...,A,} where Ay,..., A, is a
partition of X. In this case

A(E) =0(&) ={Usead; : AC{1,2,...,n}}
where U;c 1 4; := () when A = (). Notice that

#(A(E) = #2112y = 2.

Example 3.20. Suppose that X is a finite set and that A C 2% is an algebra.
For each x € X let
A, =N{AeA:ze€ A} € A,

wherein we have used A is finite to insure A, € A. Hence A, is the smallest
set in A which contains z. Let C' = A, N A, € A. I claim that if C # (), then
A, = A,. To see this, let us first consider the case where {z,y} C C. In this case
we must have A, C C and A, C C and therefore A, = A,. Now suppose either
x or y is not in C. For definiteness, say ¢ C,i.e.x ¢ y. Thenz € A,\ A, € A
from which it follows that A, = A, \ 4,, i.e. A, N A, = 0.

Let us now define {Bi}le to be an enumeration of {A,}
straightforward exercise to show

eX - It is now a

A={UieaB;i : AC{1,2,... k}}.

Proposition 3.21. Suppose that B C 2% is a o — algebra and B is at most
a countable set. Then there exists a unique finite partition F of X such that
F C B and every element B € B is of the form

B=uU{AeF:ACB}. (3.1)
In particular B is actually a finite set and # (B) = 2" for some n € N.
Proof. We proceed as in Example [3.20] For each = € X let
A,=n{AeB:zec A} € B,

wherein we have used B is a countable o — algebra to insure A, € B. Just as
above either A, N A, =0 or A, = A, and therefore F = {4, : 2 € X} C Bisa
(necessarily countable) partition of X for which Eq. holds for all B € B.

Enumerate the elements of F as F = {P,})_, where N € Nor N = oco. If
N = o0, then the correspondence

ac{0,1}N > A4, =U{P,:a, =1} € B

is bijective and therefore, by Lemma[3.8] B is uncountable. Thus any countable
o — algebra is necessarily finite. This finishes the proof modulo the uniqueness
assertion which is left as an exercise to the reader. ]
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Ezample 3.22 (Countable/Co-countable o — Field). Let X = R and & :=
{{z} : 2 € R}. Then o (£) consists of those subsets, A C R, such that A is
countable or A€ is countable. Similarly, A (£) consists of those subsets, A C R,
such that A is finite or A€ is finite. More generally we have the following exercise.

Exercise 3.7. Let X be a set, I be an infinite index set, and £ = {4;};c; be a
partition of X. Prove the algebra, A (£), and that o — algebra, o (£) , generated
by & are given by

A(E) = {UseaA; : A C I with # (A) < oo or # (A°) < oo}
and
0(&) ={Uicad; : A C I with A countable or A° countable}

respectively. Here we are using the convention that U;c 4 A; := ® when A = 0.

Proposition 3.23. Let X be a set and £ C 2X. Let £¢ := {A°: A € £} and
E=EU{X,0}UE" Then

A(E) = {finite unions of finite intersections of elements from E.}.  (3.2)

Proof. Let A denote the right member of Eq. . From the definition of
an algebra, it is clear that £ C A C A(E). Hence to finish that proof it suffices
to show A is an algebra. The proof of these assertions are routine except for
possibly showing that A is closed under complementation. To check A is closed
under complementation, let Z € A be expressed as

N K
z=U N4

i=1j=1

where A;; € E. Therefore, writing B;; = Aj; € &, we find that

N K K
ZC:nUBZ-j: U (BljlmB2j2m...mBNjN)€A
i=1j=1 G1yeenin=1

wherein we have used the fact that By;, NBaj,N---NByj, is a finite intersection
of sets from &,. ]

Remark 3.24. One might think that in general o(€) may be described as the
countable unions of countable intersections of sets in £¢. However this is in

general false, since if
Z=J( 4

i=1j=1
with A;; € &, then
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Z° = U <ﬂ AZJ’@)
(=1

Ji=1,j2=1,...i8v=1,...

which is now an uncountable union. Thus the above description is not correct.
In general it is complicated to explicitly describe o (&), see Proposition 1.23 on
page 39 of Folland for details. Also see Proposition [3.21

Exercise 3.8. Let 7 be a topology on a set X and A = A(7) be the algebra
generated by 7. Show A is the collection of subsets of X which may be written
as finite union of sets of the form F' NV where F is closed and V is open.

Solution to Exercise ([3.8)). In this case 7. is the collection of sets which are
either open or closed. Now if V; C, X and F; C X for each j, then (N}, Vi) N
(ﬁ;”lej) is simply a set of the form VNF where V C, X and F' C X. Therefore
the result is an immediate consequence of Proposition [3:23]

Definition 3.25. The Borel o - field, B = Bgr = B(R), on R is the smallest o
-field containing all of the open subsets of R.

Exercise 3.9. Verify the o — algebra, By, is generated by any of the following
collection of sets:

1. {(a,00):a € R}, 2. {(a,00) :a € Q} or 3. {[a,00):a€Q}.
Hint: make use of Exercise 3.6

Exercise 3.10. Suppose f : X — Y is a function, F C 2¥ and B C 2X. Show
f71F and f.B (see Notation are algebras (o — algebras) provided F and
B are algebras (o — algebras).

Lemma 3.26. Suppose that f : X — Y is a function and £ C 2¥ and ACY
then

o (f71(&€) = f ' (c(€)) and (3.3)
(0(&)a=0c(Ea), (3.4)

where B4 :={BNA: B e B}. (Similar assertion hold with o (-) being replaced
by A(-).)

Proof. By Exercise f~Y(o(€)) is a o — algebra and since & C F,
F~YE) c f~Ho(€)). It now follows that

o(f7H(E) C [T (€)).

For the reverse inclusion, notice that
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fo (F7HE) ={BCY : fT1(B)eo(f7(€)}
is a o — algebra which contains & and thus (&) C f.o (f7'(£)). Hence for
every B € o(€) we know that f~!(B) € o (f71(£)), i.e.
fHe@) ca(f71(E))-
Applying Eq. with X = A and f = i4 being the inclusion map implies

(@(€) 4 =i (0(£)) = a(ix'(£)) = o(Ea).
]

Ezample 3.27. Let € = {(a,b] : —00 < a < b < oo} and B = ¢ (£) be the Borel
o — field on R. Then

Loy ={(a,b]:0<a<b<1}

and we have
By =0 (E0,)-
In particular, if A € B such that A C (0,1], then A € ¢ (5(071]) :

Definition 3.28. A function, f : 2 — Y is said to be simple if f(2) C Y is
a finite set. If A C 29 is an algebra, we say that a simple function f: 2 —Y
is measurable if {f =y} := f~1 ({y}) € A for all y € Y. A measurable simple
function, f: 2 — C, is called a simple random wvariable relative to A.

Notation 3.29 Given an algebra, A C 27, let S(A) denote the collection of
simple random variables from 2 to C. For example if A € A, then 14 € S(A)
is a measurable simple function.

Lemma 3.30. For every algebra A C 2, the set simple random variables,
S(A), forms an algebra.

