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Preliminaries

In this talk;

1. We are going to extend results in [Gross & Malliavin, 1996, Hall & Sengupta, 1998]
which shows how to get one of Hall's transform introduced in [Hall, 1994].

2. Along the way we will describe the Yang-Mill’s quantization problem.

3. Following [Driver & Hall, 1999] (motivated by [Landsman & Wren, 1997]) we will see
that a solution to the Y M5y —quantization problem (2 = 1 + 1 (space+time)
dimensions) gives rise to a one parameter family of Hall — transforms which

interpolate between his two original transforms.

4. See [Albeverio et al., 1999] for the Segal-Bargmann transform as related to the
stochastic quantization of Y M.
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Fock Spaces

Definition 1 (Bosonic Fock spaces). Given a real Hilbert space, H and t > 0, let;

Mult, (H,©) = {a - H" ™™™ € - lalf}, 1) < o0

where , ,
|l ey = Y lo(hy,.. k),
hi,..., hn,€S
Sym,, (H,C) = {a € Mult,, (H,C) : « is symmetric},
and
F(H;t) = {a = ()~ € HSymn (H,C) : || < oo}
n=0
where

tn

2 2
Jal? = > = vl -
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Examples

Example 1. Suppose (W, H = H,, i) is an abstract Wiener space and f € P (IW*)

then:
o, = D! f e Sym, (H,C)
where
D" (ha,... hy) == (On, ...00f) (),
and
a= (o), € M=oF (H;1).
Moreover,
|
forall h € H.
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Example 2. If H = L ([0,7],R) then
L*([0,77",C) 3 u — oy, € Mult,, (H,C)

where

ay (hy,y ... hy) = / U(S1y. -y Sp)h1(s1) ... hy(sy)ds.
0,17

is unitary. (s := (s1,...,5,) ")

Example 3. Similarly if H = L* ([0, T],R) and

Ay (T)={s€[0,T]:0<s51 <8< - <5, <T}

then
L* (A, (T),C) > u — a, € Sym,, (H,C)

is an isomorphism where

ay (hi, ... = > / W(S1y ey Sn) ho1 (1) .. Bop (8n) ds.

ocPerm,,

In this case
2 )
ol =t [ Juls)ds
Ap(T)
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Summary of Lecture 5

Theorem 2 (Fock, It6, Kakutani, Segal, Bargmann). Let ; and v be non-degenerate
Gaussian measures on (W, By ) with H, = H,, as vector spaces. Then the following
diagram of unitary maps commute,

L (W, s v) 2 H L (We, X v)
Fuw| |y
F(Hupw) 2 a—ac € F(H,+1iH))
where S, ,, is the generalized Segal-Bargmann map;

Su,up =1y % pc = (1 % p)@
and where for any Gaussian measure y on (W, Byy) F, is the Fock—It6-Kakutani
isomorphism defined by

L*(v)3 f—= B f = (Df (y* f))yy € F(H,).

Comments:

1. As vector space H, + 1H, = Hc but as real inner product spaces
H,+tH,=H, x H,.

2. Fc (H, + ¢H,) denotes the Fock space of complex multi-linear forms on H,, 4 1 H,,.
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Yang-Mills set up

e K = SU(2) or S* or a compact Lie Group

SU((2) = {g = [Z _ab] a,be C > |a|2+\b\2:1}
o t = Lie(K), e.g. Lie(SU(2)) = su(2)
su(2) = {A;: [Zg —_fOé] ;QERandﬁeC}

su(f)

//
//'r
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e Lie bracket: [A, B] = AB — BA =: adsB

o (A, B) = —tr(AB) = tr(A*B)
(a fixed Ad — K — invariant inner product)
o M =Rlor 7= (5"
o A = L*(M, %) — the space of connection 1-forms.

efForAe Aand1 <1k <d, let

Vi =0 +ad 4, (covariant differential)
and
F,;f} = O A; — 0; A + |Ag, A;] (Curvature of A)
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Yang — Mills Equations (in the temporal gauge)

