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ABSTRACT. A Hermitian form ¢ on the dual space, g*, of the Lie algebra, g,
of a Lie group, GG, determines a sub-Laplacian, A, on G. It will be shown that
Hormander’s condition for hypoellipticity of the sub-Laplacian holds if and
only if the associated Hermitian form, induced by g on the dual of the universal
enveloping algebra, is nondegenerate. The subelliptic heat semigroup, etA/‘l7
is given by convolution by a C°° probability density p:. We will show that
if G is complex, connected, and simply connected then the Taylor expansion
defines a unitary map from the space of holomorphic functions in L2 (G, pt)
onto (a subspace of) the dual of the universal enveloping algebra.

CONTENTS
l.__Introductionl 2
[2._Hormander’s condition and nondegeneracy of norms 4
[3-The subelliptic heat kernel | 9
[A"The Taylor map] 13
5. Taylor expansion over complex nilpotent groups| 15
6. Power series along a curve in a Lie group| 20
[6.1.  The Frechét Tensor Algebral 21
(6.2 A Generalized Power Seried 23
16.3.  Dependence of power series on the endpoint| 26
7. Reconstruction of f from its Taylor Coefficients| 31
|7.1. Holomorphic Horizontal Coordinates and Paths| 31
[7.2. Local Existence of f, | 34
7.3.  Global Construction of f, | 35
8. Algebraic control of a € JP and comparison of norms | 38
8.1. Indirect control via the heat kernell 38
18.2. Direct control: Heisenberg algebral 40
9. The Fourier-Wigner transform and holomorphic functions.| 42
9.1. The main theorem. 43
9.2, Alternative Proofs| 49
[References 51

Date: July 10, 2006 File:nil31.tex.

1991 Mathematics Subject Classification. Primary; 32W30, 35H20, Secondary; 32C15, 43A15.

Key words and phrases. Subelliptic, heat kernel, complex groups, universal enveloping algebra,
Taylor map.

TResearch was supported in part by NSF Grant DMS-0504608.

*Research was supported in part by NSF Grant DMS 0102126.

1



2 DRIVER, GROSS, AND SALOFF-COSTE

1. INTRODUCTION

Denote by G a real or complex Lie group, by g = T.G its Lie algebra, and by
g* the dual space of g. Let ¢ be a non-negative quadratic or Hermitian form on g*
according to whether g is real or complex. Let K = Nul(¢) = {a € g* : ¢ (o, ) = 0}
and

H=K":={¢ecg:a()=0foral a € Nul(g)}

be the backwards annihilator subspace of K in g. We say that ¢ satisfies
Hérmander’s condition if H generates g as a Lie algebra.

In Section 2 we are going to characterize those ¢ for which Hormander’s condition
holds in terms of the following natural seminorms on the dual space of the universal
enveloping algebra of g. Denote by ¢®* the extension of ¢ to a non-negative qua-
dratic/Hermitian form on (g*)®* where by convention, (g*)*° is R or C according
to whether G is real or complex and ¢®° (1) = 1. If T'(g) is the tensor algebra over
g then the algebraic dual space of T'(g) is the direct product: T'(g)’ = 1132 (g*)®*.
For each ¢t > 0 define

<tk
— E : Rk
(1~1) qt k!q
k=0

on T(g)’, where we allow for the possibility that ¢; («) is infinite. On the subspace
where ¢; is finite it is the square of a semi-norm. Because of the allowed degeneracy
of ¢ the semi-norm may not be a norm. But we are going to restrict the domain
of g; further. Denote by J the two-sided ideal in T'(g) generated by the elements
E®@n—n®E&—[¢n] wherein £ and n run over g. We can identify the universal
algebra U of g with T'(g)/J and then the algebraic dual space, U’, may be identified
with JO, the annihilator of J in T'(g)’. Let

J) i ={aeJ’: q(a) <oo}.

We will show in Section (see Theoremand Corollary that the following
conditions on ¢ are equivalent: 1) Hérmander’s condition holds, 2) T (g) = T (H)+J
(T'(H) is the tensor algebra over H), and 3) for any ¢ > 0, g¢| ;o is the square of a
norm, i.e., g Jo is the quadratic (Hermitian) form associated to a positive definite
inner product on JY.

For each A € g, let A denote the unique extension of A to a left invariant vector
field on G. If G is real, for any basis Xi,..., X of g with dual basis {XJ/} the
second order differential operator

M
(1.2) Ag= > q(X}, X})X; X,
j,k=1

is easily seen to be independent of the choice of basis. Hérmander’s theorem [29]
states that A, is hypoelliptic if and only if ¢ satisfies Hormander’s condition.

Now suppose that G is a complex connected Lie group and ¢ is a non-negative
Hermitian form on g* satisfying Hérmander’s condition. Let Req denote the real
part of the Hermitian inner product on g* with the complex structure forgotten.
Since Nul(q) = Nul(Req), one easily shows that ¢ satisfies Hormander’s condition
iff Re g satisfies Hormander’s condition. We may form the associated hypoelliptic
sub-Laplacian, Age 4, as in and in this case, the heat semigroup, exp(%Age,),
is given by convolution by a C'* heat kernel p; on G. Let H denote the space of
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holomorphic functions on G and for any function f in H and z € G, let f () €
JO 2 U’ be the “Taylor coefficient” at the point z defined by

(1.3) (f (z),B) = (Bf)(x) for all B € T(g),

where (3 is the left invariant differential operator on G associated to 3, see Nota-
tio below. Because of the results of Section [2, we know Jp is a Hilbert space
with respect to the norm (g¢|s0)'/2. The aim of this paper is to show that the Tay-
lor map, f — f(e) , is a unitary isomorphism of H N L?(G, p;) onto J? when G is
simply connected. See Theorem in the case G is nilpotent and Theorem for
general G.

This kind of unitary isomorphism of holomorphic function spaces with a Hilbert
space of “Taylor coefficients” has a long history. A knowledgeable reader could
“read out” of the 1932 paper [9] by the physicist V.A. Fock such an isomorphism.
But the isomorphism was not actually made clear until the work of Segal [45], [46]
and Bargmann [2]. (See also [20] for more history.) In that classical case, the
complex group G is just CM, ¢ is just the usual Hermitian norm on CM and the
density p; is just a Gaussian. A detailed exposition of this isomorphism along with
a discussion of its extensive history may be found in the expository portion of the
paper [26]. Inspired by related work of B. Hall [27], the first named author [7]
proved such an isomorphism for a wide class of complex Lie groups G, for a strictly
positive definite quadratic form ¢. This was subsequently extended to an arbitrary
complex Lie group in [§] but again, for a strictly positive definite quadratic form
q. To our knowledge this is the first work dealing with this isomorphism in the
degenerate (i.e. subelliptic) case. The Taylor map isomorphism has also been
proven for some infinite dimensional groups: in [16] and [I5] M. Gordina found
a precise analog of this unitary isomorphism for the infinite dimensional complex
Hilbert-Schmidt orthogonal group and in [I7] she proved the analog for the group
of invertible operators in a factor of type II;. Also M. Cecil, in [4], has shown that
a unitary Taylor isomorphism holds for path groups over stratified Lie groups.

Section |4l establishes that f () € JO for every f € H N L%(G, p;) and that the
Taylor map,

feHNLA(G,p:) — f(e) € I,

is isometric. The proof that f — f (e) is an isometry follows closely the proof in

In Section[5} we will prove that the Taylor map is actually surjective and therefore
unitary, when G is nilpotent and simply connected. In this case we will first prove
that the finite rank tensors are dense in J when the Lie algebra is stratified and
then use the fact that any nilpotent group is covered by a stratified nilpotent group.
This approach cannot work for a general group because finite rank tensors are not
dense in J? when the group is not nilpotent. For general groups we will adapt, in
Section [6] the method first introduced in [7] to recover a holomorphic function from
its Taylor coefficient f (e). Then, in Section |7}, we will prove the surjectivity for an
arbitrary simply connected group G. See Theorem for a precise statement.

In Section 8 we will compare the norms induced on J° by two different qua-
dratic forms on g*. When such a comparison can be made by direct combinatorial
techniques one obtains an alternative proof of surjectivity in the degenerate case
based on the known surjectivity in the nondegenerate case. We will implement this
approach in the case of the three dimensional Heisenberg group.
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In section [0 we will show how the Fourier-Wigner transform leads to examples
of holomorphic functions which are in L?(G, p;) on the complex Heisenberg group
G = HE.

This paper continues a body of work in which the heat kernel on a Lie group
G plays the role of a weight for the study of L?(G,w(z)dz). If G is complex then
such a (rapidly decreasing) weight is required if this space is to contain non-constant
holomorphic functions. In addition to a study of these holomorphic function spaces,
H N L*(G,w(x)dz), there are natural transforms into such spaces from function
spaces over compact Lie groups. Heat kernel measures play a key role here also in
place of Haar measure. For further background the reader may consult the recent
surveys [21] and [2§].

It may be useful to comment on the term “subelliptic” used in the title of this
paper. Consider a second order differential operator L = ) 0;a, ;(«)0; with smooth
coefficients in an open set  C RM™. The operator L is called elliptic if the matrix
(ai,j(x)) is everywhere positive definite (this is one of the standard usages of the
term elliptic, see [31],[34]). The operator is called subelliptic if the matrix (a; ;(z))
is everywhere positive semidefinite and there is a real s € (0, 1] such that L satisfies
the subelliptic estimate

(1.4) Vu € C5o () l[ullas) < Cllull + [ Lul),

where || - || stands for the usual L?-norm and |[ul|sy = ([ (1 + [¢]?)*[a(€)[2d€)"/? is
the Sobolev norm of index s. See [34] and the references therein. Note that any
elliptic operator satisfies with s = 1, locally (See, e.g., Lemma 17.1.2 in [30])
and that any subelliptic operator is hypoelliptic (See Proposition 3.2 in [29]).

Now, if G is a real Lie group and L = Zlf X’f is the sum of the squares of
left invariant vector fields on G, L is (locally) subelliptic if and only if it satisfies
Hérmander’s condition, i.e., {X1,..., Xi} generates the Lie algebra of G. See [29].
The term subelliptic heat kernel on G refers to the minimal solution of the Cauchy
problem 0;u = Lu, ug = d., where L = Elf Xf and is subelliptic.

2. HORMANDER’S CONDITION AND NONDEGENERACY OF NORMS

Notation 2.1. We will denote by g a real (respectively complex) finite dimensional
Lie algebra. We let ¢ be a nonnegative quadratic (respectively Hermitian) form on
the dual space g*. Thus

(2.1) a(f) = (£, fq

for some, possibly degenerate, nonnegative bilinear (respectively sesquilinear) form
(, )gong* Let

(2.2) K :={a€g":q(a) =0}
be the null space of ¢ and let
(2.3) H=K"={¢€cg:{(a,6)=0 VacK}

be the backwards annihilator of K. Here, as elsewhere, we use (-, -) for the bilinear
pairing between a vector space and its dual, while (-,-), denotes the bilinear (or
sesquilinear) form induced by ¢ on g*. We call H the Hérmander space associated
to q.
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The degenerate case is of primary interest to us. We will assume henceforth
that the kernel, K, of ¢ is nontrivial. The next elementary result gives an explicit
characterization of q.

Lemma 2.2. There is a unique inner product, (-,-)y, on H such that for any
orthonormal base {Xj}mzl (m:=dim (H)) of H we have

Z for all a,b € g*.
j=1
In particular
(2.4) q(a) = (a,a), =Y l{a, X;) .
j=1

Proof: The form ¢ descends to a strictly positive definite quadratic form, ¢, on
g*/K and the map
g"/K3(a+K)—algeH"
is a linear isomorphism of vectors spaces. Using this isometry, § induces an inner
product, (-, -) ;. , on H* and hence, by the Riesz theorem, an inner product, (-,-) 5,
on H. Suppose that {Xj};":l is any orthonormal basis of (H, (-,-)) and a,b € g*.
Then

(a,b), = (a+ Kb+ K); = (ala, b)) = ) (a,

Jj=1

Q.E.D.

Notation 2.3. The form ¢ induces a degenerate (real or Hermitian) quadratic form

qr := ¢®* whose inner product, (-,-), , on (g*)®* is determined by

k
(2.5) (a1 ® - ®ak, by ®-- ®bk HCLJ, q aj,bjeg, i=1,....k
j=1

for k > 1. If a € (g*)®*, we will write g (a) or |a|zk for (o, ), . By convention,

K
V0 is R or C depending on whether V is a real or complex vector space respectively

and we define gy on (g%)®” so that go (1) = 1.

Notation 2.4 (Left Invariant Differential Operators). Denote by T'(g) the tensor
algebra over g. An element of T'(g) is a finite sum:

(2.6) B=> B  Breg®.

We define a linear map (3 — B) from T (g) to left invariant differential operators

=Idand 2) for f=A1® - - ® A Eg‘g’k,B:: A .. A

TN

on G determined by: 1)

The algebraic dual space T(g)’ may be identified with the direct product
[Tio(g%)®* in the pairing

(2.7) => (o, Br)
k=0



6 DRIVER, GROSS, AND SALOFF-COSTE

where
(o)

(2.8) o= Zak o, € (g*)%*.
k=0

Notation 2.5. Let J denote the two sided ideal in T'(g) generated by

{Eon—me&-1n:&ncg}

The universal enveloping algebra of g is the associative algebra U := T'(g)/J and
the algebraic dual space U’ can be identified with

(2.9) JO={aecT(g) : (o, J) = {0}}.
For t > 0 define

oo

tk
(2.10) el o= Hlaklgk

when « is given by (2.8)).

The function, ||-||,, defines a seminorm in the subspace of T'(g)" on which ||a||?
is finite. But we will, by restriction, always consider ||-||, to be a semi-norm on

(2.11) J0={acJ?: || < oo}

It was shown in [8] that when g is complex and ¢ is nondegenerate then the
Hilbert space J, in the norm |||, is naturally isomorphic to the Hilbert space of
holomorphic functions in L?(G, p;(z)dx) where G is the simply connected Lie group
with Lie algebra g and convolution by p;(x) is the heat kernel operator for the left
invariant sub-Laplacian on G induced by ¢. The isomorphism is given by a Taylor
expansion. cf. [8, Theorem 2.6]. This will also be shown in the subelliptic case in
Section[d] The goal of the present section is to characterize the circumstance under
which the seminorm ||-||, on J{ is actually a norm.

Definition 2.6. We say that Hérmander’s condition holds for ¢ if the smallest Lie
subalgebra, Lie (H), containing H is g.

Theorem 2.7. Let t > 0. The seminorm || - || on Jp is a norm if and only if
Hormander’s condition holds.

Proof: The proof of this theorem is the contents of Lemmas and below
whose proofs were motivated by the techniques developed in [24]. Q.E.D.

The Lie subalgebra containing H may be described explicitly as follows. Let H,
denote those elements of g which may be written as linear combinations of elements
of the form

(2.12) A= adAl e adAk,lAk = [Al, [AQ, [ .. [Ak—lek]] .. ]

with A, € H for i« < k and k < n. Here, for k = 1, we interpret ada, ...ad4,_, to
be the identity operator in (2.12). In particular, H; = H.

Lemma 2.8. Lie (H) = H,, for all sufficiently large n.

Proof: It is clear that H,, is an increasing sequence of subspaces which are
contained in Lie (H) and because g is finite dimensional, H,, must be independent
of n for large n. So to finish the proof it suffices to show U,, H,, is a Lie algebra and
for this it suffices to show [A, B] € U,,H,, whenever A is as Eq. and

(2.13) B =adg, ...ads, ,Bm =|B1,[B2.[...[Bm-1, Bm] ...]
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for some B; € H. However this is easily proved by induction on k. The case k =1
is trivial. Now suppose that the assertion [A, B] € U, H,, holds for any k < kq. Let

A/ = adA2 e adAkO Ako-i-l
and

A= adAl .. 'adAkoAko-‘rl = [Al,A/] .
Then, by the Jacobi identity,
[A,B] = adAB = ad[AhA/]B = adAladA/B — adA/a,dAlB

which is in U, H,, by the induction hypothesis and the fact that U, H, is stable
under applying ad 4, with A; € H. Q.E.D.

Notation 2.9. Let r = min{n : H,, = Lie (H)}.

The proof of Theorem will depend on the following lemmas. Since the the-
orem has no content if ¢ is nondegenerate we will assume throughout that ¢ is
degenerate.

Lemma 2.10. Let o € (g*)®* for some k > 1. Then

(2.14) qr(a) >0
if and only if there exist vectors &1, ...,& € H such that
(2.15) (& ® - @&) #0.
Proof: From Egs. (2.4) and (2.5)),
(2'16) ‘a|3k = Z |<a7Xj1 ®"'®Xjk>|2
Jiseenir=1

for any element a € (g*)®*. So |2, > 0 if and only if one of the terms on the
right side of the last equality is not zero. Q.E.D.

Lemma 2.11. If Hormander’s condition holds then there exists an v € N and an
algebra homomorphism, P : T (g) — T (H) such that:

(1) if B € T(g) with mazimum rank at most n then P( has mazimum rank at
most nr in T (H).

(2) Plrmy = idpcmy and in particular P is a projection operator.