Proof. Let us observe that 1o =1 and 1y = 0 are in S(A). If f,g € S(A)
and ¢ € C\ {0}, then

{freg=2= U {f=an{g=tHecA (3.5)

a,beC:a+cb=A\

and
{f-o=x= U {f=anfg=theA (3.6)
a,beC:a-b=X
from which it follows that f + cg and f - g are back in S(A). ]
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18 3 Preliminaries

Definition 3.31. A simple function algebra, S, is a subalgebra of the
bounded complex functions on X such that 1 € S and each function, f € S,
is a simple function. If S is a simple function algebra, let

AS)={ACX:14€S}.
(It is easily checked that A(S) is a sub-algebra of 2X.)

Lemma 3.32. Suppose that S is a simple function algebra, f € S and o €
f(X). Then {f =a} € A(S).

Proof. Let {\;},_, be an enumeration of f (X) with Ao = a. Then
n Tt on
g:= [H(a—m] 1 —xn
i=1 =1

Moreover, we see that g =0 on U, {f = \;} while g =1 on {f = a}. So we
have shown g = 15—, € S and therefore that {f = a} € A. [ ]

Exercise 3.11. Continuing the notation introduced above:

1. Show A (S) is an algebra of sets.
2. Show S (A) is a simple function algebra.
3. Show that the map

A € {Algebras C 2X} — S(A) € {simple function algebras on X}

is bijective and the map, S — A (S), is the inverse map.

Solution to Exercise (3.11)).

1. Since 0 = 1p,1 = 1x €S, it follows that f and X arein A(S).If A € A(S),
then 14c =1 —14 € S and so A° € A(S). Finally, if A, B € A(S) then
lang =14 -1p €S and thus AN B € A(S).

2. If f,g € S(A) and ¢ € F, then

{fteg=2= |J {f=anfg=theA
a,beEF:a+cb=A

and

{(f-9g=x= | {=an{g=bhecA

a,beF:a-b=X\

from which it follows that f + cg and f - g are back in S (A).
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3. If f: 2 — Cis a simple function such that 1;;_5y € S for all A € C,
then f = >\ ccAl{y=ay € S. Conversely, by Lemma if f €S then
1is=xy € S for all A € C. Therefore, a simple function, f X —-Cisin S
iff 1;7—x) € S for all A € C. With this preparation, we are now ready to
complete the verification.

First off,
Ac AS(A) < 1aeS(A) < Ac A

which shows that A (S (A)) = A. Similarly,
feSAQN)) — {f=XeAS)VreC
<~ 1{f:)\} esSvieC
<~ fesS

which shows S (A(S)) =S.
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4

Finitely Additive Measures

Definition 4.1. Suppose that £ C 2% is a collection of subsets of X and p :
& — [0,00] is a function. Then

1. i is monotonic if u(A) < u(B) for all A, B € £ with A C B.
2. u is sub-additive (finitely sub-additive) on & if

u(E) < ZM(EZ-)

whenever E = J!, E; € £ withn € NU{oo} (n € N).
3. u is super-additive (finitely super-additive) on £ if

whenever E =[['_, E; € £ with n € NU{oo} (n € N).
4. 1 is additive or finitely additive on & if

whenever E = [[I", E; € £ with E; € € fori=1,2,...,n < .

5. If E = A is an algebra, 1 (0) = 0, and p is finitely additive on A, then p is
said to be a finitely additive measure.

6. 1 is o — additive (or countable additive) on & if item 4. holds even
when n = 0.

7.If € = A is an algebra, p(0) = 0, and p is o — additive on A then p is
called a premeasure on A.

8. A measure is a premeasure, i : B — [0,00], where B is a o — algebra. We
say that p is a probability measure if p(X) = 1.

4.1 Finitely Additive Measures

Proposition 4.2 (Basic properties of finitely additive measures). Sup-
pose i is a finitely additive measure on an algebra, A C 2%, E,F € A with
E C Fand {Ej};.lzl C A, then :

1. (u is monotone) u(E) < u(F) if E C F.
2. For A, B € A, the following strong additivity formula holds;

p(AUB)+pu(ANB) = p(A)+pu(B). (4.3)

3. (u is finitely subbadditive) j((U7_ E;) < >0, u(Ey).
4. p is sub-additive on A iff

w(A) < Z p(A;) for A= A (4.4)

i=1

where A € A and {A;};2, C A are pairwise disjoint sets.
5. (u is countably superadditive) If A =1];2, A; with A;; A € A, then

u (HA> ZZM(AZ-%

6. A finitely additive measure, i, is a premeasure iff p is sub-additve.

Proof.

1. Since F is the disjoint union of F and (F\ E) and F\E=FNE°€ Ait
follows that

u(F) = p(E) + p(F\ E) = p(E).

2. Since

AUB =[A\(AnB)[[B\(AnB)[[AnB,
uw(AUB)=p(AUB\(ANB))+p(ANB)
=p(A\N(ANB))+u(B\(ANB))+p(ANB).

Adding 4 (AN B) to both sides of this equation proves Eq. (4.3)).
3. Let E; = E;\ (B4 U---UE;_1) so that the E; ’s are pair-wise disjoint and
E =U}_,E;. Since Ej C FEj; it follows from the monotonicity of x that

WE) =Y p(E;) <> u(E)).
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4. It A=JZ,B; with A € Aand B; € A, then A = [[;2, A; where A; :=
B;\ (B1U...B;_1) € A and By = (. Therefore using the monotonicity of

pand Eq. (@4)
oo (oo}
<D nlA) <) (B
i=1 i=1
5. Suppose that A = [[7°; A; with A;, A € A, then [[;", A, C A for all n
and so by the monotonicity and finite additivity of p, >, p(4;) < p(A).
Letting n — oo in this equation shows pu is superadditive.
6. This is a combination of items 5. and 6.

Proposition 4.3. Suppose that P is a finitely additive probability measure on
an algebra, A C 2. Then the following are equivalent:

1. P is o — additive on A.
2. For all A, € A such that A, 1 A€ A, P(A,) 1 P(A).
3. For all A, € A such that A, | Ac A, P(A,) | P(A)
4. For all A, € A such that A, T 2, P(4,) 1T 1.
5. For all A, € A such that A, | 2, P(A,) | 1.
Proof. We will start by showing 1 <— 2 <= 3.
1 = 2. Suppose A, € A such that A, 1 A€ A Let A, := A, \ 4,1
with A := (. Then {4} } >, are disjoint, 4, = Uy_; A} and A = U, A].
Therefore,

P(4) =Y P(4) = lim 3" P(4}) = lim P(Uj_,A4}) = lm P(4,).
k=1 k=1

2 = 1.1If {A,};2, C A are disjoint and A :=
UN_, A, T A. Therefore,

U2 A, € A, then

N o
An) = lim Y P(4,)=3 P(4,)

n=1 n=1

2 = 3.If A, € Asuch that A,, | A € A, then A% T A° and therefore,

P(A)= lim P (UDZ,

lim (1— P(A,)) = lim P(AS) = P(A%) =1— P (A).

n— oo n—oo

3 = 2. If A, € Asuch that 4, T A € A, then AS | A° and therefore we
again have,

lim (1— P (A,)) = lim P(AS) =P (A% =1— P(A).

n—oo n—oo
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It is clear that 2 = 4 and that 3 = 5. To finish the proof we will show
5 = 2and 5 = 3.
5 = 2.If A, € A such that 4,, T A€ A, then A\ A, | 0 and therefore
lim [P(A) = P(4,)] = lim P(A\Ay) =

n—oo

5 = 3.1If A, € Asuch that A,, | A € A, then A, \ A | 0. Therefore,
lim [P (A4,) — P(A)]= lim P(A,\ A)=0.