For A(t) € A, i.e. for (t,z) € R x M,
At x) = (A (t,z), Ay (t,x), ..., Ay(t,x)) € &

the Y.M. equations are the Euler Lagrange equations for the action functional,

1
Ir(A) = - FAt, z) - FAt, z)dxdt
4 0,7 x R4

where
FAlt,z) - FAt,z) = Znn tr FA ta:)FA (t, 33)}
andn = (1,—1,—1,..., 1).
Using
OpF7) (z) = 0;B), — Oy Bj + [B, Ai) + [A;, By
= V!B, — ViB;=d'B
we find

(0pl7) (A) = = / dB - FA(t, x)dxdt
[0,T] xR4

= —/ B - (dA>* FAt, x)dxdt.
0,7 x R4
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Therefore the Euler Lagrange equations are,
(a4)" FA(t,2) = 0.
Writing out these equation explicitly give the Yang — Mills PDE'’s,

At)=E(t) (e define E(t) = A(t)) (1)
d
E; (t) =|A; = ) Vi'Fj} = Q(A, 0A) |(Dynamical Egs.) 2)
k=1 -
0=V"-E=) V}E (Constraint Egs.) (3)
k=1

Remark 3. The Yang — Mills equations are invariant under the Gauge group,
G := C*™ (M, K) which acts on A by

Ac A— A'=qg A9+ ¢ 'Vyg. (4)

This is a group action, namely (Ag)k = A%for g,k € G.
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Maxwell’s Equations (/=3 x = 51

fd =3, K = S!and we set

E(t):=A(t) and B(t) =V x A(t),

then the Yang — Mills equations become Maxwell's Equations:

EFE=_-VxBandB=V x E

V-E=0and V- B =0.
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Newton Form of the Y. M. Equations

Define the potential energy functional, V' (A

/R (1) .

1<]</€<d

Then the dynamics equation may be written in Newton form as
| A(t) =~ (V) (4).

The conserved energy is thus

. 1. .
Energy (A,A) =3 HAH?4 +V(A).

The weak form of the constraint Eq. (3) is, for h € C'° (M, €) ,
‘ 0= (V- E,h) — (B, vh) . ‘

L2(M:E)
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Review Canonical Quantization

CONCEPT CLASSICAL QUANTUM
STATE T'RI=ZRIx RY> (p,q) | K = PL*(R% dm)
SPACE Y € L*(RY dm) 3 ||| = 1.
OBSERVABLES | Functions on T*IR? S.A. ops. on K
5, — h 0
pk pk — Z'qu
Examples dk qr = My,
~ 2
H(q,p) = 5=p-p+V(q) = —E A+ V(g)
Angular Momentum | (¢ X p), = Zl,j k1D %Zl,j Eki1q;D1
DYNAMICS Newtons Equations of Motion | Schrédinger, Eq.
q(t) = =VV{(q(?)) thap(t) = Hp(t), (t) € K
MEASUREMENTS | Evaluation (1, 01)) — expected
f(q,p) value.
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Formal Quantization of the Y. M. — Equations

Open Problem. When d = 3, “Quantize” the Yang — Mills equations and show the
resulting quantum — mechanical Hamiltonian has a mass gap. See www.claymath.org.

Let us explain the formal quantization of the Y. M. equations:

Raw quantum Hilbert Space: H = L* (A, “DA”)
Position: (A, k) ~» M4 )

1
Momentum: (E, k) ~ =0y, for k € C>°(R?, £%)
i
1
Energy Function: K.E. + P.E. ~~ H = —§A,4 + My,

Recall that the Potential Energy (V) is given by

/R ()] *dw.

1<]</€<d
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Constraints

We must also quantize the constraint functionals:

(B.V) = ) (k, V'), (E.k),
s ;€O N.B.( A)

1 1
D Z (k, VAh>A;(9/€ — gavAh

k€O.N.B.(A)

Remark 4. Since

Z O (k,V*h) , = Z (k, [k, R]) 4 = Z 0=0,

k€O.N.B.(A) k€O.N.B.(A) k€O.N.B.(A)

there is no ordering ambiguity in the quantization of (E, VAh)A.
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Definition 5. For each h € C° (M, £) , let X" be the vector field on .4 defined by:
X" (A) = VA = Vh + adsh.

With this notation we want to trim down the raw Hilbert space to:

( Constraint S)gnditions )
thysical = < F ~ H . ‘rX'hF = aVAhF — B\V/ h c C?(Rd, E) > .
\ /

Theorem 6 (Concrete description of Hnysicar)- The physical Hilbert space is given by,
Hopysicas = {F € H: F(AY) = F(A)VAe A, g G}.
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Proof: First observe that
d eth d —thw th
%hA ziﬁb@mfm4+e Ve')
— —[h,A]+ Vh =adsh +Vh=X"(A).