(3) ForallBeT(g), B—PB € J and in particular Nul(P) C J and

(2.17) T(g)=TH)®sNu(P)=T(H)+J.
(4) Plg:g— @L_H® C T (H) is a bounded linear operator.
Proof: Given I' := (41, As,..., A,) € g", let

(218) [F] = [Al, [AQ, [Ag, ey [An—hAn] .- ] = adAladAz PN adAnilAn.
and let
(2.19) D= A A (A A (AsA ... (A1 AAY)..)C T (g),

where uAv = u®v—v®u for any two tensors u and v. A simple induction argument

shows that T' = [['] + j (T') with j (T') € J. Indeed, if n = 2,
Ar N Az = [Ag, Ao] + 7 (A1, A2)
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where j (Al,AQ) = A1 NAy — [Al,AQ] e J. Slmllarly if AO cg, then
Ag AT = Ag AT) 4 Ag A (T) = [Ao, [T]] + 5 (Ao, [T]) + Ao A j (T)

which completes the induction argument since J is an ideal. Clearly if ' C H"
then I’ € H®",

Choose a basis Xi,..., X, Y1,...Y, of g (m+ ¢ = d = dimg) such that
Xq,...,X,, is a basis for H. By Hérmander’s condition each vector Y is a finite
linear combination of commutators [I'] with I' € H™ and n < r. The corresponding
linear combination, Y/k’ of such I' lies in 22:1 H®* while Yk — Y}, lies in J. Define
P on g by

m 4 m 4
(220) P(Z an]‘ + Z kak) = Z a,ij + Z brYs
=1 k=1 j=1 k=1

where a; and b, are in either R or C if g is real or complex respectively. At this
point P: g — @}_, H®* C T (H) is a linear operator such that: a) P(A) — A€ J
for all A€ g, b) P(A) = Afor all A€ H, and ¢) P is bounded for any norm on g
because g is finite dimensional.

By the universal property of the tensor algebra, there is a unique extension of
P to an algebra homomorphism from T (g) — T (H), which we still denote by P,
such that P (1T(g)) = lpcm). Since, for (A1, Ag,..., An) € g7,

PA® - ®A,)=PA® - ®@PA, € (L1 +J)® @ (A, + J)

and J is an ideal, it follows that P(4; ® - ® A,) — A1 ® - - ® A, € J. With this
observation, the remaining stated properties of P are now easily verified. Q.E.D.

Lemma 2.12. Assume that Hérmander’s condition holds. If o € J° and ||als = 0
for some t > 0 then a = 0.

Proof: If a € J° and |la; = 0 for some ¢ > 0 then, by Lemma and
the definition , alpcgy = 0. By property 3. of Lemma m a=qaqoP =
This proves a half of Theorem The next lemma proves the other half.

Lemma 2.13. If Hormander’s condition fails then there is an element oo € J° such
that a # 0 but qr(ar) =0 for k=0,1,2,...., i.e. |||, =0 for allt > 0.

Proof: Let r be as in Notation so that H, = Lie (H) & g. Then there exists
an element a € g* such that a # 0 while a|g, = 0. Let a € T(g)’ be defined so that
@ =0if j #1 and &' = a.

By the Poincaré-Birkhoff-Witt theorem T' := T'(g) is the direct sum, T'=S & J
where S is the space of symmetric tensors over g. ( See e.g. [53, Lemma 3.3.3].)
Let Ps : T — S be the projection onto S along .J and let « := o Ps. Then a € J°.
Since a! = a # 0, a # 0. So to finish the proof it suffices to show g () = 0 for all
k. Because of Lemma this last assertion will be a consequence of the following
assertion;

(2.21) (a,&1®@---®&)=0forall &,...,& € H, =Lie(H) and k=1,2,....

We will verify Eq. (2.21)) by induction. The case k = 1 is trivial since a! = a = 0
on H,. Now suppose Eq. (2.21) holds up to some level k& > 1 and let & € H, for
i=1,2,...,k+ 1. Using the fact that o € J%, we have for any i = 1,..., k that

(1@ Q&y1) — (&G ® Q&1 ®&G® -+ @ Epy)
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(2.22) =(,61® @& 1 @[6,641] @2 ® - @ &py1) =0,

where the induction hypothesis along with the fact that [§;,&;4+1] € H, was used in
the second equality. Since any permutation of {1,2,...,k + 1} may be written as
a product of permutations consisting of interchange of nearest neighbors, it follows
from repeated use of Eq. that

(2.23) (0,61 @ @Er1) = (@, 1) @ - @ &o(rr1))

for any permutation, o, of {1,2,...,k+ 1}. Averaging Eq. (2.23)) over all permu-
tations of {1,2,...,k+ 1} gives

(& @ @ Epgr) = <a, ﬁZﬁam ® - ®§a(k+1)>
1
= <dOP57 ((k'"l)' Zfa(l) ®"'®€a(k+1)>>
- 1
= <a, (M 250(1) Q- ®§a(k+1)>> =0.

Q.E.D.

Corollary 2.14. Hérmander’s condition holds if and only if
(2.24) T(g)=T(H)+J. (not necessarily a direct sum)

Proof: We have already seen in Lemma that Eq. holds under
Hormander’s condition. Conversely, if Hormander’s condition fails then, by Lemma
there is a non-zero element a € J° (with ap = 0) which annihilates T'(H). Thus
« annihilates T(H) + J which would be impossible if Eq. were valid. Q.E.D.

3. THE SUBELLIPTIC HEAT KERNEL

Section [2| above gives an algebraic interpretation of Hérmander’s condition in
the tensor algebra, see Theorem [2.7] The rest of this paper is mostly analytic in
nature and depends heavily on heat kernel estimates. This short section reviews
the necessary material and gives pointers to the literature concerning subelliptic
heat kernels.

Let G be a real connected Lie group equipped with its right Haar measure dzx.
Let ¢ be a non-negative quadratic form on g* and let (H, (-,-)x) be the Hérmander
space associated to ¢ as defined in Section 2] Assume that Lie(H) = g, i.e., assume
that the Hormander condition is satisfied. Let {X; : ¢ = 1,...m} be an orthonormal
basis of (H, (-,-)m). Set

A:Aq:if(f
1

where, as before, X; denotes the left invariant vector field on G which extends the
vector X; € g =T.(G). Then A depends only on g. See (1.2]).
It is straight forward to prove that any sum of squares: L = Z;nzl ij of left

invariant vector fields, X ;, is essentially self-adjoint on C2°(G) in L?(G, dy) when
dy is right invariant Haar measure. Indeed it is sufficient to prove that C°(G)
is a core for L*. To this end one proves that I, commutes with left convolution
by any function v € CZ°(G). This in turn implies that C*°(G) N D(L*) is a



10 DRIVER, GROSS, AND SALOFF-COSTE

core for L*. For any function f in this core the truncations f,(z) = h,(z)f(z)
are in C2°(G) and converge to f in L* graph norm if the sequence h,, € C*(G)
converges to one on G in a strong enough sense, as e.g. in [8, Lemma 3.6]. A reader
pursuing this route will find it necessary to prove the integration by parts identity
Jo S (X, f)?dy = —(L*f, f) < oo for functions f € C*(G) N D(L*). This can
be proved by inserting the sequence h,, in the left side before integrating by parts.

The exponential /4 may therefore be defined by the spectral theorem. This
semigroup commutes with left translations and the associated quadratic form

[ (X, f)%dy, f € D(V=A), is a Dirichlet form, see [I2]. It follows that

tA/4 admltb a transition kernel p;(x, dy) with p(t, A) > 0 for all borel sets A and

pt(z,G) <1 and such that
(20) @) = [t

for all f € L?(G, dx). We will see shortly that the measure p; (e, dy) admits a smooth
positive density x — pi(z) with respect to the right-invariant Haar measure on G.
We call the measure p;(e, dx) = pi(z)dx the heat kernel measure on G associated
to the sub-Laplacian A. It plays a central role in this paper since one of the main
objects of interest to us is the scale

HLA(G, py(x)dx) = H[ | L*(G, pe(x)da), t >0,

of Hilbert spaces of holomorphic functions that are in L? with respect to the heat
kernel measure pi(e, dx) = pi(x)dx. In order to study these spaces, one needs infor-
mation concerning the heat kernel p;. In particular, the properties of p; collected
below play a key technical part in the proof of Theorem outlined in Section [4]

The properties of the transition kernel p;(x,dy) are mostly derived through an
understanding of the basic geometry associated to the operator A (i.e., the qua-
dratic form ¢). More precisely, define the intrinsic sub-Riemannian distance d
associated to A by setting

(3.1) d(z,y) = sup {f(y) —f@): fECR(@), D IXifP < 1} :

1
It is well-known that
d(l‘, y) = dH(x7 y)
where dg is the horizontal distance obtained by minimizing the horizontal length
of absolutely continuous curves as spelled out precisely in the next definition. See,
e.g., [34] and [51,50]. In what follows, § will denote the Maurer-Cartan form on
G; ie., 0 is the g — valued 1-form on G defined by 6 (v) = L,-1,v when v € T,G.

Definition 3.1. Let (H, (-,-)g) be the Hérmander space associated to ¢ as defined
in Section and set |u|% = (u,u)g, u € H.

g-

(i) A path g: [a,b] — G is said to be horizontal if g is absolutely continuous
and 0(¢'(s)) € H for a.e. s.

(ii) The horizontal length or H - length of a horizontal path g : [a,b] — G
is defined to be

(3.2) / 10(¢' () zrds.

If ¢ is not horizontal we define £ (g) = oc.
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(iii) The horizontal distance between x and y is defined by
(3:3) dp (2,y) = inf {€x (9) : g (0) = 2, g (1) =y}

Chow’s theorem asserts (in a more general context, see, e.g., [36]) that
Hormander’s condition implies that any two points in G can be joined by a hor-
izontal path of finite H - length. Thus d(z,y) is finite for all z,y. The Ball-Box
Theorem, see for example [36, Theorem 2.10] or [20, Section 0.5.A], asserts that
there exists a > 0 such that for any left invariant Riemannian distance function,
dRiem, C1dRiem(7,y) < d(x,y) < Cadgriem (z,y)" for all x,y such that d(x,y) < 1.
Theorem [7.7] below implies the weaker result that {d(e,z) < r} is an open neigh-
borhood of e in the natural topology of G. By either of these results, it follows that
d is continuous and that d induces the manifold topology of G.

Set

B(z,r)={y e G:d(z,y) <r}
and let |B(z,r)| denote the right Haar measure of B(z,7). One of the most basic
results concerning the local analysis of the sub-Laplacian A is the following.

Theorem 3.2. Referring to the above setting and notation, there are constants
C4, Cy such that for any x € G and any r € (0,1) we have:
(1) |B($72T)| §01|B($vr)|' .
(2) J5lf(2) = fB?dz < Cor? [ 31" |Xif(2)Pdz, B = B(x,r), f € Lip(B)
where fp = |B\_1 I [ (2)dz is the mean of f over B.

Proof: For the doubling property (1) we refer to [34, 37, [54]. In fact, there are
constants cg, Cs € (0,00) and an integer v = v, such that
(3.4) Vre (0,1), car” <|B(e,r)| < Csr.
The integer v plays a role in the heat kernel estimates given below.
For the Poincaré inequality (2), see [33, [34], 43 [44]. Q.E.D.
By the general results of [43] 48], Theorem yields a powerful local parabolic
Harnack inequality and the heat kernel bounds stated in the following two theorems.

Theorem 3.3. (Parabolic Harnack inequality.) There exists a constant C > 0 such
that, for any T >0, if (0,T) x G 3 (t,x) — u(t,x) is any non-negative solution of
Ou/0t = (1/4)Au then

(35) u(s,z) < ult,y) - exp (C [Z + d(x,y)QD

t—s

forallz € G and 0 < s <t <T.

Proof: See [43] Theorem 3.1] and the arguments in [44] Sec. 5.4.3]. See also
[48, Theorem 3.5] and [54, Proposition IX.1.1]. Q.E.D.

One of the many consequences of Theorem is that the transition kernel
pi(z, dy) of the semigroup e!2/* admits a continuous density p;(z, dy) = hy(x,y)dy
with respect to the right-invariant Haar measure on G. The function (¢,z,y) —
hi(x,y) is called the heat kernel associated to the sub-Laplacian A on G. More-
over, h; is a fundamental solution of the heat equation on G, i.e., is a solution of
the initial value problem

{ Ohy(x,-) /0t = (1/4)Ahy(x, ")

(3.6) hi(z,y)dy — 0. (dy) (weakly) as t — 0.
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A further consequence of Theorem [3.2]is that uniqueness holds for the non-negative
Cauchy problem associated with the heat equation . See [1].

By construction, the operator e**/* commutes with left translations whereas the
Haar measure dy is right invariant. It follows that

he(x,y) = he(e,x™ y)m(z)

where m denotes the modular function defined by [, f(gz)dz = m(g) [, f(x)dx
(the function m is a continuous multiplicative function). A reader may consult [41]
for further details. In what follows we set

pe(x) = hi(e, )

so that py(z) is the density of the heat kernel measure

pile,dz) = pu(w)da.
We will often refer to p;, somewhat improperly, as the heat kernel.

Theorem 3.4. Referring to the above setting and notation, the heat kernel p(x)
has the following properties:
(1) (Regularity.) (t,x) — p(x) is a smooth positive function on (0,00) X G.
(2) (Conservation of heat.) [ p;(z)dz =1.
(3) (Gaussian upper bound.) For any x € (0, 1), there exists C,, € (0,00) such
that for all x € G and all t > 0,

v/2
3.7 @) < (14 1) contemmatem?e
(3.7) pi() ;

(4) (Gaussian lower bound.) There are constants C,c € (0,00) such that, for
allx € G and all t > 0,

v/2
1
(3.8) pi(z) > ¢ (1 + t) e—Cte—Cd(e7x)2/t.

In the last two statements, v is the integer introduced at .

Proof: (outline)

(1) That the heat kernel is smooth is a basic consequence of Hérmander’s hy-
poellipticity theorem. That it is positive easily follows, for instance, from
although it can be obtained more directly.

(2) This property (conservativeness) is again a consequence of Theorem by
way of a local Harnack inequality, see [49]. It also follows by the remark
made above concerning uniqueness of solutions to the positive Cauchy prob-
lem, see [I]. Alternatively, one can use Grigor'yan’s volume criterion (see
[19] and [49]). Indeed, on any group, r — |B(z,r)| grows at most exponen-
tially fast.

(3) This heat kernel upper bound is in [54, Theorem IX.1.2.] Tt also follows
from the local parabolic Harnack inequality and the volume estimate .
see [43].

(4) This heat kernel lower bound is stated in [64, Theorem IX.1.2.] for 0 < ¢t <
1. The global Harnack type inequality easily gives the desired result
fort > 1.

Q.E.D.
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Remark 3.5. Note that as k tends to 1, the Gaussian factor e—rd(e®)’/t in jtem 3.
of Theorem tends to its optimal value e—d(ea)?/t (recall that our heat semigroup
is e~ tA/ 4). The fact that such an approximately optimal heat kernel upper bound
holds is crucial for the analysis developed in this paper.

4. THE TAYLOR MAP

Let G be a complex Lie group with Lie algebra g. Suppose we are given a non-
negative Hermitian form ¢ on the complex vector space g*. As in Notation and
Lemma let K be the kernel of ¢, H = K° be the backward annihilator of K in
g, and let {X; }Tzl be an orthonormal basis for the complex inner product space H.

Then the vectors {X;,iX;:j=1,...,m}, where i = /=1, form an orthonormal
basis of H as a real vector space with inner product Re (-, ) . The subspace H C g
generates the full Lie algebra g over the complex numbers if and only if it generates
g as a real Lie algebra. Define

(4.1) A=) (X7 +(iX;) ).

where as before, for A € g, A is the left invariant vector field on G such that A (e) =
A. Tt is easy to see that the second order differential operator, A, is independent of
the choice of orthonormal basis X, ..., X,,. By Hormander’s theorem the operator

A is subelliptic if and only if H generates g. Throughout this section we will assume
that H does generate g. Let p; in C°°(G) be the heat kernel introduced in
Recall for each 5 € T(g), £ is the corresponding left invariant partial differential
operator on G as in Notation If f is a holomorphic function defined in a
neighborhood of the identity element of G then, as in Eq. (L.3), f defines a linear
functional f (e) on T'(g). Notice that f (e) is complex linear and that f(e) € JO°
where JO is the annihilator of J C T (g), defined in Notation The complex
linearity is a consequence of the fact that f is holomorphic. To see that f (e) € JO,
observe that 313, annihilates all functions if 3; and 3, are in T(g) and h =
A® B— B® A — [A,B] is a generator of J. Since J is the linear span of such

elements, <f (e),0) = (Bf) (e)=0forall g€ J

We denote by H the space of holomorphic functions on G. Our main theorem in
this section is the following.

Theorem 4.1. Let G be a connected complex Lie group. Suppose that q is a
non-negative Hermitian form on the dual space g* and assume that Hormander’s
condition holds, (cf. Definition. . Let p; denote the heat kernel associated to
Equation (@ Then the Taylor map,

(4.2) f—re),
is an isometry from HL?(G, pi(z)dz) into J7.