Remark 4.4. Observe that the equivalence of items 1. and 2. in the above propo-
sition hold without the restriction that P (£2) =1 and in fact P (£2) = co may
be allowed for this equivalence.

Definition 4.5. Let (£2,B) be a measurable space, i.e. B C 2% is a 0 -
algebra. A probability measure on (£2,B) is a finitely additive probability
measure, P : B — [0,1] such that any and hence all of the continuity properties
in Proposition hold. We will call (£2,B, P) a probability space.

Lemma 4.6. Suppose that (£2,B, P) is a probability space, then P is countably
sub-additive.

Proof. Suppose that A, € B and let A/1 := Ay and for n > 2, let A, :=
A\ (A1 U...A,_1) € B. Then

P(Upl A,) = P (UL, AY) i <> P(An).

4.2 Examples of Measures

Most o — algebras and ¢ -additive measures are somewhat difficult to describe
and define. However, there are a few special cases where we can describe ex-
plicitly what is going on.

Ezxample 4.7. Suppose that 2 is a finite set, B := 2% and p : 2 — [0,1] is a
function such that
> pw) =

weNR
Then
=Y pw) forall AC 2
weA
defines a measure on 2.
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Example 4.8. Suppose that X is any set and x € X is a point. For A C X, let

1if z€ A
5I(A)_{Oifx¢A.

Then p = 6, is a measure on X called the Dirac delta measure at .

Example 4.9. Suppose that p is a measure on X and A > 0, then A -y is also a
measure on X. Moreover, if {j;};c are all measures on X, then p = Z 1 s
ie.

A) = ZM(A) forall AC X

is a measure on X. (See Section for the meaning of this sum.) To prove this
we must show that u is countably additive. Suppose that {A4;};°, is a collection
of pair-wise disjoint subsets of X, then

4y =3

'MS
Mg

wUZA;) = i (A

i=1 =1 j=1
=03 pwi(A) = pi
j=11i=1 j=1
= (U2, 4;)

wherein the third equality we used Theorem and in the fourth we used that
fact that j1; is a measure.

Ezample 4.10. Suppose that X is a set A : X — [0, 00] is a function. Then

W= Z Az)d,

rzeX

A) =) Aw)

z€A

is a measure, explicitly

for all A C X.

Ezample 4.11. Suppose that F C 2% is a countable or finite partition of X and
B C 2% is the o — algebra which consists of the collection of sets A C X such
that

A=U{aeF:aC A}. (4.5)

Any measure p : B — [0,00] is determined uniquely by its values on F. Con-
versely, if we are given any function A : F — [0, 00] we may define, for A € B,
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pA) = 3 M) =Y Aa)laca

acFd3aCA acF

where 1,04 is one if @ C A and zero otherwise. We may check that p is a
measure on BB. Indeed, if A = [[;2; A; and a € F, then o C A iff @ C A, for
one and hence exactly one A;. Therefore 1oca = > ;o) laca, and hence

A) = Z /\(a)laCA = Z )‘(0‘) Z laca,

acF acF
=3 3 Malaca = 3ol
i=1

i=1 a€F
as desired. Thus we have shown that there is a one to one correspondence
between measures p on B and functions A : F — [0, o0].

The following example explains what is going on in a more typical case of
interest to us in the sequel.

Example 4.12. Suppose that 2 = R, A consists of those sets, A C R which may
be written as finite disjoint unions from

S:={(a,b)NR: —c0<a<b< o}.
We will show below the following:

1. A is an algebra. (Recall that Bg = o (A).)
2. To every increasing function, F' : R — [0, 1] such that

F(—o00):= lim F(z)=0and

F (+00) := lim F(z) =

xTr—00

there exists a finitely additive probability measure, P = Pr on A such that
P((a,))NR)=F (b) — F (a) for all —oo<a <b<oo.

3. P is o — additive on A iff F' is right continuous.
4. P extends to a probability measure on By iff F' is right continuous.

Let us observe directly that if F' (a+) := lim,|, F (x) # F (a), then (a,a +
1/n] | @ while

P((a,a+1/n])=F(a+1/n)—F(a) | F(a+)— F (a) > 0.

Hence P can not be o — additive on A in this case.
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22 4 Finitely Additive Measures

4.3 Simple Integration

Definition 4.13 (Simple Integral). Suppose now that P is a finitely additive
probability measure on an algebra A C 2X. For f € S(A) the integral or
expectation, E(f) = Ep(f), is defined by

=> yP(f =y). (4.6)

yeC
Ezample 4.14. Suppose that A € A, then
Elps=0-P(A°)+1-P(A)=P(A). (4.7)

Remark 4.15. Let us recall that our intuitive notion of P (A) was given as in

Eq. (1) by

P(A):A}@w%#{lgng:w(k)eA}

where w (k) € £2 was the result of the £ “independent” experiment. If we use
this interpretation back in Eq. (4.6)), we arrive at

Ef)=ZyP(f=y)= lim *Zy #{l<k<N:[f(wk) =y}

yeC yeC

= g Z Y Z Lpwmy=y = Jim_ % DD F @) L=y

yeC k=1 k=1yeC
1
= 1' —_
k=1
Thus informally, Ef should represent the average of the values of f over many

“independent” experiments.

Proposition 4.16. The expectation operator, E = Ep, satisfies:

1. If f € S(A) and A € C, then

E(\f) = XE(f). (4.8)
2.If f,g € S(A), then
E(f +9) = E(9) + E(f). (4.9)
3. E is positive, i.e. E(f) > 0 if f is a non-negative measurable simple func-
tion.
4. For all f € S(A),
Ef| <EI|f]. (4.10)
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Proof.
1. If A # 0, then

EAN)= Y. yPAf=y)= >  yP(f=y/N

yeCU{co} yeCU{oo}
= Y Xz P(f=2) =)E(f)
z€CU{oo}

The case A = 0 is trivial.
2. Writing {f = a,g = b} for f=1({a}) Ng=1({b}), then

E(f+9)=> zP(f+g=2)

zeC

:ZZP(Uaer:z{f:avg:b})
zeC

_Zz Z {f—a g—b})
zeC at+b=z

—ZZ (a+b)P({f=a, g=1b})
2€C a+b==z

=2 (e PUT =0 g=bh).

But

Y aP{f=a,g=b}) =) ad P{f=a g=0})

a,b a b
ZZGP(Ub{fZ(I; g="5})
=Y aP({f=a}) =

and similarly,

> bP({f=a, g=b})=Eg

a,b
Equation (4.9) is now a consequence of the last three displayed equations.
3. If f >0 then
=S o=

a>0
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4. First observe that

1= (A 1p=

AeC

and therefore,

E[f|=EY A 1lj=x =Y [AElj=x =Y [ P(f =) < max|f|.

AeC AeC AeC

On the other hand,

<Y P(f=XN=E|fl.

AeC

|Ef| =

D AP(f=))

AeC

Remark 4.17. Every simple measurable function, f : 2 — C, may be written as
f= Zjvzl Ajla; for some \; € Cand some A; € C. Moreover if f is represented
this way, then

N
Ef=E | Ajla,

Jj=1

N N
=> NEla, =) M\P(4))
j=1 j=1

Remark 4.18 (Chebyshev’s Inequality). Suppose that f € S(A), e > 0, and
p > 0, then

PUAZD =B <B| Ty <evmir.