Q.E.D.

Hence X" generates the flow, A — A" Therefore the following are equivalent:
1. X"F = 0forallh € C*(M,¥€)

2. Foe" = Fforallh € C>(M, ®)

3. F (Aeh) = F (A)forallh € C*(M, ¢

4. F(A%) = F(A)YAc A geg.
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Wilson loop variable description of [t ;.\ ical

Definition 7 (Restricted Gauge Group). Gy := {9 € G : ¢ (0) = id} .

Let L = L (M) loops on M based at o € M.

Definition 8. Let //* (¢) € K be (left invariant) parallel translation along o € £, that

is /)4 (o) :=//{ (o), where
%//t +ZUZ t))//i (o) = 0with // (o) = id.
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Theorem 9 (Loop Variable Theorem). Suppose A, B € A. Then //* (o) = / /P (o) for

allo € L iff A= BY for some g € Gy. We call the function, A — / /" (c), a “Loop
variables” on A/G,.

Proof:

o If A= BY9forsomeg € Gyand o : |0,1] — M such that o (0) = o, then
/o) =1/ (o) =g(a () [/ (o).

e Henceif A= BYand o € L, then //*(c) = //P (0).

olf //4(c)=//F (o) forallo € L, define g (o (1)) =//P(c)//(c)" forall
o :[0,1] — M such that o (0) = o.

e Then g is well defined and A = BY.

Q.E.D.
Corollary 10.

Hopsow = {F € H: F(A9) = F(A)V A€ A, g € G)

e~ »{FELQ(A,DA):FIF({//A<0)3UE£})}'
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Restriction to ¢ -1 (general k)

gl _ 0,1]/ (0 ~ 1) > 0 and write 0y =

In this case,
o A=L*Sh0), Contiguration space
e Gy={gec H(S' - K):g(0)=g(1) =id € K}, Gauge Group

o A= Ad A+ gty
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o H =L*(A, DA) Raw Hilbert  Space

o Hnysica = {F € H: Fy)(A) = ¢(//1(A)), ¢ : K — C}, where //4y(A) € K is the
solution to

d%//e(A) + A(0)//¢(A) = 0with //o(A) =id € K.
//1(A) € K is the holonomy of A.

o ' =(0whend = 1andtherefore, V (A) =0. No curvature in 1d

e I =—3A, (Quantum Hamiltonian) Raw Hamiltonian
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A Physics Idea

Theorem 11 (Heuristic: c.f. Witten 1991, CMP 141.). Suppose K is simply connected

and for ¢ let Fy (A) .= ¢(//1(A)), then
¢ c L2 (K, dHaar) — ng c thys,'ca/

is a “Unitary” map which intertwines A 4 and A, i.e.

Aulpo//1] =AaFy = Fags = (Axp)o //1.

Goal: Give a precise meaning to the previous idea.

To do this we will “regularize” D A by the Gaussian measure

. 1 1
dP,(A) = —exp (—g |A|?4) DA

Zs

with the idea of letting s — oo at the end to “recover” D A.

The measure P, is a Gaussian measure living on a certain completion, A, of A.

Bruce Driver 22
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A Realization of 1 as w ({%)

e W) ={wel(0,1] ¢ :w0) =0}

e W(K)={geC(0,1]] > K:g(0)=ec€ K}

o H(t) ={he W (£): [ |W(s)]ds < o0}

e Note that 9y : H(£) — A = L*(S'; £) is isometric.

o Define A := 0,1V (k). Completed Connection Forms

e P, — P, — Wiener measure on W (£) with variance s.

o //9(A) = //o(a) where for a € W (¥),
d//e(a)+a (0)//g(a) = 0with //o(a) =id € K.

e The action of gauge group, A — AY goes over to

o= [ g @ dalo)g(0) 447 (0)dy (o).
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Gross’ Ergodicity Theorem

The following theorem is a stochastic version of the Loop Variable Theorem, item 2. of
Theorem 9.