Proof: The proof follows the pattern of proof given in [8] for the case of nonde-
generate q. We are going therefore just to sketch the proof, emphasizing the issues
that present a possible difference. The tensor D" f (z), of n'h - order derivatives of
f at x, is defined by

(4.3) (D) (@) &1 @ 2 &) = (&...6uf) (@).
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Let us first observe that the identity
(4.4) (A/4)[DFf(a)l3, = DM f(2)]],,, when f € H(G)

dk+1
holds in our degenerate case when the norms that appear are those induced on k
tensors by ¢g. The proof is identical to that for the nondegenerate case. (cf. [§],
Remark 3.7.) Suppose now that f € HL?(G, p;(xz)dz) and define

(4.5) Fls) = / F(2)2ps(2)dz 0 <s<t.
G
We are going to proceed, at first, entirely informally and then discuss what needs to

be done to justify the following computations By deﬁnition ps satisfies Osps(x) =
(A/4)ps(z). Differentiate Equatlon and use ) to find

oL / 7@ Poule

@) / PP 5 ps(e)da

(48) = [ @R/
(49) - /G A/ f (@) P} ps(w)da
(4.10) = [ UDs@o.@)da

A similar derivation shows by induction that

(4.11) F(k)(s):/ ID¥f ()2 ps(x)dz, k=0,1,2,....
G

Were it possible to use these derivatives to expand F' as a power series around s = 0
we would find from (4.11)) and the expected relation, F®*)(0) = lim,jo F*)(s) =
[D*f(e)|?, that

(4.6)

o0 oo

(4.12) F(s) =Y (s*/ENF®(0) =Y (s*/ED(D* F)(e)lz, = If (e) [Fo-
k=0 k=0

Therefore

(4.13) 1£1 72 o @)y = 1 (€) 1150,

which, for s = t, is the isometry we WlSh to prove.
Among the previous steps the following clearly need justification:
a) the interchange of d/ds with [, in (4.7),
b) the integration by parts in (4.9) (and in the similar derivation of (4.11)),
and

¢) the validity of the expansion in (4.12)).

The only hypothesis available to us for these justifications is the assumption that
f € HL*(G, ps(w)dz). We do not have, for a general complex group, a method of
approximating such rapidly growing holomorphic functions by more slowly growing
holomorphic functions. Justification of the three items in a), b), ¢) must therefore
be done directly for the rapidly growing function f. The justification of these steps,
developed in [8], consists in establishing expansion coefficient bounds, || f (e) ||s <
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Ilfllz2(p.), (cf. Proposition 3.3 in [8]), and pointwise bounds, (cf. Corollary 3.10 in
BD),
(4.14) @) < |IF (e) |2 ©®)/s for all 2 € G,

as well as similar pointwise bounds on the derivatives of f, |D* f(x)|,, , where in [8],
d(e, z) refers to the Riemannian distance associated to ¢ in the non-degenerate case.
These estimates go over to the subelliptic case with no changes except that d(e, x)
should now be interpreted as the sub-Riemannian distance associated to ¢ defined
in either of Egs. or (3.3). (The estimate in Eq. and the analogous
estimates for |D* f(z)],, will be re-derived in Corollary below.) One combines
growth rates, such as , with known decay rates for subelliptic heat kernels
(see Theorem to justify the steps listed in a), b) and c). To prove , it
is shown in [8, Section 4], using these rather detailed bounds on the derivatives
DF f(z) and the consequent bounds on the derivatives F(¥)(s) for 0 < s < t, that
F has a complex analytic extension to a complex neighborhood of [0, ). The result
of this procedure is to establish Eq. for s < t. For s = t one then uses
a monotonicity argument on both sides of as s Tt. (cf. [8], [Section 5 or
Appendix 8]. One should replace the Li-Yau Harnack inequality used in [§] by the
Harnack inequality stated in Eq. ) Q.E.D.

The following proposition complements Theorem and makes use of the esti-
mate in Eq. . In words, it says that the inverse image of J? by the Taylor
map f — f (e) from H (@) into .JO is contained in HL*(G, p;(z)dz).

Proposition 4.2. Let f € H(G) and assume that f (e) € JO (see Eq. ) for
some t > 0. Then f € HL*(G, pi(x)dz).

Proof: As noted above, (4.14]) and known heat kernel estimates (cf. Eq. (3.7))
show that if f (e) € Jp then f € HL?(G, ps) for s < t. By Theoremwe have

1F 1 22G.pa@yaay = I (@) lls < I1f () -

The desired conclusion follows because
151?; I fllL2 (G pe(@)dz) = 1 f1l22(Gpr () da)-

See [8, Sect. 5 or Appendix 8]. The Li-Yau Harnack inequality used in [§] should
be replaced by (3.5). Q.E.D.

5. TAYLOR EXPANSION OVER COMPLEX NILPOTENT GROUPS

In this section we are going to prove, for a connected, simply connected complex
nilpotent Lie group, the surjectivity of the isometry described in Theorem Of
course this yields unitarity of the Taylor map for such groups. In Section [7| below,
we will give a different (and more complicated) argument which works for general
simply connected complex Lie groups.

Theorem 5.1. Let G be a connected, simply connected, nilpotent complex Lie
group. Suppose that q is a nonnegative Hermitian form on the dual space g* of
the complex Lie algebra of G. Assume that q satisfies Hormander’s condition (cf.
Definition ) Lett > 0. If f is in HNL2(G, py(z)dx) then f (e) is in JO and the
map

(5.1) (f — f(e)) cHNLA(G, py(2)dx) — J?
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18 unitary.

The proof of Theorem [5.1] will follow the proof of Lemma [5.6] which asserts that
Theorem [5.1] holds under the additional assumption that g is a “graded” Lie algebra
and ¢ is nicely related to the gradation.

Notation 5.2. A Lie algebra g is graded if it is representable as a direct sum:

(5.2) g=®52,V;
where all but finitely many of the the subspaces {V;}32; equal {0} and

A graded algebra is necessarily nilpotent.

Notation 5.3. A Lie algebra g is stratified if it is graded and V; generates g. In
this case, we have

(54) [%,Vk] :Vk+1, k‘Zl,...,OO,
and there exists an integer r such that V,. # {0}, V.1 = {0}, and
(55) -

If g is stratified and r is as in notation then g is 7 - step nilpotent.

An important example illustrating these definitions comes from the complex
Heisenberg algebra hg. This is a 3 - dimensional complex vector space with basis
X,Y,Z equipped with a Lie bracket verifying [X,Y] = Z, [X,Z] = [V, Z] = 0.
In this case, V; is the vector subspace spanned by X,Y and V; is spanned by Z.
Obviously, b5 is graded and, in fact, stratified.

Notation 5.4 (Dilations). Let g be a graded Lie algebra with g = ©52,V; as in
(5.2). For A€ Candv =3 "v;€g,v; €V;, j=1,...,00, define

(5.6) NOES PP
k=1

It is straightforward to verify that
(57) (5)\“ = (5)\(5# )\,/1, e C.
and that, for A # 0, J, is an automorphism of the Lie algebra g. See [10, Chapter
1] for details.

Lemma 5.5. Let g be a complex graded Lie algebra. Let q be a nonnegative Her-
mitian form on g* satisfying Hormander’s condition (Definition . Assume that
q 1s invariant under the action of the transposed dilations (d4:0) . Then the finite
rank tensors in J? are dense in J for each t > 0.

Proof: Let I'g : T(g) — T'(g) be the automorphism of the tensor algebra over g
induced by the automorphism d.:0 of g, i.e.
k - times
Ty =00 ® - R0 On g®k.
For any ¢ and 7 in g we have
Lo(EAn—1[6,m]) = (6e10&) A (8eion) — eio[8, ]
— (8e0€) A (Bsom) — Boio€ b0,
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Thus Ty takes J into, and in fact onto, J. The transpose, I'j, on T'(g)’ therefore
takes JO onto itself. Since

k - times

F/H = (66“’)/ D (56“’)1 on (g*)®k7

it follows that
(5.8) are(Tyu) = qr(u) for all u € (g*)®*.

Since d,i0& is continuous in 6 for any norm on g, I'y§ is continuous in 6 for all
k tensors 3 and for any product norm on g®*. Similarly Iy« is continuous in 6 for
any element o in (g*)®*.

Let

|
A

k

< 1 sin2(k’9/2)

2w sin?(0/2)

1 %
Fn(G) = % ew
k

=
Il

0 f=—
denote Fejer’s kernel [52, p. 413]. Then

/ " R (0)p(0)d0 = 1

—T

in case ¢ = 1 and if ¢ is continuous on [—7, 7| then the integral converges to ¢(0)
as n — 0o.
=6 @ - @& with &, € V; for p=1,...,k then

]_"eﬂ — (eiZ’;:l jpe)ﬁ.
So

—T

T k
/ Fo(0)ToBd0 =0 if > j, >n.
j=1

Since all j, > 1 we have

Fo(0)T9dd =0 on g% if k>n.

—T

Consequently
/ F,(0)Thadd =0 if ac(gn® and k>n.

Now an elementary argument using (5.8) and the strong continuity of § — I
on each (g*)®* shows that 6 ~— I} is strongly continuous on J in the norm (2.10)).
Hence if a € J} then

Y 1= F,(0)Tpadb

—T

is also in J} and is zero in all ranks > n. Moreover

[vn —alls = H/ F.(0)(Tya — a)db
,W .

§/ F.(0)|Tha — alltdd — 0 as n — occ.

Q.E.D.
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Lemma 5.6 (Theorem Graded case). In addition to the hypotheses of Theorem
assume that g is a graded algebra and that for any complex number \ with
IA| = 1, q is invariant under the transposes, (8,)', of the dilations introduced in
Notation[5.} Then the conclusions of Theorem [5.1] hold.

Proof: By Theorem the map f — f(e) is isometric from H N L2(G, p;)
into J?. To prove the surjectivity it suffices therefore to prove that the image
is dense. To this end it suffices, by Lemma to show that if « is a finite
rank tensor in J; then there exists a function u € HL?(G, p;) such that a = 4.
Since, in our case, the exponential map is a holomorphic diffeomorphism onto G we
may identify G with C and define v as the holomorphic function on G given by
u(exp&) = > 07 o (n) ™! (v, £%™) . This is a finite sum because « is of finite rank.

One now easily concludes (see [7, Proposition 6.3]) that & = «. Indeed, for any

§eg,

067 = (2) oo () = (£) 1o 20 2y (a9
0
(5.9) = (o, E9) .

By polarization, the linear span of {§®k €€ g} is the set of all symmetric R
- tensors, S. It follows that @ (e) = o on S. But, by the Poincaré-Birkhoff-Witt
theorem, [53], Lemma 3.3.3, we know that T (g) = S®J, and, since & —« annihilates
J, we conclude that @ (e) = « on T (g) .

Since u is a holomorphic function such that @ (e) = a € JP, it follows from
Proposition 4.2 that u € HL?(G, p;).

Alternatively, one may conclude that u € L*(G, p;) (or in fact that u € LP (G, p;)
for all 0 < p < 00) on the grounds that any polynomial is in L?(G, p;). The latter
assertion is proved using the heat kernel upper bound in Theorem~ and the fact
that for any polynomial P on G (i.e., P(x) = Poexp~!(x) where P is a polynomial
on g) there exist C,a > 0 such that |P(z)| < C(1 + d(e,x))* with d(z,y) is the
sub-Riemannian distance associated with ¢ and defined at . See, e.g., [64, Sect.
IV.5]. Q.E.D.

Remark 5.7. Let g be a graded algebra with decomposition g = ®$2,V; and
equipped with the dilations introduced in Notation Let ¢ be a Hermitian form
on g* satisfying Hormander’s condition. Let H be the Hormander subspace of g
equipped with its scalar product (-, )y induced by ¢q. See and Lemma It
is not hard to check that a necessary and sufficient condition for ¢ to be invariant
under the dilation (d,), |A\| = 1, is that H be the orthogonal direct sum of the
non-trivial H NV, 4 =1,..., under (-,-)g. This is equivalent to saying that there
exists an orthonormal basis (X;)7" of (H, (-,-)n) such that each X, belongs to V;
for some i = i(j). In particular, if g is stratified and H = V;, the Hermitian form
q is invariant under the dilations (d,)" with |[A\| = 1. But this is far from the only
example. For instance, in the Heisenberg algebra f)g described above, consider the
following two cases:

(a) The model subelliptic case where H = V; = span(X,Y) with X,Y being
an orthonormal basis (this is equivalent to a description of q);

(b) The non-degenerate case where H = hS = span(X,Y, Z) with X, Y, Z being
an orthonormal basis.
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Note that the dilatations §y on hS are given by
WX) = XX, O\(Y) =Y, 0,(Z2) = \Z.

Although only structure (a) above is “homogeneous” with respect to all dilations
Ox, A € C, the structures (a) and (b) are both invariant under these dilations when
|A\| = 1. Thus Lemma applies to both and shows that the finite rank tensors
are dense in Jp, t > 0, for the Hermitian forms in both cases (a) and (b).

Remark 5.8. Lemma [5.5 asserts that the finite rank tensors in J° are dense in J{
for each ¢ > 0 if g is graded nilpotent and the Hermitian form ¢ is automorphism
invariant, as in the hypotheses of Lemmal[5.5] We don’t know whether such density
holds if g is nilpotent but not graded or even if g is graded but ¢ is not invariant. On
the other hand, in view of [24] Theorem 4.15], we know that when ¢ is nondegenerate
the finite rank tensors cannot be dense in Jp for any ¢ > 0 unless g is nilpotent.

Proof of Theorem Let G be a connected, simply connected, nilpotent
complex Lie group with Lie algebra g whose dual is equipped with a quadratic
form ¢ satisfying Hormander’s condition. Let X1, ..., X,, be an orthonormal basis
of (ker q)°. Choose r € N sufficiently large so that g is nilpotent of step r. Let n(m, r)
denote the step r free nilpotent complex Lie algebra on m generators 7y, ..., .-
(see [42], [13 p. 37] and also [3, Ch. 2 §2]). By definition of n(m, ), there exists a
Lie algebra homomorphism

m:n(m,r) —g
such that 7(n;) = X;. (This property holds for any step r nilpotent Lie algebra
g generated by m elements Xi,...,X,,.) The algebra n(m,r) is a stratified Lie
algebra with
n(m,r)=Vi+---+V,

where V; is the linear span of ny,...,n, and V; = [V}, V,_41], i = 2,...,r. For a
description of a basis of V;, see [3|, [[3]. The natural dilation structure on n(m,r) is
defined by setting 05 (¢) = A€ for £ € V;, i =1,2,...,7, A € C.

Further let N(m,r) be the simply connected nilpotent Lie group whose Lie alge-
bra is n(m, r) and let ¢ be the unique complex surjective Lie group homomorphism
from N (m,r) to G such that .. = 7. It is known that

Go :=kerp C N(m,r)

is connected if and only if G is simply connected, see [I4] Theorem 4.8]. Since we
have assumed that G is simply connected, Gg is connected in our case. Moreover,
Gy is a complex Lie group because Lie (Gg) = ker 7 is a complex Lie algebra.

On the dual n(m,r)* of n(m,r), set

(5.10) qla) =Y [(a,m)[*-

By construction, we have

(kerq)° = span(ny,...,Mm) = Vi.
Hence ¢ satisfies the Hormander condition and is invariant with respect to the
dilations 6,:0. Moreover, by and , g=7*¢=gqom.
Suppose now that ¢ > 0 and that o € J?(g). The surjective homomorphism
7 extends to a surjective homomorphism from T'(n(m,r)) onto T(g). We denote
the extension again by 7. Then 7* maps from T'(g)’ into T'(n(m,r))’. Moreover
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7(J(n(m,r)) = J(g) and so 7*(J%g)) C JO°(n(m,r)). Let o/ = 7*a = aom. It
follows from ((5.10) and (2.4) that o/ € J?(n(m,r)) and

(5.11) o lle = llexlle < oo.

An application of Lemma [5.6[ allows us to conclude that there exists a holomorphic
function, v, on N (m,r) such that ¢ = /. We further know that v is square inte-
grable relative to the time t heat kernel measure associated to ¢, but we will not
need this fact here.

We assert that the function v is right (and therefore left) invariant under the
normal subgroup Gy and consequently factors through a holomorphic function (f)
on G, i.e. v = f oy. To prove this assertion, it suffices to show v = 0 on N(m,r)
for any vector n € T.(Gjp). Since 7jv is holomorphic on N(m,r) it is enough to show
that (37v)(e) = 0 for all B € n(m,r). But because 71 = 0,

(Bi)(&) = (o', B @n) = (@, w(B®N)) = (a, (x8) ® (7)) = 0

and the assertion is proved.
To each A; € g, we may use the surjectivity of 7 to find a B; € n(m,r) such that

wB; = A;. It is well known and easy to show that B, (Fop)= (/LF) o ¢ for any

smooth function (F) on G.
By repeated use of this identity, we find

(0(e), B1 @@ Ba) = (Bi... Bav) (€) = (B Bu (f09)) ()
= (A1 Auf) () = (f(e) A1 @ An).
On the other hand,
(0(e),B1®-- @By) =(o/,B1 @+ ®Bp) = (7*a, By @ --- ® By)
=(,mB1® - @7B,) =(0, A1 ®---®A,).

Comparing the previous two equations allows us to conclude that f is a holomorphic
function on G such that f(e) = «. In light of Theorem and Propositionh
this fact is sufficient to complete the proof of Theorem 5.1 Q.E.D.