Observe that
7= AP L=y
AeC
is a simple random variabel and {|f[ >¢e} = > . {f =2} € A as well.

, ‘Q,p 1)f|>¢ is still a simple random variable.

Lemma 4.19 (Inclusion Exclusion Formula). If A, € A for n =
1,2,..., M such that (Uﬁ/leAn) < 00, then

1t > f(Ap, N NAL).  (4.12)

k=1 1<ni<ng<---<np <M

M:

/J nlA

Proof. This may be proved inductively from Eq. (4.3). We will give a dif-
ferent and perhaps more 1llum1nating proof here. Let A := UM | A,,.
Since A¢ = (UM A ) =NM | A¢, we have

n=1 ny

Page: 23 job: prob
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M M
T—da=1p = [[1as =] (0 -14,)
n=1 n=1
M
=2 D e lay,
k=0 0<ni<na< - <np <M
M
= Z(—l)k Z 1An1ﬂ---ﬂAnk
k=0 0<n<no<---<np <M
from which it follows that
M
k+1
lyw a, =1a=)» (-1) > 1a, Aen,, - (4.13)
k=1 1<ni<ne<---<nip <M
Taking expectations of this equation then gives Eq. (4.12)). ]

Remark 4.20. Here is an alternate proof of Eq. (4.13). Let w € 2 and by rela-
beling the sets {4, } if necessary, we may assume that w € A1 N---N A, and
wé Apyp1U---U Ay for some 0 < m < M. (When m = 0, both sides of Eq.
(4.13)) are zero and so we will only consider the case where 1 < m < M.) With
this notation we have

M

Z (—1)k+? Z

k=1 1<ni<ne<---<npg<M

S

1A, nena,, (W)

1a,,nna,, (W)

k=1 1<ni<na<--<np<m
_ i it ( )
k=1
—1— 1k1n—k<m>
>0ty

=1-(1-1)"=1.

This verifies Eq. (4.13)) since 1yn 4, (w) = 1.

Ezample 4.21 (Coincidences). Let £2 be the set of permutations (think of card
shuffling), w: {1,2,...,n} — {1,2,...,n}, and define P (A) := #(A) to be the
uniform distribution (Haar measure) on (2. We wish to compute the probability
of the event, B, that a random permutation fixes some index 7. To do this, let
A; = {w € N:w(i) =14} and observe that B = U ; A;. So by the Inclusion
Exclusion Formula, we have
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24 4 Finitely Additive Measures

n

P(B)=Y (-1 3 P4, N NA).
k=1 1<y <ig<ig<-<ip<n
Since
PA,n-NA,)=P{we R:w(ir) =1i1,...,w(ix) =ir})
(k)
N n!
and
#{1<i1<ig<izg<---<ip<n}= <Z>’
we find

- () -For

k=1
For large n this gives,

k1

PB) ==Y (-1

k=1

=~ —(e7h—1) 20.632.

Ezample 4.22. Continue the notation in Example[£.21] We now wish to compute
the expected number of fixed points of a random permutation, w, i.e. how many
cards in the shuffled stack have not moved on average. To this end, let

X; =14,

and observe that

n n

N(w):ZXi(W):Zlu(i):i:#{i:w(i):i}’
i=1

i=1
denote the number of fixed points of w. Hence we have

EN — ZH:EXZ- - ZH:P(Ai) - zn: (”;!1)! -1
=1 =1

i=1

Let us check the above formula when n = 6. In this case we have

w N(w)
123
132
213
231
312
321

— OO~k W

Page: 24 job: prob
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and so 5
P (3 a fixed point) = = = 3
while s
1 1 2
k+1
1 =1--4-=2
Z( ) k! 2 + 6 3
k=1
and

1
EN = (3+1+14+0+0+1) =1

4.4 Simple Independence and the Weak Law of Large
Numbers

For the next two problems, let A be a finite set, n € N, 2 = A" and X; : 2 — A
be defined by X; (w) = w; for w € 2 and i = 1,2,...,n. We further suppose
p: 2 —[0,1] is a function such that

d plw) =1
wes?
and P : 2% — [0,1] is the probability measure defined by
P(A):=> p(w) forall Ac2 (4.14)
wEA

Exercise 4.1 (Simple Independence 1.). Suppose ¢; : A — [0, 1] are func-
tions such that >, ¢ (A\) =1fori=1,2,...,nand If p(w) = [T ; ¢ (ws) .
Show for any functions, f; : A — R that

11+ (XZ-)] =[IErfi (X)) =[] Ea.fi
i=1 i=1 i=1

where Q; (7) = >_ye, ¢i (A) for all v C A

Exercise 4.2 (Simple Independence 2.). Prove the converse of the previous
exercise. Namely, if

Ep

Ep lH fi (Xz)] =[1Erf: (X)) (4.15)
i=1 i=1

for any functions, f; : A — R, then there exists functions ¢; : A — [0,1] with
Y orea @i (A) =1, such that p (w) = T, ¢ (wi).
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Exercise 4.3 (A Weak Law of Large Numbers). Suppose that A C R
is a finite set, n € N, 2 = A", p(w) = [, ¢(w;) where ¢ : A — [0,1]
such that ), ,q(\) =1, and let P : 22 — [0,1] be the probability measure
defined as in Eq. . Further let X; (w) = w; for i = 1,2,...,n, £ := EX;,
o2 :=E(X; —¢)?, and

Sn:l(X1+~~+Xn).
n
1. Show, £ = > \c4 A ¢(A) and
o => (A-9%a() =D Ve -¢ (4.16)
AeA AeA

2. Show, ES,, = ¢&.
E[(Xi - &) (X; — §)] = di0°.
4. Using S,, — £ may be expressed as, % S (Xs =€), show
1
E (S, —&)? = =o>. (4.17)
n
5. Conclude using Eq. (4.17) and Remark that
L
P(|Shn—¢& >¢) < nig20- . (4.18)

So for large n, S, is concentrated near £ = EX; with probability approach-
ing 1 for n large. This is a version of the weak law of large numbers.

Exercise 4.4 (Bernoulli Random Variables). Let A = {0,1},, X : A — R
be defined by X (0) = 0 and X (1) = 1, = € [0,1], and define @ = zd; +
(1 —x2)dp, ie. Q({0}) =1—2z and Q ({1}) = x. Verity,
&(x) =EgX =z and
o (z)=FEo (X —2)’=(1—z)z<1/4

Theorem 4.23 (Weierstrass Approximation Theorem via Bernstein’s
Polynomials.). Suppose that f € C([0,1],C) and

Pn () 1= 2”: <Z>f (S) b (1 —z)" .

k=0

Then
lim sup |f(z) —pn (z)| = 0.

n=0 pe0,1]
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4.4 Simple Independence and the Weak Law of Large Numbers 25
Proof. Let x € [0,1], A ={0,1},¢(0)=1—2z, ¢(1) =z, 2 = A", and

Py ({w}) = g (i) ... q(wn) = = (1 — )t "2l

As above, let S,, = % (X1 4+ X,), where X; (w) = w; and observe that

P, (sn = S) = <Z)xk (1—2)"".