Theorem 12 ([Gross, 1993]). Let

HfohyS/ca/ [L2 (W (@ ) PS)]
={FeL*(W(t),P): F(a’) = F(a) for P, a.e. a}.

Go

Then

‘ thysrcal {F f // f S L2 <K, pS(ZC)d[IZ)} ‘

where
ps(x)dx = Py—Law(//4).

Remark 13. The action, F'(a) — F (a¥) is not unitary except in the limit as s — 0. The
unitarized action has no non-trivial fixed elements in L* (W (£) , P,) , see
[Driver & Hall, 2000] for a proof using the Fourier Wiener transform. Hence it would be a

BAD idea to unitarize this action.

Corollary 14. The function, p,, is the convolution heat kernel on K. Since
hms—mo p3<37> — 17

lim H?

Syo0 physical —

~ [A(K,dx).
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An Explanation for Eq. (6)

Recall Eq. (6) states Ayl o //1] = (Ax¢) o //1

e If we let Sy be an orthonormal basis of H (£) and

then the assertion in Eq. (6) becomes:

?

A (9o //1)

Proof: (Heursitic explanation.)

(Axd)o /1. | ®

e Use (-, -) on £ to construct a bi-invariant metric on T K.
e Let H (K) be the space of finite energy paths on K starting ate € K.

e Equip H (K) with the right invariant metric induced from the metric on
H (¢) := Lie (H (K)).
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Then it is a fact that the “Cartan Rolling Map, v : H (£¢) — H (K) defined by

i (a) = //(a)
is an isometric isomorphism of Riemannian manifolds. Consequently we may “conclude”
that v intertwines the Laplacian, A g on H (£) with the Laplacian, Ay gy on H (K),
l.e.
b (for) = (AH(K)f) o . (9)
When f (g) = ¢ (g (1)), one can show

Aneo)f(9) = (Axre) (g (1))
and therefore Eq. (9) implies,

[Buw @0 //) = (Bxd)o /1]

Q.E.D.
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Why is this Explanation not Satisfactory

e The operator AH(@ makes sense on smooth cylinder functions.
e However, ¢ o //; is not a cylinder function.

e Problematic Theorem: The densely defined operator Ay on L*(W (€), P;) is not
closable.

Proof. Consider the case £ =R and s = 1, so that = P, is standard Wiener measure.
Let

1
f(a):2/ agdag = a* — 1
0

a cylinder function. One computes
AH(E)][(CO — Z Qh% = 2.
he Sy

On the other hand, we have f(a) = limp|_ fp(a) where fp(a) is the cylinder

function
fp(CZ) = 2 Z asi(a3i+1 - aSi)'
s;€P
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But
Ag frla) = 0!
(Compare with the harmonic function

(21 + @9 + -+ Tp)Tpyy on R

Therefore limp|_, fp = f while

0= lim AH(g)fp<a> 7é AH({g)f = 2.
P|—0
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Segal - Bargmann Theory

o Let - = £ + it be the complexification of €
e ¢ = the complexification of K, e.g. SU(2)c = SL(2,C).

e For s > t/2, let M, be the Gaussian measure on W (¥¢),

M, = Law <\/m a+in/1)2 5)

where o and [ are independent standard (¥, (-, -)¢) — valued Brownian motions.

Theorem 15 (Segal- Bargmann). There exists an isometry
Sy : L2 (W (€), P,) — L*(W (tc), M)
such that

(S.1)(c) = / fele + a)dPa) = (40 (o).

For all polynomial cylinder functions f. Moreover Ran (S;) = closure of Holomorphic
cylinder functions.
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Proof: Apply our generalized Segal-Bargmann theorem with
= Py_;/5 = Law (\/5 — t/2a)
v = Py = Law (Vt/Qﬁ)

so that

St:Pt*(->:V2>k(->,
uxv=»My, and

,u*V:LaW(MCij\/t/iQB) = P..

Q.E.D.