6. POWER SERIES ALONG A CURVE IN A LIE GROUP

If z is a point in C" and 2% is its k*® tensor power in (C")®* then the conven-
tional power series representation of a holomorphic function f in a neighborhood
of 0 may be written f(z) = (a, ®(z)), where ®(2) := > ;7 (k!)"12®* is an ele-
ment of the (suitably completed) tensor algebra over C™ and « is in the dual space.
In order to recover a holomorphic function f on a complex Lie group G from a
knowledge of its Taylor coefficient o = f (e), cf. , we will need to represent f
locally and globally on G by an analogous kind of power series. Of course we do
not have a global coordinate system as on C". Consider a piecewise smooth curve
g :[0,1] — G beginning at the identity, e € G, and ending at a point z € G. We are
going to replace the tensor valued function ®(z) above by a path dependent tensor
valued function ¥(g) so that f is again given by f(z) = (o, ¥(g)), both locally and
globally. When G = C™ and g is the straight-line path joining 0 to z our function
U(g) reduces to ®(z) and, in addition, (o, ¥(g)) = (a, P (2)) for all paths, g, joining
0 to z.
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In order to carry out the replacement we will first develop, in Section [6.1} the
needed estimates in the space where ¥(g) will lie. In Section we will describe
the path dependent power series expansion associated to a local holomorphic func-
tion. And in Section we will show that the seemingly path dependent series
associated to a presumed Taylor coefficient « of limited size, actually depends only
on the homotopy class (with fixed endpoints) of the path. For the elliptic case this
machinery has been carried out in [7] and [g].

6.1. The Frechét Tensor Algebra.

Definition 6.1 (Frechét Tensor Algebra). Let V be a real or complex finite di-
mensional vector space with an inner product (, ) and associated norm | - |.

Let
T (V) =[] V®"
n=0

and for A=Y (A, € Too (V) and B=)° B, € Ts (V) with A4,,B, € V"
for all n, define

AB = i(i Ar® Bu_) € Toe (V)

n=0 k=0

> nl
AT =2 5 14l
n=0
T, (V) ={AeTx (V) [|A]l, < oo},
and
T, (V)= 1%1Tt (V) := th (V).

Observe that
TWV)CTL(V)CT, (V) CT (V) CTw (V) for 0 < s <t < o0.

The containment T'(V) C T (V) asserts that any finite rank tensor is in T;(V') for
all t > 0, which is clear. T (V) also contains some tensors of infinite rank. For

example if A € T, (V) then A € T (V) if [A,] = O ((n!)_‘s) for some ¢ > 1/2.

See Proposition for more examples of elements of T (V).
The following Lemma is a technical improvement on [7, Lemma 2.18].

Lemma 6.2 (T (V) is an algebra). If s,t >0, A€ T3 (V) and B € T, (V), then
AB € Tsy+ (V) and

(6.1) [AB[s+¢ < [|All¢]| B]|s-
In particular, Ty (V) is an algebra.
Proof: Write A =Y ;2 A and B = ;2 By, where Ay, By, € V®*. Then

ZAI@(X)ank < (ZAk|Bnk|>
k=0

k=0

2
= k! (n—k)! thgn—k
= A —|Bp— .
<Z| ¢l tk| n=k| snk k! (n—k)!

k=0

(AB),|* =
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n fk n—k
A B 2
kz < k| tk | n— k| k' n —

LA B \2—‘ e

k=0

n!

and therefore,

= nl t+s)" k)
48120 < 3 e S e O
n=0

n!
k=0

—k)!
S SR TR PP

0<k<n<oo
Q.E.D.
Remark 6.3. Lemma[6.2)is sharp, in the sense that
AB
sup u—ooifr<s+t.

a,Ber, (vi\{or Al B
This can be seen by fixing £ € V with |£| = 1 and then taking

A = Exp (a) := 1+Z%§®

n=1

and B = Exp (b€) while letting a and b range over R.

Corollary 6.4. Denote by Lg and Rg left and right multiplication in Ts (V). Thus
Rgn = nB and Lgn = pn for alln € Too (V). If B € T(V) then Lg and Rg are
bounded operators from Ts(V') into Ti(V) whenever 0 < s < t.

Proof: By IRsnll¢ < |Inllsl|B]l¢—s. with the same inequality for Lg. Since
I8]li—s < oo the assertion follows. Q.E.D.

In the remainder of this section we will let G be a complex Lie group and let
g := Lie(G) be its Lie algebra. Denote by ¢ a non-negative Hermitian form on
g*. We will assume throughout this section that ¢ satisfies Hérmander’s condition
(cf. Definition [2.6). Let (H,(:,-)) be the inner product space described in
and Lemma [2.2/ and let J be as in (2.11)). Lemma [6.2] will be often applied with
V=H.

Remark 6.5. If a € J? and 3 € T (H), then, in view of (2.10) and (2.16)),
(e, B)| < el - (1811,

and therefore, o[y gy extends uniquely to an element of T} (H )" . We will continue
to denote this extension by a. Moreover, using this identification, we have |||, =
llctl| 7, (7ry+ - But e is also a linear functional on T'(g). No norms have been specified
so far on T'(g) and moreover there appears to be no natural norm on 7'(g) with
respect to which « is continuous. Nevertheless we will need to make use of {(a, )
for certain elements § which do not lie over H. To this end, in order to estimate
the size of («, 3), we will need to project these tensors into To,(H) along J. The
key tool will be the projection constructed in Lemma [2.11
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Proposition 6.6. Suppose that 0 < s < o and that o € J2. If 3 € T(g) then
aoRg and o Lg are in JO. Moreover, denoting by P the projection from T(g)
onto T(H) as constructed in Lemma we have

(6.2) lleve Rglls < [[PBllo—sllallo-

Proof: First observe that if u € J then (oo Rg)(u) = a(u® 3) =0 if a € J°.
So ao Rg € J° Thus we need only focus on the size issue. Since J is an ideal,
8 = PBmod J, and « annihilates J, we may write, for any element n € T(H),

[(a e Rg,n)| = [{a,n @ )| = [{,n © PB)|
< llellolln @ PBlle < llallolnlls|PBllo-s
This proves (6.2)). The proof for Lg is similar. Q.E.D.
Corollary 6.7. Suppose that a € J for some o > 0. Let v :=> " b, € Ty (H).

Define Y<n = Zﬁ;o VYp. Then avo Ly = limy oo @ 0 Ly_, exists in JY for any
s € (0,0). Moreover

(6.3) o Lylls < [[¢llo-sllalls-

Proof: By Proposition [6.6}
(6.4) Ha o Ld)gw Hé <Y< llo—sllello and
(6.5) oo Ly y —ao Ly |ls < lv<n — Y<kllo—sllals.

Since ¥<n converges to v in the sense of T,_, (H), it follows from (6.5) that
{a oLy_y }(1)\/:1 is convergent in T (H) . Passing to the limit in 1) proves 1'
Q.E.D.

6.2. A Generalized Power Series.

Definition 6.8. A function, g : [0,1] — G, is a piecewise C* — path if: 1) g is
continuous and 2) there exists a partition,

(6.6) D={0=rg<r <---<mr=1},

of [0,1] and functions, g; € C*([ri—1,7],G) such that g[j, |, = g; for i =
1,2,...,1. We further say that a collection of paths {g;},.p are piecewise c? -
paths depending differentiably on ¢, if: 1) (s,t) — ¢ (s) € G is continuous and
2) there exists a partition D as in Eq. and functions g; € C? ([ri_1, 7] x R, G)
such that g; (s) = g; (s,t) when (s,t) € [r;—1,7;] x R. In particular we are assuming
that g, (s) :== £ g; (s) exists for all s € [0,1].

For 0 <r<s<1,let
Ay (rys) = {(s1,82,.,8n) T <81 <83 < -+ <8y <5}
and let ds = dsidss - - - ds,,.
Notation 6.9. For c € L' ([0,1],g) and 0 < r < s < 1, define

(6.7) s () =D U7, () € T (0)
n=0
where 97  (¢) =1 and for n > 1,

(6.8) w:;s<c>=/A( e el ds
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Given a piecewise ! — path, g : [0,1] - G, and 0 <7 < s < 1, let

(6.9) Uils (9) ==yl (¢) and Wy, (9) = thrs ()

where ¢(s) := 0(g¢’'(s)) and 0 is the Maurer-Cartan form, cf. Section For
notational simplicity we will write g s (¢) and ¥¢ s (g) simply as ¥ (¢) and U, (g)
respectively. Its important to observe that if the path g is horizontal, cf. Definition

then W} (g) lies in H®".

The following proposition provides a key quantitative control on ¥, .

Proposition 6.10. Suppose that g : [0,1] — G is a piecewise C* — horizontal path,
and 0 <r <s<1. Then

(6.10) W7 () laron < (/ 0(g (Umdg) _ i (lira)

n!

For any t > 0,

(611)  0s(0) ) < o0 (1 [ 100 )1 ao] )—exp{iemg -)t

Moreover, if 0 < o < t, and 8 € T(H) then
(6.12) 191(9) © Bl sy < [18l4-o - 29/
Proof: Letting ¢ (s) := 0 (¢’ (s)), we may estimate Eq. by

©13) 90| = [0 @< [ el e(sulds = ( [letar)

which proves Eq. (6.10). Equation (6.11]) follows by squaring both sides of Eq.
(6.10)), multiplying the resulting equation through by n!/t", and then summing on

n. Equation (6.12) now follows from ([6.1)). Q.E.D.

The following lemma summarizes some elementary properties of the various ¥
functions. We leave the proofs to the reader.

Lemma 6.11. Let g be a piecewise C —~horizontal path in G and let ¥ (g) and
W™ (g) be defined as in Notation[6.9
(1) FormeNand0<r <s<1 withr,s ¢ D (cf. ),
d

(6.14) S () = W (g) @ es)
and
(6.15) Lur (9) = —e( o ().
(2) Wy (9) satisfis
(6.16) 0 (9) = Vs () © () with Wy (9) = 1
and
(617) 0 (0) = e (1) @ Uy (g) with V. (g) = 1

dr
where the derivatives exist in Ty (H) for all t > 0.
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The following proposition explains the role of the path dependent ¥ function in
the “power series” expansion of a local holomorphic function on G and motivates our
reconstruction, in the next section, of a holomorphic function f, from its “Taylor
coefficient,” o € J.

Notation 6.12. For any € > 0, let
U = {zecG:d(e,x)=dy(e,x) <c}.
As we have already mentioned, U is an open neighborhood of e.

Proposition 6.13. Lete >0, anda € G. If f € H (aUX) and g: [0,1] = G is a
piecewise C* — path, such that g (0) = a and ly (g) < €, then
(6.18) Flg() = (f(a),T1(9)) = ([ (a), ¥} (9)
k=0
where the sum in Eq. is absolutely convergent. More generally, if 6 € T (g),
(6.19) (5) (9(1) = (F (@), 91 (9) ® B) := D _(f (), W} (9) © ).
k=0

Proof: See [7, Proposition 5.1] where this same result is proved in the case
e = oo (i.e. UF = @) and a = e. The proof used there works here as well (when
a = e) provided the parameter z € C which appears in the proof of [7, Proposition
5.1] is always required to satisfy |z| < /€y (g) . The main point being; if we define
g2 (s) € G as the solution to the ODE,

0(g. (s)) = zc(s) with g. (0) =e,

then £y (9.) = |2|¢m (9) < e provided that |z| < &/€y (g). In particular this
implies that g, ([0,1]) C U and this is what is required to run the argument in
[T, Proposition 5.1]. At the end of this argument we set z = 1 which is permissible
since £/0y (g) > 1.

When a # e, apply the result with f replaced by w (y) := f (ay) and g (s) being
replaced by a~1g (s) in which case we learn that

Flg) =w(a"g (1)) = (0 (e), T (a""g)) = (f (a), ¥1(9));
where the last equality holds because f (a) = @ (e) and 6 ( a’lg)/ (s)) =0(g' (9))

so that Uy (a™lg) = ¥y (g).
Applying Eq. (6.18) with f being replaced by 3f implies

(57) (9 (1)) = S245f (), W% (9))

k=0
which completes the proof since

(5 (), ¥ (9)) = <‘I”f (g)Bf> (@)= (¥ (9)8)7 ) (@) = (f (@), 9} (9) ® ).

Q.E.D.

Remark 6.14. It should be observed that the power series in converges, not
because of some size restriction imposed on f (a), but because f is assumed to be
holomorphic in a neighborhood of a, cf. [7, Proposition 5.1]. A size restriction, such
as f(a) € J?, yields strong bounds on the growth rate of the derivatives of f at a,
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much stronger than those that hold for a locally defined holomorphic function. The
following corollary shows what kind of bounds on the derivatives of f are implied by
such a strong condition. The inequalities and in the following corollary
represent a generalization and an improvement over the corresponding inequality,
(3.25), in [§]. We thank M. Gordina for her proof of the improvement.

Corollary 6.15. Leta € G, f € H (aUEH) be such that o := f(a) € Jp. Suppose
that r,s > 0 are such that r +s < t. Then for every piecewise C* — horizontal path,
g:[0,1] — aUX such that g (0) = a and {g (9) < ¢,

|
(6.20) D £(g (O)E, < 2 flal2eH @7 for k= 0,1,2, ...
T

9k —

Moreover if x € aUX | then

k!
(6.21) IDFf ()2, < = |l 2edi @D/ for k=0,1,2,....
r

Proof: From Proposition [6.13

(6.22) (5f) (9.(1)) = (@ Wi(g) @ B) for all 5 € HE".
This identity along with the estimate in Eq. (6.12)) yields,
- EBIZ 2o
623)  1(3F) G2 < 0l 191(6) @ Bl < a5 )
Since

D" F(g ()2, = sup {[(D*£(g (1)), B8)[" : 8 € T with |5 =1}

sup{‘(ﬁf) (9(1))‘2 . B € H®* with || = 1}

k! 2
< flal}? Speth o/,

Eq. (6.20) is proved. If x € aUX | by definition there exists piecewise C'* — horizontal
path, g : [0,1] — aUZX such that g(0) = a, g(1) = = and £ (g) < e. Therefore.
from Eq. (6.20) we learn that

k! , 2 (/e k! 2 (/e
D" f(@)[2, < pllallfint {5/ (0) = a, g(1) = v} = T af|fetinen)/x,
Q.E.D.

6.3. Dependence of power series on the endpoint.

Theorem 6.16. Let s — g; (s) € G be a piecewise C? - horizontal path depending
smoothly on a parameter t such that g, (0) = e € G for all t. Suppose that o € J%

for some T > 0. Then
(6.24) %h (a, ¥y (g)) = <a7 Uy (g:) @6 (jt R (1)>> :

where Wy (g;) is defined in Notation [6.9
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Let us first give an informal but illustrative argument for Eq. (6.24)). Let ¢;(s) :=

0(g,(s)) € H and hy (s) := 0(g: (s)) € g where “’ 7 and “ 7 are shorthand for
0/0s and 0/0t respectively. Then

) d d, . .

¢ (s) = 2:0(9: () = —=01(9¢ (5)) + 8 (¢ (5) , 91 (5))
(6.25) = hi (s) + [ee(s), b (9)]g

wherein we have used the structure equation, df (v,w) + [0 (v), 6 (w)] = 0. Recall
from Lemma that U, (g¢) and ¥y 4 (g¢) solve

d

(6.26) £\IIS (gt) = Vs (9t) ® ¢t (s) with g (g) =1
and

d .
(6.27) £\P5’1 (g¢) = —ci (5) @ Wy 1 (g9¢) with Uy (g¢) =1.
Differentiating Eq. (6.26)) in ¢ implies

d d

Ll (g) = W (g @ () + W (0) @60 (s)

and using this identity along with Egs. (6.27)) and (6.25]) allows us to conclude
d |d .
Is th‘l’s (9¢) - Ws (Qt)} =V, (g:) ® ¢t (s) @ Vi1 (g¢)
=, (90) @ (R (5) + [en(s), u ()] ) @ Wi ().
Integrating this equation on s then gives,
d 1
028 L) = [ W) (5 )+l (5)]) © Vo () ds.
0
An integration by parts along with Egs. (6.26]) and (6.27) shows
1
JRACEYACEL AYALE
0
=W, (9e) ® he (5) ® Ws1 (90) [320

_/O U, (9) @ ce (5) ® he (5) @ Wy (ge) ds
+/ Vs (ge) @ i (s) @ cr (s) © Wi (ge) ds
0

1
s (g0) 0 b (1) = [ W g) @ (9) A b (5) © W (90) .
0
Using this identity in Eq. (6.28]) gives

(6.20) L (g) =01 (g) @b (1) + 2 (1)

where

2= [ Wl ® (o) b (5 =0 6 A () © s (o) s
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By truncating ¥, and ¥, 1, we may write Z (¢) as a limit of elements in J and
therefore argue that (o, Z;) = 0 for a € J9. Hence by applying a € J% to Eq.

(6.29) implies the desired result;
d d
G @ (@) = o w ) 9 (1) = (. 0 90 (o (1) ).

The remainder of this section will be devoted to making the above argument
rigorous. The proof of Theorem will be completed after Lemma below.

Lemma 6.17. Suppose that h(-) € C([0,1],g) is piecewise C' and that c(-) € g is
piecewise continuous. Let v(s) = h'(s) + [c(s), h(s)]. For integer N > 1 define

1 N-1

(6.30) Ry = Ry (¢,h) = / Zw’" Sh(s)] @ vl (e).