Therefore, writing E, for Ep_, we have

s =31 (5) (1) 0ot =

k

Hence we find

P (2) = [ (2)] = [Eof (Sn) = [ (2)] = [Ex [f (Sn) — £ (2)]]
< Eq |f (Sn) = £ (2)]
=B [If (Sn) = f (2)] : |Sn — 2] = €]
+ B [If (Sn) = f (@)] :|Sn — 2| <]
<2M - Py (|S, — x| =€)+ (¢)

where

=
I

d
max |f (y)| an

§(e) =sup{|f(y) — f(2)] : z,y € [0,1] and [y — 2| < &}

is the modulus of continuity of f. Now by the above exercises,

1 .
P, (]S, —z| > ¢) < el (see Figure |4.1))
and hence we may conclude that
M
n - < 5
Jax [pn (2) = F @) < 55 +0(e)

and therefore, that

limsup max |p, () — f (z)| < 0 (e).

n—oo z€[0,1]

This completes the proof, since by uniform continuity of f, 6 (¢) | 0 as ¢ | 0.
]
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26 4 Finitely Additive Measures

P_x(S=k'n) .‘.
01T
*
hed -
- "
*
. s
0.075T S .
- * *
* *
. . . -+ .
0057 +
- * -
* -
* - *
*
.
0.025T - M M + .
* . - -
*
. . ‘0 0. . -
* .. + N -
aat’ ..*.. L T, b
O ™
0 025 05 075 1
k/n

Fig. 4.1. Plots of P, (S, = k/n) versus k/n for n = 100 with x = 1/4 (black), z = 1/2
(red), and = = 5/6 (green).

4.5 Constructing Finitely Additive Measures

Definition 4.24. A set S C 2% is said to be an semialgebra or elementary
class provided that

e 0es

e S is closed under finite intersections

o if E €S8, then E€ is a finite disjoint union of sets from S. (In particular
X = 0° is a finite disjoint union of elements from S.)

Ezxample 4.25. Let X = R, then

S = {(a,b]ﬂR:a,bGR}
={(a,b] : a € [-00,00) and a < b < co} U {0, R}

is a semiring.

Exercise 4.5. Let A C 2% and B C 2¥ be semirings. Show the collection
E={AxB:A€ Aand B € B}

is also a semiring.

Proposition 4.26. Suppose S C 2% is a semiring, then A = A(S) consists of
sets which may be written as finite disjoint unions of sets from S.
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Proof. Let A denote the collection of sets which may be written as finite
disjoint unions of sets from S. Clearly S C A C A(S) so it suffices to show A is
an algebra since A(S) is the smallest algebra containing S. By the properties
of S, we know that (), X € A. Now suppose that A; = HFeAi F € A where, for
i=1,2,...,n, A; is a finite collection of disjoint sets from S. Then

Na=n(r)-

and this is a disjoint (you check) union of elements from S. Therefore A is
closed under finite intersections. Similarly, if A =[], , F' with A being a finite
collection of disjoint sets from S, then A° = (., F°. Since by assumption
Fee Afor F € A C S and A is closed under finite intersections, it follows that
Ac e A. ]

U (F10F2ﬂan)
(Fivveo Fr) €A1 XX Ay

Ezample 4.27.Let X = R and S := {(a,b] NR:a,be ]R} be as in Example
Then A(S) may be described as being those sets which are finite disjoint

unions of sets from S.

Proposition 4.28 (Construction of Finitely Additive Measures). Sup-
pose S C 2% is a semi-algebra (see Deﬁnition and A = A(S) is the algebra
generated by S. Then every additive function p: S — [0, 00] such that u(0) =0
extends uniquely to an additive measure (which we still denote by p) on A.

Proof. Since (by Proposition [4.26]) every element A € A is of the form
A = 1], E; for a finite collection of E; € S, it is clear that if 4 extends to a
measure then the extension is unique and must be given by

plA) = 3 u(Ey). (4.19)

To prove existence, the main point is to show that u(A) in Eq. (4.19) is well
defined; i.e. if we also have A = ]_[j F; with F; € S, then we must show

SO H(E) =Y ulF). (4.20)

But E; = [[; (E; N F}) and the additivity of y on S implies pu(E;) = >, p(E; N

F;) and hence

7

D ow(E) =Y BN =Y uw(EinFy).
ra i
Similarly,
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D n(F) = (BN F)

J

which combined with the previous equation shows that Eq. (4.20) holds. It is
now easy to verify that p extended to A as in Eq. (4.19) is an additive measure
on A. ]

Proposition 4.29. Let X =R, S be a semi-algebra
S={(a,b))NR: —00 <a<b< o0}, (4.21)

and A = A(S) be the algebra formed by taking finite disjoint unions of elements
from S, see Proposition[{.26, To each finitely additive probability measures p :
A — [0,00], there is a umique increasing function F : R —[0,1] such that
F(—00) =0, F(oc0) =1 and

w((a, b)) NR) = F(b) — F(a) ¥V a < b in R. (4.22)

Conversely, given an increasing function F : R — [0,1] such that F(—o0) = 0,
F(o0) = 1 there is a unique finitely additive measure p = pup on A such that

the relation in Eq. holds.
Proof. Given a finitely additive probability measure pu, let

F(x):=p((—oo0,z] NR) for all z € R.
Then F (c0) =1, F (—o0) = 0 and for b > a,
F(b) = F(a) = p((=00,0] NR) = p1((—00,a]) = p((a, b] NR).

Conversely, suppose F' : R —[0,1] as in the statement of the theorem is
given. Define p on S using the formula in Eq. . The argument will be
completed by showing y is additive on S and hence, by Proposition [£:28] has a
unique extension to a finitely additive measure on A. Suppose that

n

(a, b] = H(ai, bl]

i=1
By reordering (a;, b;] if necessary, we may assume that
a=a;<by=ay<by=a3<---<bp_1=a,<b, =0
Therefore, by the telescoping series argument,

pl(a ) NR) = F(b) = F(a) = 3 [F(b) — Fla)] = 3 (e, b] N R)

i=1 i=1






5

Countably Additive Measures

5.1 Distribution Function for Probability Measures on
(Ra BR)

Definition 5.1. Given a probability measure, P on Bg, the cumulative dis-
tribution function (CDF) of P is defined as the function, F' = Fp : R — [0, 1]
given as

F (z):= P ((—o0,z]).
Ezxample 5.2. Suppose that

P=pé_1+4+¢b1 +7i;
with p,q,r > 0 and p + ¢+ r = 1. In this case,

0 for z< -1

p for—-1<z<1
p+qfor 1<z<m’

1 forr<z<oo

F(z)=

Lemma 5.3. If F = Fp : R —[0,1] is a distribution function for a probability
measure, P, on Bg, then:

1. F(—00) :=lim,;— o F () =0,
2. F(00) :=1limy o0 F (z) =1,

3. F is non-decreasing, and

4. F is right continuous.

Theorem 5.4. To each function F : R — [0, 1] satisfying properties 1. — 4. in
Lemma[5.3, there exists a unique probability measure, Pp, on Bg such that

Pr ((a,b)) = F(b) — F (a) forall —oco < a<b<oo.