Theorem 16 (Stochastic Representation Theorem). \S; is also characterized by

S [ (ar).da” (7)) = [ fac(r).de”"(r)

Ap Dy

where o : A\,, — t is a deterministic function.
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Proof: Suppose that

a(T) = Ly, (T)N
with n € " and J; = (s;, t;] are intervals such that J; < Jj foralli < k,i.e. t; < sj.
Leta (J;) .= a;, — as, and

fla) = /<0‘(7)7 da™ (7)) = (n,a()) ® - @ a(J,))

JANS
then
fele) = / (), de" (1)) = (m, () @ - @ [ J,),
JANY
where ¢ (J;) = ¢, — cs,. Q.E.D.
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Since a — (n, (¢(J1) + a(J1)) ® (c(J,) + a(Jy,))) is a Harmonic polynomial of a;

/ f@C‘|‘ dPt

/W )+ aR) 8-+ (1) + ol )R

= (n,c(J1) ® - R c(Jy))
= fclc)

By a limiting argument one then shows in geneal that

St (/<Ozc(7),d(c+a)®n(7)>) = /(@c(7)7d6®n(7)>.
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The Main Theorem

Theorem 17 ([Gross & Malliavin, 1996, Driver & Hall, 1999]). Let

d//o+dago //g=0with//g=
relative to P, and

d/ /S +dego /)5 = 0with /) = Id.
relative to M. Then forall f € L*(K,dx),

Sef (/1) =F(//7)

where F' is the unique Holomorphic function on K¢ such that
Flg = — 2K f.

Morally speaking:
S/H = (e** 10 H)c € HL* (W (tc))

(2210 f(//1)e = (€2 fe(//T)

so on “restricting” to W (€)

san £(/ /1) = (2% £)(/ /1)

which we interpret as a rigorous version of the statement that

o [F(//)l = (Bxf) (/).

Bruce Driver 33
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The generators of //yc k & //§ € K¢

Proposition 18. Let

o {X;:k=1,... ,dim#} be an orthonormal basis for ¢

o Y. = JX,, where J is the complex structure on €.
Then

1. The generator of the diffusion, / /g € K, is
A=) Xi

2. The generator of the diffusion, / /§; € Kc, is

As,t:@—t/z)ZX,f%ZYg
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Corollary: Hall’'s Transform

Let p,(dz) = Law(//1) and m,(dg) = Law(//}), ie.
ps(x) = (eSAK/Qée) (x)forz e K &

ms4(g) = (e*/%6.) (g) for g € K.

Corollary 19 (A One Parameter family of Hall's Transforms). The map

L*(K, ps) 3 | — (e47f) . € HL* (K¢, may)

is unitary.

This theorem interpolates between the two previous versions of Hall’s transform

corresponding to s = co and s = . (END)
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Proof Sketch of Main Theorem 17.

For the proof we will need the following notation and facts:

o {X;:k=1,...,dim¢} be an orthonormal basis for ¢
e V. = JX,, where J is the complex structure on €¢.

e Let Ag be the generator of //p, A => X2

e Let A, be the generator of //§,

As,t:(s—t/z)ZXg%ZYg

e Notice that if ® is a holomorphic function, then Y. = 1 X P so that

A37t(I) — (S — t) AK(I)

e The X} and Y, commute with Ax.
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Proof. (Proof of Main Theorem(17.) Let & = (elﬁAK/Qf)C denote the analytic continuation
of e'25/2 f to K¢. Using [Af, X;] = 0 and the Veretennikov and Krylov formula,

=3 /A (cn, da™ (7))

where a, = (D”GSAK/Qf) (e). Therefore

S =S /A () » A7)
Similarly,
o(//8) = /A (B A (7))
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where

(D”eAs’t/QqD) (e) = (D”e(s_t)AK/QCD) (e)
_ (Dne(s—t)AK/Q (etAK/Qf)C) <€>
— [Dn (GSAK/Qf)C (6)] - _ (an)@ .

Bn

This shows,

S (/0 =@/ /1) = (952 F) o (/)

as was to be shown.

Remark 20. See Dimock 1996, and Landsman and Wren ( = 1998) for other approaches
to “canonical quantization” of Y M.

(END NOW FOR SURE!)
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Related and Further Reading

Here are some references of related along with some more recent developments.