There exists an element Zy = Zn (¢, h) € J such that

N
(6.31) By (Z w) Z YT (e )+ Zn + Ry.
n=0

Proof: Let A, := A, (0,1). Since 97 (¢) is a multi-linear form in ¢, it is easy
to see that ¥} (¢) is smooth in ¢ and that

Ouyy (e Z/ c(s1) ®c(sk-1) @V (sK) @c(sk1) @+ ®c(sn) ds

-3 [ 0enm et s
k=1

Thus the derivative of the n - linear functional 7 (¢) in the direction v may be
written

(6.32) O = 3 /w’"@v )@ ukds

m+k=n—1

where, to simplify notation, we are writing ;' for ¥}, (¢) and we have defined

Fe=1ifk=0and ¢ =0if k <0. Consider first the terms in (6.32) arising
from the summand A’ in v. An integration by parts, using (6.26)) and (6.27)), yields

O™ = Z /w@h ) @Yk ds

m+k=n—1
_ ¥ yrons) ok, |

mibmn1 \ = Jo {00 @ cls) @ h(s) @ ks — 9 @ h(s) © c(s) © 07"} ds
Since h(0) = 0 and ¢}, = 0 if k # 0, the boundary terms contain at most one

nonzero term, 97! @ h(1). Replace m by m + 1 in the first integral and replace k
by k + 1 in the second integral. We may then write

o =y ()~ Y / W @ (c(s) A h(s)) ® BE yds.

m+k=n—2
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Adding now the contribution to v from the term [c(s), h(s)] we then find, with the

help of (6:32),

1
ot =i oR()+ Y / U ® [e(s), h(s)] ® ¥ ds

m+k=n—1

- X [ e ane)e

m+k=n—2

Summing this equation on n from 0 to N, keeping in mind that ¢ = 1 and Q/J;’Sl =0,
we find

N N-1
0y > U1 =" vF@h(1)
n=0 n=0

N—-1 1
£y Y / ™ ® {[c(5), h(s)] — e(5) A h(s)} ® ¥F 1ds

n=1 m+k=n—1

! k
w0 ere k. he)e s

mtk=N—1
Since the middle line is in J the lemma is proved. Q.E.D.

Lemma 6.18. Suppose that o € J% for some T > 0, h(-) € C([0,1],9) is piecewise
C1l, g(-) is a piecewise C? horizontal path over [0,1], and let c(s) := 0(g'(s)). Let
Ry = Ry (¢, h) be as in Lemma and ||h||, = sup,epo17 |k (8)| where |-| is any
gwen fized norm on g such that |A|” = (A, A)y for all A € H. Then there exists
constants, {Cn (T)}x—, such that limy_oc Cn (T) AN =0 for all X > 0 and

(6.33) (e, B)| < llelir - ||hll o O (T) £ (g) -

Proof: Let uy, (s) = ¢¥7(c) and vy, (s) = ﬂjé\fl_m_l(c). Because ¢ is horizontal,
Up, (8) € H®™ and vy, (s) € HEWN=m=1 for each s € [0,1]. If w(s) := [e(s), h(s)],
then

N-1 1

(6.34) (o Ry) =3 / (@, tm (5) ® Ww(s) @ vy (5)) ds
m=0 0

and we may find K < oo such that

1 1
(6.35) / w(s)lgds < K ||A]. / le(s)\ards = K 1B € (g) < oo.
0 0

The integrability of w guarantees the integrals in and the integrals appearing
in the argument below all exist. Although wu,, (s) and v,,(s) lie over H the factor
w(s) may not lie in H. Since « is only continuous on tensor spaces over H we must
replace the factor w(s) before making estimates.

Let P : T (g) — T (H) be the projection operator constructed in Lemma[2.11)and
let L:=P|y:g— @,_, H®*. We may write, for all A € g, L(4) = Y_;_, Lx(4)
with each L being a linear map from g into H®*. Since g is finite dimensional,
there exists K1 < oo such that |Lg(A)|ger < K1]Alg for k=1,2...,r and A € g.
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With this notation, (6.34) may be written as

N—-1 1
(@) = 37 / (@t (5) ® L(w(s)) & v (5)) ds

r N-—1

—ZZ/ (1t (5) © Li(w(5)) @ v (5)) ds.

k=1m=0

Using the estimate (6.10)) and writing || for |y, , we find

B0l i,

Cr(g) VY
(N —1)!

lr (gl [s,l])(Nimil)

(N—m—1)!

< loe (N —141) |

< lon—14r) [ K1 |w(s)|q

where the binomial formula was used to obtain the last inequality. After integrating
on s, summing on k, and using Eq. (6.35]) in the previous estimate, we find

(3 (g )
(6.36) (@, Ry)| < Ky K( = IRl ZW(N 14k) |
By the definition (2.10) we see that |a;|,, < (j!/77)'/?||a||7 which combined with

(6:36) gives,

-1+ k)
TN - TN—-1+k

( )
[(a, Ry)| < K1 K o 1] IIOéIITZ
which proves the Lemma with

N —-1+k)!
Oy (T) = K1 K _1,2 =T

Q.E.D.
We are now in a position to complete the proof of Theorem [6.16
Proof of Theorem As at the beginning of this section, let ¢;(s) :=
0(g;(s)) € H and hy (s) := 0 (g: (s)) € g and recall from Eq. (6.25) that

¢ (s) = hi (s) + [ee(s), e ()] -
Let f(t) := (a, Wi(g:)) and

0= (a0} - o oo
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so that f (t) = limy_cc fn (t) . By Lemmal6.17| with v (s) := hi (s)+[ec(s), bt (5)],
fn () is differentiable and

dfn (t)

5 = (a3 () © (1) + o, Ry (er, 1)

n=0
Because ((g;) and ||¢; (-)]|,, are bounded for ¢ near zero, Lemma may be used
to conclude the remainder term, (o, Ry (¢4, ¢)), goes to zero as N — oo uniformly
in a neighborhood of ¢t = 0. Moreover it is easily verified that

(6.37)

N
. n _
im0 320 () (1)) = (a1 (e © b))
with the above limit being uniform in ¢ near zero. Hence we may conclude that
f (t) is differentiable near zero and that f (¢t) = (o, ¥; (¢;) ® he(1)). Q.E.D.

7. RECONSTRUCTION OF f FROM ITS TAYLOR COEFFICIENTS

The purpose of this section is to complete the proof of the following theorem,
which is the main theorem of this paper.

Theorem 7.1. Let G be a connected, simply connected complex Lie group. Suppose
that q is a mon-negative Hermitian form on the dual space g* and assume that
Hormander’s condition holds, (cf. Definition. @) Let p; denote the heat kernel
associated to FEquation . Then the Taylor map, f — f(e) is a unitary map
from HL?*(G, pi(x)dx) onto Jy.

Proof: Since we have already proved the isometry property of the Taylor map
in Theorem [4.1} it suffices to prove the map is surjective. In light of Proposition
M to prove the surjectivity of the Taylor map it suffices to show to each o € .J?
there exists f € H(QG) such that f(e) = o.. But this is the content of Theorem
below. Q.E.D.

The remainder of this section is devoted to the proof of Theorem [7.13]

7.1. Holomorphic Horizontal Coordinates and Paths. In this section, let G
be a complex Lie group and g := Lie (G) be its complex Lie algebra.

Notation 7.2. For g,h € G, let [g,h] := g th~1gh.
Lemma 7.3. ForT':=(Ay,...,A,) € g" and € € C\ {0} define

(7.1) op(e) = %b[esnilAl’ [eesAz7 [eEAS, o [eaAn*17e€An] )
Then
(72) tim ur () = [T

where [I'] is defined as in Equation (2.18).
Proof: If X € gand b € G then

d

d
(73) ab £|Oeitxet(Adbfl)X = (Adb—l - I)X

Let

[etX’ b] =

b=[e542 [543, [eFAn—1 e An] ]
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and let TV = (Ag, ..., A,). We assert that, for € near 0, b = e%() where
(7.4) B(e) = e" IV + ™ C(e)
and C(e) is an analytic g valued function of & for € near 0. This may be proven

by induction on n with the help of the Baker-Campbell-Hausdorff formula [53]
Theorem 2.15.4] as follows. An application of [53, Theorem 2.15.4] shows,

(7.5) [eX,e¥] = e XeYeXeY = ol X Y]+ R2(X,Y)
where Ry (X,Y) is an analytic function of X and Y defined in a neighborhood of
0 in g x g and which satisfies,
[Re (X, V)| < Co (IX[+ [V [X]Y].
We further assert that

(7.6) [632’[633".'[637171763”} '.'] — e[BQ,[Bg,...[anl,Bn]...]+Rn71(32 ..... anl,Bn)

where R,,_1 (Bs,...,Bn_1,By) is an analytic function of (Bs,...,B,_1,B,) in a
neighborhood of 0 € g"~! which satisfies,

(7.7) |Rn_1(Ba,...,Bn_1,B,)| < Cpny <Z|Bi|> |Ba]...|Bnl.
i=2
Indeed, assuming Eqs. ((7.6) and (7.7) hold, it follows by using Eq. (7.5)) that
[631 [632, [GBS, o [eanl’eBn} . ]] _ e[Bl7[32;[B37~~~[Bn71an]~~~”“FRn(BlyB2y~~~7anlan)
where

Rn (317327 .. ~7Bn71aBn)
= [B1,Rn_1(Ba,...,Bn_1,B,)]
+ R2 (Bh [327 [B37 s [Bn—th] . } + Rn—l (B27 .. '7Bn—1vB7L)) .

The function R, is analytic for (B, ..., Bn_1, By) in a neighborhood of 0 € g™ and
is easily seen to satisfy

n
|Rp (B1, Ba, ..., Bu—1,B,)| < Cy <ZB |> |Bi|[Ba]...|Bn|.

=1

Equation (|7 , with B; = €A;, implies B (¢) is an analytic function of € in a
neighborhood of 0 such that

B(e) =" NI+ 0 ().
Taking b = e%() and X = e~ ("D A; in Eq. (7.3)) implies
ur(e) = (e_“dB(E) — I)E_("_l)Al

= 1
il d —(n=1) 4
kz_: %l —a B(s) 1

Q.E.D.
Equation (7.4]) can be viewed as a version of [37, Lemma 2.2.1]. Such a commu-

tator identity frequently plays a role in subelliptic estimates and goes back at least
to Hormander [29).
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Notation 7.4. For I' := (Ay,As,...,4,) € g" and € > 0, let ¢r : C — G be
defined by

(7.8) fre(z) = [emT 542, [eEAi", e [esA"*l,eEA"H . } .

The function, ¢ (z) := ¢r . (z) € G, is a holomorphic function of z whose deriv-
ative at z = 0 in the direction w is given by

6 (w0) = we (1) = w106 (1)
d

ST A A A An_ A,
:w%b e [ N 1o O [ H}
=w-vr(e) = [Mwase—0.

For each T" := (A1, A4,...,A4,) € g", ¢ # 0, and z € C we are going to define
a piecewise C'*° - horizontal path, or . ., which depends holomorphically on z as
follows. First observe that

|:ez€,(n71)A1’ [€€A2, [esAS, o [esAn_1 , ewa]] .. }

is the product of N,, := 3-2"~! — 2 exponentials of the form eP1eB2 ... eB¥n with
each B; being an element from the set,

(7.9) S(T,e,2) :={teA;, teAq, -+ ecA,_1} U {:I:EH%An} .

ey k=1 _k
Hence if k=1,2,...,N, and s € [N—H,N—n}7let

(7.10) Ore.s (8) = eB1 .. eBr-1eWas—h+1)Br
The following proposition summarizes what we have done.

Proposition 7.5. Assume thatT’ € H". The path or . in Eq. 18 a piecewise
C* - horizontal path from e to Yr . (z) which depends holomorphically on z € C.
Moreover, for s € (%, Nin) , 0 (crﬁs,z (s)) = B, € S(T,¢e,z) (see Eq. ) and
hence 0 (O’fﬁ’z (s)) is either constant in z or depends on z linearly in each of the
intervals, {(%, NL) k=1,2,... ,Nn} .

Let X := {X; }Tzl be an orthonormal basis for the Hormander subspace, H. For
l=m+1,...,M :=dimg, let n; € N and I'; € X™ be chosen so that

(XA U{D] i =m+1,..., M}

is a basis for g. We may apply Lemma to find (and fix once and for all) an
e € C\ {0} sufficiently close to zero such that

(7.11) {Xj};":lu{[Xl =uwp, ()] :l=m+1,...,.M}
is still a basis for g. For z € C, let

B e*Xi if 1<j<m
(7.12) ¢ (2) ~—{ ¢rie(z) if m+1<j<M,

where ¢r, . has been defined in Eq. (7.§).
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Notation 7.6 (Horizontal Charts and Paths). For z = (z1,...,2y) € CM| let

¢ (2) = ¢1(21) P2 (22) ... dm (2m) €G
and let 0 (s) € G be the horizontal path defined, for s € [L+, L], by

O (S) = (bl (2’1) ¢2 (2’2) - ¢j_1 (Zj_l) OT,.6,2; (MS — j =+ 1) .

Theorem 7.7. The function ¢ : CM — G is a local bi-holomorphism from an
open neighborhood, Q, of 0 € CM to an open neighborhood, U, of e € G. The
path o, (s) is a piecewise C> - horizontal path in G from e to ¢ (z) which de-
pends holomorphically on z € CM. Moreover, there is a partition of [0,1], D =
{0 =50 <1 <---<sny =1}, such that for s € (si_1, 1), either 8 (o, (s)) = By or
6 (0’ (s)) = z;,B; for some By € H and some j;, € {1,2,...,M}.
Proof: Since
O ([ej]o) :Xj fOI‘j: 1,2,...,M
where X; are defined in Eq. (7.11)), the first assertion is a consequence of the inverse

function theorem. The remaining assertions have already been proved prior to the
statement of the theorem. Q.E.D.

7.2. Local Existence of f, .

Notation 7.8. We will want to consider o and its “translates” in various of the
spaces Jp. Noting that JO C JU if 0 < s < o, we define

(7.13) 70 = 7

>0
A consequence of Corollary [6.7]is that if « € J and ¢ € T, (H) then aco Ly, € JJ.
Theorem 7.9 (Local Existence). Let @ C CM and U C G be as in Theorem .

For each oo € JY and x € G there exists f = fo € H (zU) such that f(z) = a. This
function has the additional property that

(7.14) flzp(z) =ao Ly, (o) for all z € ).

In particular, f (y) € JY for all y € zU.

Proof: The proof will consist of showing that the function f : 2U — C defined
by
flxp(2) = f(zo, (1)) :=(a, V1 (0,)) =1 u(z) forall z€Q
is the desired function. By Proposition

n n 1 n
[ UF (0:2))] < lanly, 1V (02) e < lanly, — K
where K :=sup,cq ¢m (0,) and therefore,

i 1 i tn
2

S oy, K < (z ol )

n=0

n=0

SIS
NI

0 K2n K2
Z e el e7=r.
n=0

Therefore the sum, Y o (a,, U7 (0.)), defining u(z) is uniformly and abso-
lutely convergent. Moreover it is easy to verify that each summand, w, (2) :=

(Qtn, ¥t (0,)), is a holomorphic polynomial in z of degree n and thus u (z) is holo-
morphic as well.
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Using Theorem [6.16] we 1earn that

d
dt|0<aa \Ill (Jz+tw)>

<a Uy (0,) ®0 (jtloosz (1))>
<a U, (02 ®9<dlo<p(Z+tw)>>

a Uy (O'z) ® 0 (@*wz)>

Ustz = = \Ou (z +tw) =

while on the other hand

waw, = Lo (wp (= + tw) = (D] (25 (2)) 0 (pow-).
Comparing these two equations shows that
(Df (x¢(2)), 0 (paw:)) = (a, V1 (02) @ 0 (paw2))
for all w € CM and z € Q which implies
(7.15) (Df (zp (2)),A) = (o, ¥ (0,) @A) forall z€ Qand A € g.
By Proposition aq:=ao Ry is in J). With this notation Eq. reads

(A f) (¢ (2)) = (a, U1 (0,)) for all A € g.

Applying the above results with f replaced by Af and « replaced by a4, we learn
that

(BAS) (w6 (2) = (@), W1 (02)) = (4, W1 (o) @ B) = (0, W1 (02) @ B® A)
Moreover, a simple induction argument now shows that
(Al...Anf) (zp(2)) ={a,¥1(0,) A1 Q- ®A,) forall A; € g

which is equivalent to Eq. (7.14). In light of Corollary the proof is complete.
Q.E.D.

7.3. Global Construction of f, . In what follows, we will fix an inner product
on g. Such a choice induces a unique left invariant Riemannian metric on G. Fix
6 > 0 such that the Riemannian ball, U = U g‘iem, of radius § and centered at e is
geodesically convex, and such that there exists an open neighborhood, €2, of 0 in
CM for which the results of Theorems are valid. In particular, for every o € JR
and = € G there exists f € H (xU) such that f(z) = a by Theorem The
following two simple observations will be used repeatedly below. 1) A point z € G
isin yU iff y € 2U. 2) If S is a non-empty finite subset of G such that

diam (5) := sup {driem (z,9) : x,y € S} < 4,

then (,cg (aU) is a non-empty, (pathwise) connected open subset of G containing
S. The latter holds because [ _.¢ (aU) is a non-empty, geodesically convex, open
subset of G containing S.

a€S

Theorem 7.10 (Analytic Continuation). Suppose that g € C ([0,1],G) is a path
such that g (0) = e. Then to each o € J—?-’ there exists a unique family of functions,

(7.16) {fiteH(@@HU):0<t <1},
satisfying:
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(1) fo(e) =a and
(2) if 0<a<b<1 withdiam (g ([a,b])) <9, then fs = fr ong(s)UNg{t)U
for all s,t € [a,b].