Proof. The uniqueness assertion in the theorem is covered in Exercise 5.1
below. The existence portion of the Theorem follows from Proposition [5.7] and
Theorem [5.18 below. [

Ezample 5.5 (Uniform Distribution). The function,

Ofor x<0
F(zx):=qafor 0<z<1,
lforl<z< o

is the distribution function for a measure, m on Bg which is concentrated on
(0,1]. The measure, m is called the uniform distribution or Lebesgue mea-
sure on (0, 1].

Recall from Definition that B C 2X is a 0 — algebra on X if B is an
algebra which is closed under countable unions and intersections.

5.2 Construction of Premeasures

Proposition 5.6. Suppose that S C 2% is a semi-algebra, A = A(S) and p :
A — [0,00] is a finitely additive measure. Then u is a premeasure on A iff y is
sub-additive on S.

Proof. Clearly if u is a premeasure on A then u is o - additive and hence
sub-additive on S. Because of Proposition to prove the converse it suffices
to show that the sub-additivity of y on & implies the sub-additivity of x4 on A.

(o]
So suppose A = [] A, with A € A and each A,, € A which we express as
n=1
A=11I%, E; with E; € S and A, = [}y E,; with E,,; € S. Then

o) oo Np
Ej=AnE;=[[A.nE; =[] EninE;
n=1

n=11i=1
which is a countable union and hence by assumption,

oo Np

wE;) < Z ZN(En,i NE;j).

n=1 i=1

Summing this equation on j and using the finite additivity of u shows
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k k oo Np
=D nE) <3 3 Y n(Enin By)

j=1n=1i=1
o N, k o Ny [eS)
:Z Z,U'(En,imEj):ZZN(En,i):ZU(An)
n=1i=1 j=1 n=1i=1 =
which proves (using Proposition the sub-additivity of u on A. ]

Now suppose that F' : R — R be an increasing function, F' (£oo) :=
lim, 400 F (2) and p = pp be the finitely additive measure on (R,.A4) de-
scribed in Proposition [£:29] If y happens to be a premeasure on A, then, letting
A, = (a,by,] with b, | b as n — oo, implies

F(bn) — F(a) = p((a,bn]) | p((a,b]) = F(b) — F(a).

Since {bn}f;l was an arbitrary sequence such that b, | b, we have shown
limy |, F(y) = F(b), i.e. F is right continuous. The next proposition shows the
converse is true as well. Hence premeasures on .4 which are finite on bounded
sets are in one to one correspondences with right continuous increasing functions
which vanish at 0.

Proposition 5.7. To each right continuous increasing function F : R — R
there exists a unique premeasure j = pp on A such that

pr((a, b)) =F(b) — Fla) V —oc0 <a<b< 0.

Proof As above, let F(£00) := lim,— 1+, F(z) and u = pp be as in Propo-
sition [£.29] Because of Proposition [5.6] to finish the proof it suffices to show p
is sub- addltlve on S.

First suppose that —o0o < a < b < o0, J = (a,b], J,, = (an,by] such that
J = 1] Jn. We wish to show

n=1

MG ESITEA) (5.1)

n=1

To do this choose numbers a > a, Bn > by, in which case I := (a,b] C J,

In i= (@, by] D JS = (an,bn) D Jn.

Since I = [a, b] is compact and I € J C |J J¢ there exists N < oo such that

n=1

&CZ
k41

N
No
n
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Hence by finite sub-additivity of u,

N 9]
F(b) = F@) = (D) < 3 () < 3 ().

Using the right continuity of F' and letting @ | a in the above inequality,

i () = (@, b)) = F(b) = Fla) <> p ()

Z +Z,uJ\J (5.2)

Given € > 0, we may use the right continuity of F' to choose Bn so that
1(Jn \ Jn) = F(by) — F(b,) <e2™" ¥V n €N,

Using this in Eq. (5.2)) shows

p() = n((a,0) <> p () +e

which verifies Eq. (5.1 since € > 0 was arbitrary.
The hard work is now done but we still have to check the cases where
a = —oo or b = co. For example, suppose that b = oo so that

=117
n=1
with J,, = (apn,b,] NR. Then

Ing = (a,M]=JN Iy =[] JnnIu

n=1

and so by what we have already proved,

ZuJ N 1) gi

n=1 n=1

F(M) - F(a) =
Now let M — oo in this last inequality to find that

ul(a,00)) = F(oo) = Fla) < ) (/]
n=1
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The other cases where a = —oo and b € R and a = —oo and b = oo are handled
similarly. ]

Before continuing our development of the existence of measures, we will
pause to show that measures are often uniquely determined by their values
on a generating sub-algebra. This detour will also have the addeded benefit of
motivating Carathoedory’s existence proof to be given below.

5.3 Regularity and Uniqueness Results

Definition 5.8. Given a collection of subsets, €, of X, let &, denote the col-
lection of subsets of X which are finite or countable unions of sets from E.
Similarly let Es denote the collection of subsets of X which are finite or count-
able intersections of sets from E. We also write E,5 = (E5)5 and Eso = (E5), »
etc.

Lemma 5.9. Suppose that A C 2% is an algebra. Then:

1. A, is closed under taking countable unions and finite intersections.
2. As is closed under taking countable intersections and finite unions.

3 {A A€ Ay} = As and {A°: A€ As} = A

Proof. By construction A, is closed under countable unions. Moreover if
A=U2A; and B = U2, B; with A;, B; € A, then

ANB=U_1AiNB; € Ay,

which shows that A, is also closed under finite intersections. Item 3. is straight
forward and item 2. follows from items 1. and 3. ]

Theorem 5.10 (Finite Regularity Result). Suppose A C 2% is an algebra,
B=0c(A) and pp : B — [0,00) is a finite measure, i.e. p(X) < co. Then for
every € > 0 and B € B there exists A € As and C € A, such that AC BcC C
and u(C\ A) < e.

Proof. Let By denote the collection of B € B such that for every € > 0
there here exists A € As and C € A, such that A C BC C and u(C\ A) < e.
It is now clear that A C By and that By is closed under complementation. Now
suppose that B; € By for i = 1,2,... and € > 0 is given. By assumption there
exists A; € As and C; € A, such that A; C B; C C; and u (C; \ 4;) < 27 %.

Let A := U2 A;, AN .= UN A, € As, B := U2 B;, and C 1= U, C; €
Agy. Then AN ¢ AC BcC C and

C\NA=[UZ1CI\A=UZ, [C;\ A CUZ, [Ci\ Ay
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Therefore,

p(C\A) = p (U, [Ci\ A)) Z (Ci\ 4) sz (Ci\ Ai)

Since C'\ AN | C'\ A, it also follows that u (C’ \ AN) < ¢ for sufficiently large
N and this shows B = U2, B; € By. Hence By is a sub-o-algebra of B = o (A)
which contains A which shows By = B. ]

Corollary 5.11 (¢ — Finite Regularity Result). Theorem continues
to hold under the weaker assumption that u : B — [0,00] is a measure which is
o — finite on A, i.e. there exists X,, € A such that u(X,) < oo for all n.