More references: [Gordina, 2002, Gordina, 2000b, (Gordina, 2000a], [Driver, 1997b,
Driver, 1997a, Driver, 1995, Driver & Gordina, 2007b, Driver & Gordina, 20074,
Driver & Gordina, 2007c, Driver & Gordina, 2009b, Driver & Gordina, 2009a,

Driver & Gordina, 2008, Driver & Gross, 1997, Driver et al., 2010, Driver et al., 2009a,
Driver et al., 2009b, Driver & Hall, 2000, Driver & Hall, 1999]

[Cecil, 2009, Cecll, 2008, Cecil & Driver, 2008]

[Hall, 2001, Hall, 1994/, Hall, 2008a, Hall, 2008b,, Hall, 2002,

Hall & Lewkeeratiyutkul, 2004, Hall & Mitchell, 2008, Hall & Sengupta, 1998]
[Malliavin & Malliavin, 1990, Malliavin, 1990] [Melcher, 2009]
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Extension to the Path Space

Now let p; := //.P; = the law of // relative to P;.

Theorem 21. There exists an isometry
By : LA(W(K), Law(//)) = L*(W(Kg), Law(//%))

such that for all cylinder functions f € L*(W (K), P,), B:f is a Holomorphic cylinder
function on W (K¢) such that

(Bif)(y) =~ (eéAM)f) (y) "= / flxy)pi(de) Vy € H(K).

Moreover, Ran (B;)) is the closure of the holomorphic cylinder functions and the
following diagram commutes

L2W(e),P) =%  HLXAW(k), M,,)

t// ® 1 //C
LAW(K), [[.Py) =% HLAW(Ke), //SM,,)
I.e.

Si(fo/))=(Bif)o//"
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Path Space Result Explanation

Proof. (An explanation rather than a proof.) Let y € H (K ') and consider

/fxy (dzx) /f// y)P,(da).

Notice that .
//_1(2)2/ 215z, (Inverse of the Itd Map.)
so that 0
/)7 (a)y) = / (//(a)y)" 6 (//(a)y)
= [ v /@ s
:/Ady15a+/y15y
= /Ady15a+//_1(y).
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Therefore,

[/(a)y =]/ (/Adylda+//1(y>) -

Law (/ Adylda) = Law (a),

(B.f)(y /ﬁfw (dz) / £(//(a) - ) Pda)
W (¢)

:/f (/Ady1da+//1(y)>)Pt<da)
W (€)

ZL/fU/@+/ﬁ%wDHM®

Noting that

we learn that

W (E)
=Si(fo /N (/)W)

Now replace y — // (a) in the above identity to find

(Bef)(// (@) =Si(fo//)(a),
(Bif)o /) =5:(fol/)).

l.e.

REFERENCES

ruce Driver 47 Cornell, July 19 - 30, 2010



REFERENCES

Isometry Property

By the way one checks the isometry property from this result as follows. On one hand

[ | [ @n.ae | aria)= s [latpar

wWE) Ay

/ /<O‘C<7)’dc®n> dM;(c) = S"/Ioz(7)|2d7.

while on the other
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To prove this last assertion, consider the expectation of the stochastic integral:

/a " el Lk 2

B
E / f(r)da(r) + 1 f(1)db(T)

5 s
~E [ \fPdr (- )+ 3E [ Ifr)ar

B
zs/’MWWms

where f (7) is assumed to be adapted. Hence the result follows by writing
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[ {ac(7), dc®") as an iterated integral. For example if n = 2,
Ay

2

E / {ac(T), dc®)

A

2

=K

/O< ) <1<oz@(7'1,72) ,de(m) @ de(T))

/ /0 o {ag(m, 72), de(m) ® &)

— / / dr |<04C(7-177_2)777®£>|2
0<71<m

:S/ ‘Oé(c(7'177'2>| dTldTQ
0<11<1<1

232/\04@(71,7'2)|2d7'1d7'2
A9

where £ and 7 in the above expression is running over an orthonormal basis of €.
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A gradient computation

We would like to compute the gradient of V' (A) where

~5 [ 3 kel

1<]</<:<d

To this end, we recall that F/} (x) = 9;A;, — v A; + [Aj, Ay and therefore,

OpFy), (v) = 0;By, — Ok Bj + [Bj, Aj] + [A;, By
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and hence
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IpV (A / (), 0pF2 () dz
R¢ 1<]</€<d
R 1<y, k:<d
/ (FA,, VB, — V!B;) dx
R 1<y, k<d
/ (=V4FS, By + (ViF. B))) dz
R 1<y, k<d
[ ¥ (ViR B
R 1<5,k<d
Therefore we learn that
lgradV (A ZVA
as claimed.
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