Moreover, f; (z) € JO for allz € g(t)U and all t € [0,1].

Proof: Uniqueness. Suppose that {k; € H(g(t)U):0 <t <1} is another
collection of holomorphic functions satisfying the same properties as {f; : t € [0,1]}
and let

To:=sup{T € [0,1]: fr =k, for 0 <¢t <T}.

Since holomorphic functions are determined by their Taylor coefficients and fo =
o = ko, it follows that fo = ko on U. Moreover if T' > 0 is chosen so that g ([0,7]) C
U, then for 0 < ¢ < T, we have f; = fo = ko = k¢ on ¢ (¢) U NU which is a non-
empty open subset of g (¢) U. Since ¢ (t) U is a connected open set it follows that
fit = k¢ on all of g (¢) U. Hence we have shown T > 0.

Choose 0 < a < Ty < b <1 such that diam (g ([a,b])) < § and b > Ty if Tp < 1.
Then for t € [a,b], f; = fo and kt = ks on g (@) UNg (t) U and f, = k, on g (a) U.
Therefore f; = k: on g (a) U N g (t) U which implies f; = k; on the connected open
set, g (t) U. If Ty < 1, we would conclude that Ty > b > T which is absurd. Hence
To = b =1 and we conclude f; = ki and by the definition of Tj that f; = k; for
0<t<1.

Existence. From Theorem there exists fo € H (U) such that fo () = «
having the property that f(x) € JY forall z € JO. If T > 0 is chosen so that
diam (g ([0,T])) < 9§, another application of Theorem shows there exists f; €
H (g (t)U) such that f; (¢ (t)) = fo(g(t)) for all t € [0,T]. Since f; and fo have
the same derivatives at g (t), it follows that f; = fp in a neighborhood of g (%)
and therefore f; = fo on the connected open set, g (t) U N U. Hence if s,t € [0,T],
then fs = foon g(s)UNU, fi = fo on g(t) U NU which implies f; = f; on the
non-empty open set, g (s) U Ng(t) U NU. So again f, = f; on the connected open
set, g(s)UNg(t)U.

Let Ty be the supremum over all T € [0,1] such that there exists a (unique)
family of functions, fi € H(g(¢t)U) for 0 < ¢t < T with the properties listed in
the statement of the theorem (with “1” being replaced by T everywhere) including
the assertion that f; (z) € J? for all z € g(t)U and all t € [0,T]. The previous
paragraph shows that Ty > 0.

Suppose, for sake of contradiction, that Ty < 1. Choose 0 <T_ < Ty < Ty <1
such that diam (g ([T-,T4])) < 6. Applying Theorem as above, we may find
fe € H(g(#)U) such that f; (g(t)) = fr_(g(t)) for all t € [T_,T4]. Let us now
suppose that 0 < a < b < T with diam (g ([a,b])) < ¢ and that a < s < ¢ < b.
If t <T_ then fs = fr on g(s)U Ng(t)U by definition of Ty. If s,t € [T_,T4],
then arguing as above, we see that fs = fr_ on g(s)UNg(T-)U, fi = fr_ on
g () UnNg(T_) U, and therefore fs = fr on g (s) UNg (t) UNg (T-) U which implies
fs = fron g(s)UNg#)U. Finally if « < s < T_ < t < b, then f; = fr_
on g(s)UNg(T-)U, ft = fr_ on g(())UNg(T-)U and so again fs = f; on
g(s)U N g (t)U. But this shows Ty > T4 > Ty which is the desired contradiction
and hence Ty = 1.

So far we have constructed a family of functions, {f; : 0 <t < 1}, with the de-
sired properties. It only remains to extend this family to all ¢ € [0,1] by defining
f1 € H(g(1)U) so that f1 (g(1)) = fr(g(1)), where T € (0,1) is chosen so that
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diam (g ([T, 1])) < J. Arguing as above, the reader may verify that the family of
functions, {f; : 0 <t <1}, so constructed fulfill the conclusions of the theorem.
Q.E.D.

Notation 7.11. When g € C ([0,1],G) is a path such that ¢ (0) = e and a € J
write f{ for f; € H (g (t)U) as described in Theorem

Theorem 7.12 (Monodromy Theorem). Let o € J9 and g,h € C([0,1],G) such
that g (0) = h(0) = e, g(1) =z = h (1), and dpiem (g (t),h(t)) < 6/2 for all t.
Then f{ = fI on zU.

Proof: Let v; := f{, wy := f}, and
(717)  To:=sup{T €[0,1]]:vy=wrong@)UNh()U forall 0<t<T}.

Since 99 (e) = wp(e) we know that vy = wp. Suppose T' > 0 such that
diam (¢ ([0, T]) UA([0,7T])) < § and that ¢ € [0,T]. Then v; = vg on g (t)U N U,
wy = wp on h(t)UNU and hence vy = wy = vg on g () UNh(t)UNU and thus
vy = we on g (t) U N h(t) U. This shows that Ty > 0.

Choose 0 < a < Ty < b < 1 such that diam (g ([a,b])) < §/2, diam (h ([a, b])) <
§/2, and b > Ty if Ty < 1. Because vy = v, on g(t)U Ng(a)U, wy = w, on
h(t)U N h(a)U, and v, = w, on ¢g(a)U N h(a)U, it follows that vy = w; on
Or:=gt)UNg(a)UNh(t)UNh(a)U. Since, for ¢ € [a,b],

driem (h (t) ;9 (a)) < driem (A (t) , b (a)) + dRiem (h (a), g (a)) <3/2+0/2 =,

g (a) € Oy so that Oy is a non-empty open set contained in the connected open set,
g (@)U Nh(t)U. So again we conclude vy = w; on g (t) UN A (t)U for all ¢ € [a,b].
Hence if Ty < 1, we have shown Ty > b > T, which is a contraction. ThusTo =b=1
and we have shown v;1 = w; on ¢ (1) UNh (1)U = 2U. Q.E.D.

Theorem 7.13. Suppose that G is a simply connected complex Lie group. Then
to each a € JY, there exits a unique function fo € H(G) such that f, () = a.

Proof: For any = € G, we may choose a path g € C([0,1],G) joining e to
x, i.e. such that g(0) = e and ¢g(1) = z. We then define f, (z) := f{ (z). If
h € C([0,1],G) is another such path joining e to z, there is a homotopy, g €
C ([0,1],G) of paths joining e to x, which interpolates between g and h. By the
Monodromy Theorem one easily sees that f{* is independent of ¢ and in
particular, fJ = f{° = f{* = f{. This shows the function, f,, is well defined.

Let V := U(f;i;m, y€aV, heC(]0,1] — zV) be a path joining z to y, and

g(2t) if telo0, 3]
(h+g) () =
h(2t—1) if te[3,1].

Since diam [(h * g) ([3,1])] = diam[h ([0,1])] < &, we know by property (2) of
Theorem [7.10] that

(7.18) g {729 = f{ on 2U NyU
wherein we have used the (easily proved) fact that f;* = fg, for t € [0,1].

Evaluating Eq. (7.18) at y shows, f, (y) = f{ (y). Since y € xV was arbitrary, we
have f, = f{ on 2V and hence f, is holomorphic on zV. Since x € G was arbitrary,
we have shown that f, is holomorphic on all of G.
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Taking z = e and ¢g(t) = e for all t € [0,1] in the above argument shows
fo = f{ = f§ on V = eV. Therefore, by construction (see Theorem , fa(e) =

fi(e) = a. Q.E.D.

8. ALGEBRAIC CONTROL OF « € J) AND COMPARISON OF NORMS

Suppose g is a complex Lie algebra, G is the simply connected complex Lie group
with g = Lie (@), and that we are given two nonnegative Hermitian quadratic forms,
say ¢/, j = 1,2, on the complex vector space, g*. Associated to these Hermitian
forms by and (3.6]) are second order differential operators, A7, and heat kernels,
p{, on G for j =1,2.

By , each of the Hermitian forms ¢/, j = 1,2, induces on J° the seminorms
(possibly infinite)

1/2
(8.1) lallgre = (S /k)lal2) ¢ >0,

and yields the family of Hilbert spaces
J0 = {a € I ally, < o}, t>0.

We will say that the ¢ family controls the ¢' family if for each s > 0 there is a
t > 0 and a constant C' such that

(8.2) laflgrs < Cllallgz.e

In Section we will show (see Theorem that for any two quadratic forms
satisfying Hormander’s condition each family controls the other. The proof depends
on Theorem and in particular on the surjectivity of the Taylor map.

In Section 8.2 we will explore combinatorial proofs of the inequalities in case
g is the three dimensional complex Heisenberg Lie algebra. Such inequalities can
be used to provide an alternative proof of surjectivity as explained in the following
remark.

Remark 8.1. Suppose that the ¢? family controls the ¢! family as in and
that ¢' is nondegenerate. In this case we know from [§] that the Taylor maps
f — fle) : HL*(G,pldx) — ng,s are surjective. Thus if o € Jg% then we
learn from that o € ng,s and consequently there exists a function f € H(G)

such that f(e) = a. It now follows from Proposition that f € HL*(G, pidz).
Therefore the Taylor map is also surjective from HL?(p7dx) onto ng "

8.1. Indirect control via the heat kernel. In this section we will show that,
as a consequence of the unitarity theorem, Theorem the family of inequalities

(8-2) holds.

Theorem 8.2. Let g be a complex Lie algebra and let ¢, ¢*> be nonnegative Her-
mitian forms on the dual space g* which satisfy Hormander’s condition. Then there
exists € € (0,1) and C € (0,00) such that for any 0 < s < et < 0o and o € J°, we
have

(8.3) ledlgr,s < Cllalgze-

The proof depends on the following lemma, which compares the size of the two
heat kernels, and on the succeeding proposition.
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Lemma 8.3. Assume that q',q* satisfy Hérmander’s condition (cf. Definition
) Then there exists € € (0,1) such that for all 0 < s < et < oo we have

o 5} - <

zeCG

Proof: This follows from [54, Prop. I11.4.2], which states that any two proper
left invariant length distances are comparable on a large scale on G, and from
Theorem [3.4] These yield

C(s,t) < exp(cis™t + eat).
For nilpotent groups, the better heat kernel estimates of [54, Chap. IV] give
C(s,t) < (141t/s)2exp(cis™).

The positive finite constants ¢, ¢1, co depend on the group and the forms ¢', ¢% but
not on s and ¢ as long as 0 < s < et. Q.E.D.
As an immediate corollary of Lemma we have the following proposition.

Proposition 8.4. Let G be a connected, complex Lie group. Suppose that q',q>
are nonnegative Hermitian forms on the dual space g* of the complex Lie algebra of
G. Assume that ¢, q* satisfy Hormander’s condition. Then there exist € € (0, 1)
and C € (0,00) such that, for any 0 < s < et < oo and for any f € H(G), we have

1 () llg1,s < CULF(€) llg2,o-

Proof: By Lemma there exists € € (0,1) such that for 0 < s < et and
fen,

/ (@) o ()de < Cs, 1) / (@) P03 ()
G G

Hence the desired bound (with a constant C' = C(s, t) given by Lemma 8.3) follows
from the fact that f — f (e) is an isometry from HL?(G, pi (z)dz) to Joi 4 7> 0,
j = 1,2. To see that the constant C' can be taken uniform over all 0 < s < e&t,
simply observe that the norms ||a||,: , are increasing functions of 7. Q.E.D.

As an application, one may take ¢! to be a positive definite Hermitian form, i.e., a
form inducing a Riemannian metric on G and ¢ to be a nonnegative Hermitian form
satisfying Hormander’s condition but not positive definite. Then the proposition
gives control of the series

S /RIF (€) 2
k=0
which involves “all” Taylor coefficients of f in terms of the series
s A~
D @RI () o
k=0
which only involves “horizontal” Taylor coefficients of f.

Proof of Theorem We may assume ||a|[42,; < 0o, for otherwise there is
nothing to prove. Let G' be the complex, connected, simply connected Lie group
such that Lie(G) = g and let p!, j = 1,2 be the heat kernels on G associated
to ¢/ for j = 1,2. By Theorem [7.1] there exists f € H (G) such that f(e) = «
and [, |f(2)|*p}(x)dx < co. The result now follows directly form Proposition
Q.E.D.
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As we shall see in Section [8.2] proving Eq. (8.3) by a direct computation involv-
ing commutators appears to be a combinatorial challenge, even under very strong
assumptions.

8.2. Direct control: Heisenberg algebra. In this section we will give a direct
combinatorial proof of the comparison inequalities when Y is the three dimen-
sional complex Heisenberg Lie algebra, ¢? is the natural degenerate form and ¢' is
a particular nondegenerate form. As already noted in Remark the inequalities
then yield a proof of surjectivity of the Taylor map in our degenerate case
quite different from the proof given in Sections [6] and [7}

Theorem 8.5. Suppose g is the complex 3 dimensional Heisenberg Lie algebra, so
that g is the span of X,Y, and Z with Z in the center of g and [X,Y] = Z. Given
«a € g*, define
2 2 2
q'(a) = [{a, X)I" + (e, V)" + [{e, Z)]
and
2 2
¢*(a) = [{(a, X)[" + (e, Y)[.
For o € T', define ||a| i 5 as in . Then, for a € J°,

a5 s < Cls.O)llllZ

S —

where

C(s,t) = i (es/t)" (j + 1>k,

k=0
which is finite provided that (es/t) (3 +1) < 1.

Let g be a Lie algebra, U(g) be its universal enveloping algebra, and for z € g,
let R, and L, denote right and left multiplication by = on U = U(g) and ad, :=
L, — R,. Hence for o € U we have

L,a=za, Rya=ar, and ad,a := xa — ax.
Let us recall the following basic result.

Proposition 8.6. For ecach x € g, ad, acts as a derivation on U and e**® is an
automorphism on U.

Proof: The first assertion is a consequence of the following computation,
ad;(af) = xaf — afx
= (adz) B+ axf — afx
= (ad,) B+ aad, .
For the second assertion, let o, 8 € U (g) and let
o(t) := eleq . etada g,

Then

d
@U(t) — ad$etadza . etad’ﬂ + etadza X admetad”ﬂﬂ

= adgzo(t) with o (0) = af

and this implies
etadl'Oé . etadwﬂ _ (T(t) _ etadx (Oéﬁ),
tad

i.e. €% is an automorphism on U. Q.E.D.
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Lemma 8.7. Let g be a Lie algebra, x,y € g be linearly independent, and suppose
z = adyy = [z, y]

commutes with x and y. Then

(8.4) 2" = iad" "= i' i < > —z)" 7k,

Proof: Notice that adlly = adg_lz = (0 for all n > 2 so that
oy — 4 4tz
and hence by Proposition
etadzyn _ (etadwy)n _ (y thz)n

Comparing the coefficients of t™ on both sides of this equations proves the first
equality in Eq. (8.4). Since L, and R, commute,

(8.5) ad’ = (L, — Ry)" = Zn: (Z) LA R

k=0
and hence the second equality in Eq. (8.4)) is an immediate consequence of the first

and of Eq. (8.5). Q.E.D.
Proof of Theorem (8.5 -: Since Z is in the center of g and o € J°
k
k 2
(8.6) ‘Oék|31 :Z(l> Z |<a,Z®l®A1®A2®"'®Ak71>| .
=0 Aq AQ,...Ak,lE{X,Y}
Moreover

Z=X®Y -Y ®XmodJ,
Thus, dropping the tensor product symbol from the notation, by Lemma

1 ,
7zl = ﬁale =3 Z ( )XJY X)"7 mod J.

Using this equation in Eq. (8.6| nnphes that

k k 1 l
ak|31:Z(l> > ﬁz
A1,A2,

1=0 A e{X,Y}| j=0

k 1
k 2! l . ,
Z (l) Z l')2 z : (j)|<aaX]Yle_jA1A2...Akl>|2
=0 Aq,As,.

~Ap_1€{X,Y'}

SO Lot

=0 =0

(l,) (o, XYY =X)TT A1 Ay Apy) - 1

IN

(8.7)

wherein the second line we have used the Cauchy Schwarz inequality with the
measure ( ) along with the binomial formula.
Now suppose that

o0

a2, =" (/K ag|Z = M < oo.
k=0
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Then
(8.8) |tht]22 < M (K + 1)1/t
Combining Eq. (8.8) with Eq. (8.7)) shows that

k) 28
a2, )
i < M; (z) 0 ;::0 (j)(k+l)l/t

M s (k+1D) k! 2\
Tt L ()2 jz_:j!(l—j)!(k—l)! (t)

=0
Mk' 2\ 12\’
M e () ()
R DI t
MEIC,, 2 k
- T |
tk (t+t+ )

wherein we have used the trinomial formula in the last line and the constant C}, is
given by Cy, = max{(k +1)!/(k!(1))?) : 0 <1 < k}.