Proof. Since A € B —pu; (A) := pu(X; N A) is a finite measure on A € B
for each 4, by Theorem for every B € B there exists C; € A, such that
B C C; and M(Xi N [CZ\B]) < 27%. Now let C := U?il [Xl ﬂC’i] € A, and
observe that B C C' and

p(C\B) = p (U, ((XinCi]\ B))
gi ([X;NCi]\ B) = ZuXmC\B])

Applying this result to B¢ shows there exists D € A, such that B¢ C D and
§(B\ D) = (D BC) < ¢
So if we let A := D¢ € A5, then A C B C C and
#(C\A) = u([B\AJUIC\ B\ A]) < i (B\ A) + 1 (C\ B) < 2
and the result is proved. [

Exercise 5.1. Suppose A C 2% is an algebra and p and v are two measures on

B=oc(A).

a. Suppose that p and v are finite measures such that 4 = v on A. Show
°w=v.

b. Generalize the previous assertion to the case where you only assume that
p and v are o — finite on A.

Corollary 5.12. Suppose A C 2% is an algebra and p: B = o (A) — [0, 00] is
a measure which is o — finite on A. Then for all B € B, there exists A € As,
and C € Ays such that AC BC C and u(C\ A) =0.
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Proof. By Theorem [5.10} given B € B, we may choose A, € As and
Cp € Ay such that A, C B C C,, and u(Cp, \ B) < 1/n and pu(B\ A,) < 1/n.
By replacing Ay by UY_; A, and Cy by NY_,C,, we may assume that A, 1
and C,, | as n increases. Let A = UA, € A5, and C = NC,, € A,s, then
AC B cCC and

u(CN\A) =p(C\B) + u(B\A) < u(Cp \ B) + (B \ Ap)
<2/n—0asn— .

Exercise 5.2. Let B = Bgr» = o ({open subsets of R"}) be the Borel o — alge-
bra on R™ and p be a probability measure on B. Further, let By denote those
sets B € B such that for every € > 0 there exists ' C B C V such that F' is
closed, V is open, and p (V' \ F) < e. Show:

1. By contains all closed subsets of B. Hint: given a closed subset, FF C R" and
keN,let V, :=UzepB(x,1/k), where B (z,0) :={y € R" : |y — x| < §}.
Show, Vi, | F as k — oo.

2. Show By is a o — algebra and use this along with the first part of this
exercise to conclude B = By. Hint: follow closely the method used in the
first step of the proof of Theorem [5.10)

3. Show for every ¢ > 0 and B € B, there exist a compact subset, K C R™, such
that K C B and p(B\ K) < e. Hint: take K := FN{z € R": |z| <n}
for some sufficiently large n.

5.4 Construction of Measures

Remark 5.13. Let us recall from Proposition [£.3] and Remark [£.4] that a finitely
additive measure p : A — [0, 00] is a premeasure on A iff 11 (A,,) T p(A) for all
{A,},7, C Asuch that A, T A € A. Furthermore if p (X) < oo, then 4 is a
premeasure on A iff (A,) | 0 for all {4,} 7, C A such that 4, | 0.

Proposition 5.14. Let p be a premeasure on an algebra A, then p has a unique
extension (still called p) to a function on A, satisfying the following properties.

1. (Continuity) If A, € Aand A, T A€ Ay, then 1 (Ayp) T 1 (A) asn — oo.
2. (Monotonicity) If A, B € A, with A C B then 1 (A) < u(B).
3. (Strong Additivity) If A, B € A,, then

(AU B) + u(ANB) = p(4) + u(B). (5.3)
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4. (Sub-Additivity on A,) The function p is sub-additive on A,, i.e. if
{A,},2, C A, then

U A) <3 (Ay). (5.4)

5. (o - Additivity on A,) The function p is countably additive on A,.

Proof. Let A, B be sets in A, such that A C B and suppose {4, },~, and
{B,},~, are sequences in A such that A4, T A and B, 1 B as n — oo. Since
B, NA, T A, as m — oo, the continuity of ;1 on A implies,

w(Ay) = lim p(ByNA,) < lim pu(Bn).

m—0o0

We may let n — oo in this inequality to find,

lim p(A4,) < lim p(Bp). (5.5)

Using this equation when B = A, implies, lim,, o pt (A,) = lim,,— oo it (Bm)

whenever A, 1 A and B,, T A. Therefore it is unambiguous to define p (A) by;
0 (A) = Tim p(A,)

n—oo

for any sequence {A4,},~, C A such that A, T A. With this definition, the
continuity of g is clear and the monotonicity of x follows from Eq. (5.5).

Suppose that A,B € A, and {A4,},~, and {B,} -, are sequences in A
such that A, T A and B, T B as n — oo. Then passing to the limit as n — oo
in the identity,

p(An U Bp) + p(An 0 By) = p(An) + 1 (By)

proves Eq. (5.3). In particular, it follows that p is finitely additive on A, .
Let {An},~ be any sequence in A, and choose {4, ;};~, C A such that
A, T A, as i — oo. Then we have,

N N 0o
12 (nglAn,N) g Z M (An,N) § Z M (An) S Z 1% (An) . (56)

Since A > UY A, v T U, A, € A,, we may let N — oo in Eq. (5.6) to

conclude Eq. (5.4)) holds.
If we further assume that {A4,} ", C A, is a disjoint sequence, by the finite
additivity and monotonicity of x4 on A, we have

N—o0

e’} N
Zl“(A”): lim ZlmAn): Jim g (U An) < (U020 40).
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The previous two inequalities show u is o — additive on A, . [

Suppose j is a finite premeasure on an algebra, A C 2%, and A € A5 N A,.
Since A, A € A, and X = AU A°, it follows that 1 (X) = pu (4) 4+ p (A°) . From
this observation we may extend p to a function on As U A, by defining

pw(A) :=pu(X)—p(A°) for all A € As. (5.7)

Lemma 5.15. Suppose p is a finite premeasure on an algebra, A C 2%, and p
has been extended to As U A, as described in Proposition and Eq.
above.

1.If Ae As and A, € A such that A, | A, then p(A) = lim,_ o p(A4,).
2. 1 is additive when restricted to As.
3. IfAe As and C € A, such that A C C, then u(C\ A) = p(C) — u(4).

Proof.

1. Since A5 1T A° € A,, by the definition of i (A) and Proposition it
follows that

p(A) = p(X) = p(A°) = p(X) — lim p (A7)

= lim [p(X) — p(A7)] = lim p(A,).

2. Suppose A, B € A; are disjoint sets and A,,, B,, € A such that A,, | A and
B, | B, then A, UB, | AU B and therefore,

p(AUB) = lim (A, UBy) = lim [pn(An) + p(Bn) = 1 (An 0 By)]
= n(A) + 1 (B)

wherein the last equality we have used Proposition
3. By assumption, X = A°U C. So applying the strong additivity of p on A,
in Eq. (5.3) with A — A € A, and B — C € A, shows
p(X)+p(C\NA) =p(A°VC) +p(A°NC)
=p(A°) +p(C) = p(X) —p(A) +p(C).

Definition 5.16 (Measurable Sets). Suppose p is a finite premeasure on an
algebra A C 2X. We say that B C X is measurable if for all ¢ > 0 there
exists A € As and C € A, such that AC B C C and p(C\ A) < e. We will
denote the collection of measurable subsets of X by B = B (u). We also define
i B— [0, (X)] by

ii(B) =inf{(C): BCCe Ay} (5.8)
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Remark 5.17.1f Be B, e >0, A€ As and C € A, are such that AC B C C
and 4 (C'\ A) < e, then pu(A) < i (B) < p(C) and in particular,

0<ia(B)—p(A)<e, and0< pu(C)—p(B) <e. (5.9)
Indeed, if C’ € A, with B C C’, then A C C’ and so by Lemma [5.15

p(A) < p(C'\A) +p(A) =p(C)

from which it follows that p(A) < i (B). The fact that i (B) < u(C) follows
directly from Eq. (5.8]).