In order to estimate the constant Cj we may write (k+1)!/(k!(I!)?) as a product
of factors (k +j)/(jU+1—3)),5 =1,...,01. Let f(z) = (k+z)/(z(l+1—2))
for z € [1,1]. Then f'(z) = (22 + 2kz — k(1 + 1))/{z(l + 1 — x)}?. The quadratic
formula shows that the numerator has only one zero on the positive = axis. Since
f'(1) > 0, this zero lies to the left of & = I. Hence f takes its maximum on [1,!] at
one of the two endpoints. Since f(I) > f(1) for I > 1 we see that

B+ (k+1\'
(89) (k!(l!)2 S( z ) et

for I > 1. The overall inequality clearly holds for I = 0 also. Hence Cj, < e*
Inserting this estimate for C} into the previous inequalities we find that

Zk,lakl <ZS 4/t + D¥lallfe, = Cls ) ol ,

where
o 4 k
C(s,t) = tF (= +1
()= Do (7 1)
which is finite provided that (es/t) (3 +1) < 1. Q.E.D.

9. THE FOURIER-WIGNER TRANSFORM AND HOLOMORPHIC FUNCTIONS.

We are going to show in this section how the harmonic oscillator Hamiltonian
produces a natural source of holomorphic functions on the complex three dimen-
sional Heisenberg group. There is a correspondence between analytic vectors for the
quantum mechanical harmonic oscillator Hamiltonian and holomorphic functions
on the complex Heisenberg group. The correspondence is induced by the Fourier-
Wigner transform and also by the Wigner transform itself. The former seems easier
to deal with. We will study only the Fourier-Wigner transform in this paper.

We are going to give functional analytic proofs in Section 9.1 and then reprove
some parts of the main theorem in Section 9.2 by use of the known explicit kernel
of the key integral operator.
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9.1. The main theorem.
Notation 9.1. The complex Heisenberg group is HS = C* with the group law
(21,22,23) - (21, 2, 25) = (21 + 21, 22 + 25, 23 + 25 + (1/2) (2125 — 222})) .
Let us observe here that if z; = x; + iy; then
212y — 2021 = [w12h — 2@y — (1Y — Y2u1)] + i[z1ys — yor) + yrah — T2y

Define vector fields by

X, =0/0x1 — (22/2)0/0x35 — (y2/2)0/0ys3
Xy = 0/0xy + (%1/2)0/0xs + (y1/2)0/dys
Y1 =0/0y1 + (y2/2)0/0xs — (x2/2)0/ys
Yo = 0/0y2 — (y1/2)0/0xs + (x1/2)0/ys

These are the left invariant vector fields which reduce at the origin to 9/dx1, etc.
We will use the sub-Laplacian given by

(9.1) A=X2 4 X24+V2+YE
Define the kernel p; on HS by the identity /4 = p; .

Notation 9.2. Let @ denote the operator of multiplication by = on L?(R) with
its natural domain of self-adjointness and let P denote the operator —id/dx with
its natural domain of self-adjointness. Denote by Hy the operator, (1/2) (P? + Q?)
with its natural domain of self-adjointness.

We will show in Lemma[9.4] that for any real numbers u and v the closure of the
operator (uP 4 vQ)|S(R) is self-adjoint. This is a very well known fact that goes
back at least to J.M. Cook [5, Theorem 10]. See also [39, Theorem X.41]. These
proofs show that these operators are essentially self-adjoint on any domain that
contains the Hermite functions. Nevertheless we will give a short self contained
proof in Lemma [9.4] because it comes right out of an identity that we will need
anyway. We will always interpret the sum uP + v@ as this self-adjoint operator.

The main theorem of this section is the following.

Theorem 9.3. Let s > 0. Suppose that f is in the domain of e*Ho. Then the
Fourier-Wigner transform

(9.2) W (u,v,w) := ™ (ei(“P+“Q)f, f) ;o u,v,w € R,

has a unique analytic continuation to an entire function W on C*. Moreover W is
in HI2(HE. ) if
tanh s 1
9.3 t< ————— = —(1—e"29).
(9:3) 2(1 + tanhs) 4( )

The proof depends on the following lemmas, of which the first is in part a precise
restatement of a well known identity (cf. (9.5 below) expressing the evolution of the
harmonic oscillator in the Heisenberg picture. It can be found in many elementary
books on quantum mechanics. See e.g. [I8, page 257].

Lemma 9.4 (Rotation in P, Q space). Let u and v be real, let r = (u? + v?)'/?
and let s > 0. Then uP + vQ is essentially self-adjoint on S and
(94) e#P++@e=Ho] = |20
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Proof: Since S = C°°(H,) we have, for any real number 6, e??#0S = S. There-
fore, since S is a core for Q it is also a core for Qe~*Ho and for e?HoQe=0Ho et
€ > 0 and note that range e~“© C S. Define an operator valued function of 6 by

T(0) := {eWHoe=<HoV{(Psin @ 4 Q cos §)e Mo {¢0Hog=cHoy,

Each of the three operators in braces is a bounded operator valued function of 6 and
each is differentiable with respect to 6 with the operator norm on the range. Using
the commutation relations [iHy, P] = —Q,[iHp,Q] = P on S (and therefore on
range e~ “H0) it is straightforward to compute that d7°(§)/df = 0 by a computation
which is easily justified, given the preceding information. Hence T'(8) = T'(0) for
all real #. That is,

e—eHoe—iOHo{P sin @ + Q cos 9}6i9H06—26H0 _ e—eHD Qe—2eHo
We may cancel the injective operator e 0 on the left and then multiply by e?*o
on the left and by e~“?Ho on the right to find

{Psinf + Qcosf}e 2o f = (i0HoQe=i0Ho o =2¢Ho ¢

for all f € L?(R) and all € > 0. Let g € L?(R) and insert f := (Hg+ 1)"!g into
this equality. Shift the factors (Ho+1)~! to the left of the factors e~2¢0. We may
then let € | 0 because the product to the left of the operator e=2¢0 on each side
of the equation is a bounded operator. Since any function f in S may be written
in the form f = (Hy + 1)~!g with g € L?(R), we have shown

(9.5) {Psinf + Qcosf} = e'¥HoQe10Ho

on S. Since S is a core for the selfadjoint operator on the right, {P sin 8 + @ cos 6}
is essentially self-adjoint on S and (9.5)) holds on the full domain of the closure of
Psinf + @ cos 6. The functional calculus now shows that

6T(P sin 0+Q cos 9)675H0 _ eeieHU rQe~1Ho e—sHo
6i9H0 eT‘QefieHoe*SHo

— eieHo erQeszoefiGHov
from which (9.4)) follows. Q.E.D.

Notation 9.5. The ground state (lowest eigenfunction) for the operator Hy is the
function ¥g(x) = 7=1/4¢=2"/2 The associated ground state transformation, [32}
page 71] and [6l, page 458], is defined as follows. Define the ground state measure
by y(dz) = 1o(x)2dz = 7=Y/2¢=*"dz. Under the unitary map U : f — f(z)/to(z)
from L?(R,dz) to L?*(R,~) the Hamiltonian Hy transforms to UHU ™! = N +
(1/2) where N is the Dirichlet form operator associated to the measure 7 by the
formula (N f,9)r2(y) = (1/2) [ f'(2)7 (x)d~y(x). Under the unitary transform U
the operator Q goes over to an operator Q := UQU ™!, which again consists of
multiplication by z (but on different functions).

Lemma 9.6 (Hypercontractive estimates). Let s > 0 and let r be real. Then
(96) ||€TQ675N||L2(7)—>L2(~/) < 6T2/2 tanhs'
Moreover

2
(9.7) le™@e™* 0| Ly L2y < €7 /21 Se TS/
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and

—s r2 anhs _—s
(9:8) e - F L
when r = (u? + v?)1/2.

Proof: Let f € L?(7) and let g = e~V f. Define p by the equation e2* = 2p— 1.
Then e~*¥ is a contraction from L?(y) to L??(v), [23]. [A change of variance and
a change to (1/2)V*V cancel.] So [|g|lap < ||f]l2- Let ¢ = p/(p — 1) = (tanhs)~'.
Then

le"?gll3 = /Remlg(x)Ide(x) < [1e*llllgll3, < e llqllf 13-
But [|e?*[|4 = [, €24 dy(z) = e(47)°/4. Hence [[€2" |, = 7. So
A A 2
ler@e™*N fll2 = [[e"gll2 < e /2 flla-

Returning now to Lebesgue measure, the inequality (9.7]) follows from because
UHoU™! = N + (1/2), while UeRU ™! = ¢"?. (9.8) now follows from (9.4) and

19.7). Q.E.D.
Lemma 9.7 (Taylor coefficient estimates). Suppose that ni,...,ns. are non-
negative integers with nq + - - + ng. = k. Then

(9.9) 1P Q"= - Q" f| < 282 (Ho + k)*/2 £

for all f € S(R). There is a constant C such that, for s > 0,
25\ k/2
(9.10) |P™MQne ... Qnere=sHo|| < cm(%) JEVA k>

Proof: We are going to give a proof here for the reader’s convenience. But
we want to emphasize that the machinery we will use is quite well known in the
literature of quantum field theory. See e.g. [39], Section X.6, Example 2 and also
[39], Section X.7.

Let a = (Q + iP)/v/2, interpreted as the closure of the actual sum. Then
a* = (Q — iP)/\/2 (closure of sum). Moreover S(R) is a core for both operators
and both leave S(R) invariant. Let M = a*a. Then M is a non-negative self-
adjoint operator with core S(R) and leaves S(R) invariant. One can easily verify
on S(R) the identities aa* = a*a+ 1, Hy = M + (1/2), Ma = a(M — 1) and
Ma* = a*(M +1).

Since Q = (a + a*)/v/2 and P = (a — a*)/iv/2 the product P" Q"2 --- Q"  is
a sum of products A; --- Ay with each A; = a or ¢* and with an overall factor of
27%/2 in magnitude. Hence the left side of (9.9) is at most 27%/23 || A1 - - A f||
where the sum is over all possible choices, A; = a or a*, for each j € {1,...,k}.

We may now use, on each of these 2¥ terms, the inequality

1AL ARl < (M + k)2

stated in [40, Problem 36, page 178] and proved in [39], Section X.7. This proves
(9.9).
In order to derive (9.10)) note first that the range of e~*0 € S(R) because S(R)
is exactly the set of C* vectors for Hy. Taking f = e *Hog in with ||g|| = 1,
the inequality (9.10) can be deduced from by observing that

1P Q"2 - Q" f| < 282 (Ho + k)" e g|| < 282 (Ho + k)*/2e=>Mo|],
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while
2k/2||(H0 + k_)k/Qe—sHOH < 2k/2 sup (u + k)k/Qe—s(u+k)€sk
u>1/2
< 2k/2€sk sup Uk/2€7sv
v>0
— 2k/263k(k/28)k/267k/2
- km(f)’“/z
es ’

since v*/2¢7% has a maximum on [0, 00) at v = k/(2s). Stirling’s formula, k*/2 ~

(KN)Y/2ek/2 /(27k) /4, now shows that
2X2 || (Ho + k)" 2e =10 | ~ (R)V2 (e /5)M? ) (2mk) /4
for large k. This proves ((9.10)). Q.E.D.

Lemma 9.8 (Convergence of power series). Let s > 0 and suppose that f €
D(e*fo). Then the power series expansion of e*F+22Q f in the two complex vari-
ables z1, zo converges absolutely. Moreover if zy and zo are both real then the sum
is e P+2Q f where the exponential is defined by the spectral theorem for the self-
adjoint operator z1 P+20Q. Similarly, if z1 = ib1 and zo = ibs are purely imaginary
then the sum is ¢! P+%2Q) f where the exponential is defined by the spectral theorem
for the self-adjoint operator by P + baQ).

Proof: We may assume that f = e~ *Hog with ||g|| = 1. Each term of the series
— (21P + 22Q)*
>
k=0

is well defined by Lemma [9.7] and has the form
k . .
(1/k) > 2l B f
§=0

where F; is a sum of (k) products of k factors of P and ) as in Lemma In
view of the estimate (9.10]) we find

2 i k—j : i k=i (F 2 (€NF2 1
107K S 5B 1 < U Y aab el (B iy 2 () i
=0

j=0
2s\ k/2
< (Jaa] + |z (k)20 (=) /R

Therefore the series converges absolutely.

In particular if z; and 2o are real then f is an analytic vector for the self-adjoint
operator z1 P + z0(). Hence the series converges to the exponential defined by
the spectral theorem. A similar observation applies to e/(®1F+%2Q) £ This proves
Lemma [9.8] Q.E.D.

Lemma 9.9 (Power series vs. spectral theorem). Let z1 = aj + b1, 20 = as + ibs.
Then, for s >0,

(9.11) ei(Z1P+Z2Q)esz0 — e(azbl7a162)/26i(a1P+a2Q)67(b1P+b2Q) eszg
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wherein the left side is defined as a power series as in Lemma[9.8 while the operators
on the right side are all defined by the spectral theorem.

Proof: Let f = e *fog. If uy, ug, 21, 22 are all real then the Weyl form of the
canonical commutation relations, cf. [II] [Equation (1.24)], imply
(9.12) ei((ul—l-Zl)P—‘r(uz—‘rZQ)Q)f — ei(ulzg—u221)/2€i(ulP+u2Q)ei(21P+22Q)f
Since e/(*1P+42Q) is ynitary, both sides of (9.12)) are analytic functions of z;,zy €
C2. Hence (9.12) holds for all complex z1, zo. Choose z; = iv; and zy = vy purely
imaginary. Then (9.12)) reduces to

ei((U1+iU1)P+(u2+iU2)Q)f — e(U2v1—v2u1)/2ei(U1P+uzQ)e—(v1P+v2Q)f
Q.E.D.

Lemma 9.10 (Operator bounds for complex exponents). For s > 0 and any two
complex numbers z; = a; + ib; we have the operator bound

(9.13) ||ei(Z1P+Z2Q)e*SH0 || < e(azblfalbz)/2e(\z1\2+|zz|2)/2tanh $0—5/2
Proof: If z; = a; +ib; for j = 1,2 then, by (9.11) and (9.8),
H(ei(zlp+22Q)678H() || — e(a2b17a1b2)/2||6i(a1P+a2Q)e*(b1P+b2Q)esz0 ||

— elazbi—a1b2)/2 ||e—(b1P+b2Q)e—SH0 H
< e(ale—albg)/Qe(bf+b§)/2 tanh 86_8/2.
Q.E.D.

Lemma 9.11 (Form bounds for complex exponents). If (z1,22) € C? and f is in
the domain of e*fo then

| (ei(zlP+22Q)f, f) | < emZ/(4tanhs)||€SH0f||26_S
where m? = |z1|? + |22|?.

Proof: Observe first that (e!(:17+22Q) ¢, f) = (e(i/2(:1P+2:Q) f o=(/2(21P+22Q) 1)
when 27 and 29 are real. Since both sides of this equality are holomorphic in z; and
z2, the equality holds for all z; and z3. Hence

| (ei(ZIPJrZZQ)f’ f) | < ||6(i/2)(21P+22Q)f||||e*(i/2)(51P+22Q)fH
< ||e(i/2)(21P+ZzQ)e—sHo||||e—(i/2)(21P+22Q)e—sHo||HesHofH2
< {e(a2b17a1b2)/8€m2/(8tanh s)efs/2||esHof||}'
{ef(agblfalbz)/86m2/(8tanh 5)675/2H63H0f|‘}

< em2/(4tanhs)e—sHesHofHQ

In the second from last line we have used (9.13)) twice, but with opposite signs for
the Q. QED
Proof: Consider the functions
0(z) = k(|21 + 2 + |, w(2) = e(2)V*
We will choose a number k > 0 later. Writing m? = |21|* + |22/, a computation
shows that

X1 = dkz1m?® — 2223 — Yoy3
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Xop = dkxom? + z123 + 113
Vi = dkyim® + yos — T2ys
Yo = dkyam? — y123 + 11y3
Another computation then shows that
Vo(2)? = m?[16k*m* + |z3]°].
If we choose k = 1/16 then we find
[Ve(2)]? = m?e

and therefore L[Vl
_ 1Vl . m
V| = 434 4p1/4

The intrinsic distance d is defined by
d(z,y) = sup{f(x) — f(y) : f € C"(Hy), [Vf| <1}.
Thus the distance, d(z), from the origin to (z1, 22, 2z3) satisfies
d(z) = 2 = 20274 (|ar]* + |22 + |28 "] = [(|21* + |22[*) + 16]z5 ]/
It follows that m? < d? (z) and 4|z3] < d? (2).
Now by Lemma [9.11

|W(Z1, Zg,Zg)' < e|Z3\em2/(4tanhs)||esHof||2e—s

<

N |

< edz(z) Lowanh esHo ”26—5
Hence
(9-14) W (21, 22, 23)|* < e () SR esHo f||4e=2s

By [54, Theorem IV.4.2], for any € > 0 there exists a finite constant C. such

that 2 (2
d* (z
<Ot — .
pe(2) < exp < 41+ 5)t>
Here the 4 in ¢t~ is 8/2 where 8 = 4 x 1+ 2 x 2 is the volume growth exponent of
HS. Moreover, for any 1 > 0,

t74/ e~ (2) g <A, < oo.
HY

Thus W belongs to L2(HS, p;) if 1/(4t) > Lttanhs  That js, if (9.3) holds then

2tanh s

W e L*(HS, p). Q.E.D.