Theorem 5.18 (Finite Premeasure Extension Theorem). Suppose y is a
finite premeasure on an algebra A C 2X. Then B is a o — algebra on X which
contains A and i is a o — additive measure on 3. Moreover, i is the unique
measure on B such that fi|4 = p.

Proof. It is clear that A C B and that B is closed under complementation.
Now suppose that B; € B for ¢ = 1,2 and ¢ > 0 is given. We may then
choose A; C B; C C; such that 4; € As, C; € Ay, and u(C; \ A;) < ¢ for
i = 1,2. Then with A = A; U Ay, B = B UBs and C = C7 U (s, we have
As>AcCc BcC e A,. Since

C\A: (Cl\A)U(CQ\A) C (Cl\Al)U(OQ\AQ),
it follows from the sub-additivity of p that with
H(C\A) < (Ci\ Ar) + 1 (Ca \ Ag) < 2¢.

Since € > 0 was arbitrary, we have shown that B € B. Hence we now know that
B is an algebra.

Because B is an algebra, to verify that B is a ¢ — algebra it suffices to show
that B =[] _, By, € B whenever {B,} | is a disjoint sequence in . To prove
B € B, let £ > 0 be given and choose A; C B; C C; such that A; € A5, C; € A,,
and p (C; \ A;) < 27" for all 7. Since the {A;};°, are pairwise disjoint we may
use Lemma [5.15] to show,

2:1

i) +p(Ci\ Ai))

= p (U3 +ZMC\A <p(X +Z»321

=1

Passing to the limit, n — oo, in this equation then shows

D () < p(X)+e < oo (5.10)
=1
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34 5 Countably Additive Measures

Let B=U2,B;, C:=UX,C; € A, and for n € Nlet A" :=
Then As 5 A" Cc BCcCeA,, C\ A" € A, and

H?:l A; € As.

C\A" = U2y (G \ A") C UL, (Ci\ )] U U, 1G] € A,
Therefore, using the sub-additivity of g on A, and the estimate (5.10)),
TETSEDSICAVORID SRTCS
=1 i=n+1
<e+ Z w(C;) — € asn — oo.
1=n+1

Since € > 0 is arbitrary, it follows that B € B. Moreover by repeated use of
Remark we find

i (B) —p(A")] <e+ 1 (C;) and
i=n+1
S B —p (AN = Y [E(B) —p(A))| <D [a(Bi) —p(A) <ed 27 <«
i=1 i=1 i=1 i=1
Combining these estimates shows
i(B) =Y (B <2+ > u(C)
i=1 i=n41
which upon letting n — oo gives
f (B) - Zﬂ(Bz) < 2.

Since ¢ > 0 is arbitrary, we have shown fi (B) = Y .-, i (B;) . This completes
the proof that B is a ¢ - algebra and that p is a measure on 5. ]

Many theorems in the sequel will require some control on the size of a
measure p. The relevant notion for our purposes (and most purposes) is that
of a o — finite measure defined next.

Definition 5.19. Suppose X is a set, E CB C 2% and p : B — [0,00] is a
function. The function p is o — finite on & if there exists E,, € £ such that
wWEy) < oo and X =SS, E,. If B is a o — algebra and p is a measure on B
which is o — finite on B we will say (X, B, 1) is a o — finite measure space.

The reader should check that if 4 is a finitely additive measure on an algebra,
B, then p is ¢ — finite on B iff there exists X,, € B such that X,, T X and
w(X,) < oo.
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Theorem 5.20. Suppose that i is a o — finite premeasure on an algebra A.
Then
g(B)=inf{u(C):BCcCeA,} YVBeo(A

defines a measure on o (A) and this measure is the unique extension of p on A
to a measure on o (A).

(5.11)

Proof. Let {X,},~, C A be chosen so that p (X)) < oo for all n and X,, 1
X asn — oo and let

pin (A) :=

Each i, is a premeasure (as is easily verified) on .4 and hence by Theorem
each p,, has an extension, fi,, to a measure on o (A) . Since the measure fi,, are
increasing, fi := lim,,_ o fi, is a measure which extends p.

The proof will be completed by verifying that Eq. (5.11]) holds. Let B €
0(A), Bmn = X, N B and € > 0 be given. By Theo there exists
Cm € Ay such that By, C Cy,, C X, and i(Cr, \ Bin) = i (Co \ Bi) < €27™.
Then C :=U_,Cp, € A, and

pn (AN X,) for all A€ A.

ﬂ(C\B)§ﬂ<U(Cm\B)>§Zﬂ(Cm\B S i(Con \ Bi)
Thus
fi(B) < i(C) = i(B) + i(C\ B) < fi (B) +<

which, since € > 0 is arbitrary, shows [ satisfies Eq. (5.11]). The uniqueness of
the extension [ is proved in Exercise ]

5.5 Completions of Measure Spaces

Definition 5.21. A set E C X is a null set if E € B and p(E) = 0. If P is
some “property” which is either true or false for each x € X, we will use the
terminology P a.e. (to be read P almost everywhere) to mean

E:={x € X : P is false for z}

is a null set. For example if f and g are two measurable functions on (X, B, ),
f =g a.e. means that u(f # g) = 0.

Definition 5.22. A measure space (X, B, u) is complete if every subset of a
null set is in B, i.e. for all F C X such that F C E € B with u(E) = 0 implies
that F € B.
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Proposition 5.23 (Completion of a Measure). Let (X, B, u) be a measure
space. Set

N =NF:={N C X :3F € Bsuch that N C F and u(F) =0},
B=B":={AUN:Ae€Band N € N} and
G(AUN) = u(A) for Aec Band N e NV,

see Fig. . Then B_is a o - algebra, i is a well defined measure on B, [i is the
unique measure on B which extends yi on B, and (X, B, 1) is complete measure

space. The o-algebra, B, is called the completion of B relative to p and [, is
called the completion of .

Proof. Clearly X,0) € B. Let A € Band N € N and choose F € B such

Fig. 5.1. Completing a o — algebra.

that N C F and u(F) = 0. Since N¢ = (F\ N) U F¢,

(AUN)® = A°NN°® = A°N (F\ N UF°)
= [A°N (F\ N)]U[A° N F*]

where [A° N (F\ N)] € N and [A° N F¢] € B. Thus B is closed under
complements. If A; € B and N; C F; € B such that u(F;) = 0 then
U(A; UN;) = (UA;) U (UN;) € B since UA; € B and UN; C UF; and
w(UE;) <3 u(F;) = 0. Therefore, B is a o — algebra. Suppose AUN; = BU N,
with A,B € B and N17N2,€N. Then AC AUN; C AUN,UF, = BUF,
which shows that

1(A) < u(B) + u(Fz) = u(B).
Similarly, we show that u(B) < u(A) so that u(A) = p(B) and hence (A U

N) := p(A) is well defined. It is left as an exercise to show [ is a measure, i.e.
that it is countable additive. ]
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