Remark 9.12. In applying Theorem IV.4.2 of [54] a reader might notice that the
definition of the distance used there differs slightly from that given above. It is
however a well known fact that these definitions coincide, [34].

Theorem 9.13 (Insertion of Planck’s constant). Let h be a strictly positive real
number. Define P, = —ihD and let

1
(9.15) H=3 (P? + Q%)
If  is in the domain of 5™ then the function

(9.16) Wi (u, v, w) = e (ei(uPh-‘er)f’ f)
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on the real Heisenberg group Hs has a holomorphic extension to all of HS . More-
over, if

(9.17) t < (1—e 2" /(4h)
then the extension is in H N L2(HS , p;)

Proof: The scale transformation (Sf)(x) = h='/4f(2/h'/?) is a unitary oper-
ator on L?*(R) and one can compute easily that S~'P,S = h'/2P and S~'QS =
h'/2Q. Consequently S~*(uPj, + vQ)S = hY?(uP + vQ) and S~'HS = hH,.
Therefore

He(uPh—i-vQ)e—sH H — Hehl/Q(uP-l-vQ)e—shHo ”

2 2 _
< eh(|u\ +|v| )/Qtanhshe sh/2

The same argument leading to (9.14)) now gives
(9.18) [Wa (21,22, 28) > < PCTRTICE o fdem2e

Consequently W), € L2(HS, py) if 1/(4t) > h(Lttanhshy - Thag is | if (9.17) holds.
QE.D.

Remark 9.14. The artificial relation between ¢ and s should be attributed to
the fact that we are analytically continuing the Fourier-Wigner transform in
rather than the Wigner transform itself, [I1]. The Wigner transform will be studied
from the point of view of coherent states elsewhere. We expect a more perspicuous
relation between t and s in that case. An analytic continuation of the Wigner
transform has already been discussed in [35] using a description of the range space
which is not based on the heat kernel measure that we are using in this paper.

Remark 9.15. We might point out, however, that the condition suggests
some kind of “semiclassical limit”: as h | O the relation goes over to t < s/2.
On the other hand, keeping h fixed and letting s — oo, the relation goes
over to th < 1/4. This limit can be loosely interpreted to suggest that even for the
“most” regular functions f the Fourier-Wigner transform associated to Planck’s
constant h will be in H N L2(HS, p;) for only a bounded set of ¢, depending on h.
In this sense Theorem seems analogous to Theorem 4.6 in [25], according to
which, the matrix elements of an irreducible unitary representation of a compact
Lie group K have holomorphic extensions to the complexification of K lying in a
certain L? space over the complexification if and only if the Casimir operator for
the representation is appropriately related to the measure.

Remark 9.16. Extension of our results from the lowest dimensional Heisenberg
group to higher dimensional Heisenberg groups is routine. The relation between an-
alytic vectors for the harmonic oscillator Hamiltonian H and real analytic functions
was discussed systematically in E. Nelson’s paper [38]. Such a connection between
the domain of e*¥ and analytic functions was also discussed for Hamiltonians in
infinitely many variables in [22].

9.2. Alternative Proofs. Suppose f € D (e*H°) and let F := e*Hof € L*(R).
In this subsection we are going sketch an alternative proof to the fact that the
function,

V (u,v) = (ei(uP+vQ)f, f)
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has an extension to an analytic function on C? which satisfies the bounds in Lemma
We begin by using Mehler’s formula, see for example [47), p. 38], which shows
that f = e *HoF may be represented as

_ ]t 1 2 2 1
(9.19) f(2)= ZWSinhs/RGXP{ 2coths (= 4+w )—|—Sinhszw}F(w)dw.

It is now evident that f has an analytic continuation to the complex plane given
by the the right hand side of Eq. (9.19). Moreover, an application of the Cauchy
Schwarz inequality along with an explicit Gaussian integration shows,

1 1/4 22 Y2
9.20 ) < (| ——————— F —— tanh “—coths | .
( ) fetiw)s <47rsinhs~coshs> I ||2exp( 2 anh s+ 2 0 S)

According to Folland [IT], p. 30],

V(um):Aei”wf(x+u/2)f(x—u/2)dx.

Using this representation along with properties of f just described, it is easily seen
that V also has an analytic continuation to C? given by

V (21, 22) = /Reim/?f (z + 21/2) 2%/ 2 f (z — 7, /2)du.

Let z; = a;+ib;. Using the Cauchy Schwarz inequality and the translation invariance
of Lebesgue measure, we find

V()| < [0 (22| 20728 (- 21/2)|
2
(9.21) = He"”(')”f (-+ Z'51/2)H2
Another application of the bound in Eq. (9.20) along with an explicit Gaussian
integration, shows

1/2 2
1 2 571 2
4 < F ) coths/ —2x tanh s —bzxd
V(1 2)l < (47rsinhs~coshs) 111z e Re c v

1 2 Lcoths(b2+4b2
(9.22) = 75 Dals (b3+03)
This is the same bound appearing in Lemmaexcept that e™® has been replaced
by (2sinhs)™' > e,

We can improve on the estimate if we allow ourselves to use the hyper-
contractivity estimate in Lemma Indeed, it is simple to verify from Eq.
that

If (z + iy)| < e sy’ /2e=5Ho | P (z) V 2,y € R.

Using this estimate in Eq. (9.21)) along with the hyper-contractivity estimate in
Eq. (9.7) then shows

2 2 2
|V (21722)| < He—b2(~)/2f ( + ib1/2)H2 < e%l coth s e—b2(~)/26—sH0 ‘F‘H2

2 2
< et eothse T oothogs | |2 = ecoth e (HHE) e |

This is is precisely the estimate appearing in Lemma [9.11



(1]

=

9
[10]
(11]

(12]

(13]

14]

(15]

(16]

(17]
18]
(19]
20]

(21]

[22]

23]

SUBELLIPTIC HEAT KERNEL 51

REFERENCES

A. Ancona and J. C. Taylor, Some remarks on Widder’s theorem and uniqueness of isolated
singularities for parabolic equations, Partial differential equations with minimal smoothness
and applications (Chicago, IL, 1990), IMA Vol. Math. Appl., vol. 42, Springer, New York,
1992, pp. 15-23. MR MR1155849

V. Bargmann, On a Hilbert space of analytic functions and an associated integral transform,
Comm. Pure Appl. Math. 14 (1961), 187-214. MR 28 #486

N. Bourbaki, éléments de mathématique. Fasc. XXX VII. Groupes et algébres de Lie. Chapitre
1I: Algebres de Lie libres. Chapitre III: Groupes de Lie, Hermann, Paris, 1972, Actualités
Scientifiques et Industrielles, No. 1349. MR MRO0573068 (58 #28083a)

Matthew Cecil, The Taylor map on complex path groups, UCSD Ph.D. Thesis (2006).

J. M. Cook, The mathematics of second quantization, Trans. Amer. Math. Soc. 74 (1953),
222-245. MR MR0053784 (14,825h)

R. Courant and D. Hilbert, Methods of mathematical physics. Vol. I, Interscience Publishers,
Inc., New York, N.Y., 1953. MR MR0065391 (16,426a)

Bruce K. Driver, On the Kakutani-It6-Segal-Gross and Segal-Bargmann-Hall isomorphisms,
J. Funct. Anal. 133 (1995), no. 1, 69-128.

Bruce K. Driver and Leonard Gross, Hilbert spaces of holomorphic functions on complex Lie
groups, New trends in stochastic analysis (Charingworth, 1994), World Sci. Publishing, River
Edge, NJ, 1997, pp. 76-106. MR MR1654507 (2000h:46029)

V. Fock, Verallgemeinerung und lésung der diracschen statistischen gleichung, Zeits. f. Phys.
49 (1928), 339-357.

G. B. Folland and Elias M. Stein, Hardy spaces on homogeneous groups, Mathematical Notes,
vol. 28, Princeton University Press, Princeton, N.J., 1982. MR MR657581 (84h:43027)
Gerald B. Folland, Harmonic analysis in phase space, Annals of Mathematics Studies, vol.
122, Princeton University Press, Princeton, NJ, 1989. MR MR983366 (92k:22017)
Masatoshi Fukushima, Y&ichi Oshima, and Masayoshi Takeda, Dirichlet forms and symmet-
ric Markov processes, de Gruyter Studies in Mathematics, vol. 19, Walter de Gruyter & Co.,
Berlin, 1994. MR MR1303354 (96£:60126)

Roe W. Goodman, Nilpotent Lie groups: structure and applications to analysis, Springer-
Verlag, Berlin, 1976, Lecture Notes in Mathematics, Vol. 562. MR MR0442149 (56 #537)
V. V. Gorbatsevich, A. L. Onishchik, and E. B. Vinberg, Foundations of Lie theory and
Lie transformation groups, Springer-Verlag, Berlin, 1997, Translated from the Russian by A.
Kozlowski, Reprint of the 1993 translation [Lie groups and Lie algebras. I, Encyclopaedia
Math. Sci., 20, Springer, Berlin, 1993; MR1306737 (95£:22001)]. MR MR1631937 (99¢:22009)
Maria Gordina, Heat kernel analysis and Cameron-Martin subgroup for infinite dimensional
groups, J. Funct. Anal. 171 (2000), no. 1, 192-232. MR MR1742865 (2001g:60132)

, Holomorphic functions and the heat kernel measure on an infinite-dimensional
complex orthogonal group, Potential Anal. 12 (2000), no. 4, 325-357. MR MRI1771796
(2001h:60006)

, Taylor map on groups associated with a I1i-factor, Infin. Dimens. Anal. Quantum
Probab. Relat. Top. 5 (2002), no. 1, 93-111. MR MR1895231 (2003g:46076)

Kurt Gottfried, Quantum mechanics: fundamentals, first ed., Cambridge Tracts in Mathe-
matics, vol. 1, Benjamin, Reading, Mass., 1966.

A. A. Grigor'yan, Stochastically complete manifolds, Dokl. Akad. Nauk SSSR 290 (1986),
no. 3, 534-537. MR MR&60324 (88a:58209)

Mikhael Gromov, Carnot-Carathéodory spaces seen from within, Sub-Riemannian geometry,
Progr. Math., vol. 144, Birkh#user, Basel, 1996, pp. 79-323. MR MR1421823 (2000£:53034)
L. Gross, Heat kernel analysis on Lie groups, Stochastic analysis and related topics, VII
(Kusadasi, 1998), Progr. Probab., vol. 48, Birkhauser Boston, Boston, MA, 2001, pp. 1-58.
MR 2004a:58031

Leonard Gross, Analytic vectors for representations of the canonical commutation rela-
tions and mnondegeneracy of ground states, J. Functional Analysis 17 (1974), 104-111.
MR MRO0350498 (50 #2990)

, Logarithmic Sobolev inequalities, Amer. J. Math. 97 (1975), no. 4, 1061-1083.
MR MR0420249 (54 #8263)




52

[24]
[25]

[26]

27)

(28]

29]

(30]

(31]

(32]
33]

34]

(35]

(36]

37]

(38]

(39]

[40]

[41]

[42]

[43]

[44]

[45]

DRIVER, GROSS, AND SALOFF-COSTE

, Some norms on universal enveloping algebras, Canad. J. Math. 50 (1998), no. 2,
356-377. MR MR1618310 (2000b:17015)

, A local Peter-Weyl theorem, Trans. Amer. Math. Soc. 352 (2000), no. 1, 413-427.
MR MR1473442 (2000c:22007)

Leonard Gross and Paul Malliavin, Hall’s transform and the Segal-Bargmann map, 1t6’s sto-
chastic calculus and probability theory, Springer, Tokyo, 1996, pp. 73-116. MR MR1439519
(98j:22010)

Brian C. Hall, The Segal-Bargmann “coherent state” transform for compact Lie groups, J.
Funct. Anal. 122 (1994), no. 1, 103-151. MR MR1274586 (95¢:22020)

, Harmonic analysis with respect to heat kernel measure, Bull. Amer. Math. Soc.
(N.S.) 38 (2001), no. 1, 43-78 (electronic). MR MR1803077 (2002c:22015)

Lars Hormander, Hypoelliptic second order differential equations, Acta Math. 119 (1967),
147-171. MR MR0222474 (36 #5526)

, The analysis of linear partial differential operators. III, Grundlehren der Math-
ematischen Wissenschaften [Fundamental Principles of Mathematical Sciences|, vol. 274,
Springer-Verlag, Berlin, 1994, Pseudo-differential operators, Corrected reprint of the 1985
original. MR MR1313500 (95h:35255)

, The analysis of linear partial differential operators. I, Classics in Mathematics,
Springer-Verlag, Berlin, 2003, Distribution theory and Fourier analysis, Reprint of the second
(1990) edition [Springer, Berlin; MR1065993 (91m:35001a)]. MR MR1996773

C. G. J. Jacobi, Zur theorie der variations-rechnung und der differential-gleichungen,, J. fir
die reine und angewandte Mathematik von Crelle 17 (1837), 68-82.

David Jerison, The Poincaré inequality for vector fields satisfying Hérmander’s condition,
Duke Math. J. 53 (1986), no. 2, 503-523. MR MR850547 (87i:35027)

David Jerison and Antonio Sanchez-Calle, Subelliptic, second order differential operators,
Complex analysis, III (College Park, Md., 1985-86), Lecture Notes in Math., vol. 1277,
Springer, Berlin, 1987, pp. 46-77. MR MR922334 (89b:35021)

Bernhard Krotz, Sundaram Thangavelu, and Yuan Xu, The heat kernel transform for the
Heisenberg group, J. Funct. Anal. 225 (2005), no. 2, 301-336. MR MR2152501 (2006b:22008)
Richard Montgomery, A tour of subriemannian geometries, their geodesics and applications,
Mathematical Surveys and Monographs, vol. 91, American Mathematical Society, Providence,
RI, 2002. MR MR1867362 (2002m:53045)

Alexander Nagel, Elias M. Stein, and Stephen Wainger, Balls and metrics defined by vec-
tor fields. I. Basic properties, Acta Math. 155 (1985), no. 1-2, 103-147. MR MR793239
(86k:46049)

Edward Nelson, Analytic vectors, Ann. of Math. (2) 70 (1959), 572-615. MR MRO0107176
(21 #5901)

Michael Reed and Barry Simon, Methods of modern mathematical physics. II. Fourier anal-
ysis, self-adjointness, Academic Press [Harcourt Brace Jovanovich Publishers], New York,
1975. MR MR0493420 (58 #12429b)

, Methods of modern mathematical physics. I, second ed., Academic Press Inc. [Har-
court Brace Jovanovich Publishers], New York, 1980, Functional analysis. MR MR751959
(85€:46002)

Derek W. Robinson, Elliptic operators and Lie groups, Oxford Mathematical Monographs,
The Clarendon Press Oxford University Press, New York, 1991, Oxford Science Publications.
MR MR1144020 (92m:58133)

Linda Preiss Rothschild and E. M. Stein, Hypoelliptic differential operators and nilpotent
groups, Acta Math. 137 (1976), no. 3-4, 247-320. MR MR0436223 (55 #9171)

L. Saloff-Coste, Parabolic Harnack inequality for divergence-form second-order differential
operators, Potential Anal. 4 (1995), no. 4, 429-467, Potential theory and degenerate partial
differential operators (Parma). MR MR1354894 (96m:35031)

Laurent Saloff-Coste, Aspects of Sobolev-type inequalities, London Mathematical Society Lec-
ture Note Series, vol. 289, Cambridge University Press, Cambridge, 2002. MR MR1872526
(2003¢:46048)

I. E. Segal, Tensor algebras over Hilbert spaces. I, Trans. Amer. Math. Soc. 81 (1956), 106—
134. MR MR0076317 (17,880d)




[46]

SUBELLIPTIC HEAT KERNEL 53

, Mathematical characterization of the physical vacuum for a linear Bose-FEinstein
field. (Foundations of the dynamics of infinite systems. III), Illinois J. Math. 6 (1962), 500~
523. MR MR0143519 (26 #1075)

[47] Barry Simon, Functional integration and quantum physics, second ed., AMS Chelsea Pub-

lishing, Providence, RI, 2005. MR MR2105995 (2005{:81003)

[48] K. T. Sturm, Analysis on local Dirichlet spaces. III. The parabolic Harnack inequality, J.

Math. Pures Appl. (9) 75 (1996), no. 3, 273-297. MR MR1387522 (97k:31010)

[49] Karl-Theodor Sturm, Analysis on local Dirichlet spaces. I. Recurrence, conservativeness

[50]

[51]

and LP-Liouville properties, J. Reine Angew. Math. 456 (1994), 173-196. MR MR1301456
(95i:31003)

, On the geometry defined by Dirichlet forms, Seminar on Stochastic Analysis, Ran-
dom Fields and Applications (Ascona, 1993), Progr. Probab., vol. 36, Birkh&user, Basel, 1995,
pp. 231-242. MR MR1360279 (96§:31009)

, Is a diffusion process determined by its intrinsic metric?, Chaos Solitons Fractals 8
(1997), no. 11, 1855-1860. MR MR1477263 (98h:58203)

[52] E. C. Titchmarsh, The theory of functions, 2nd ed., Oxford University Press, New York,

1968.

[63] V. S. Varadarajan, Lie groups, Lie algebras, and their representations, Graduate Texts

in Mathematics, vol. 102, Springer-Verlag, New York, 1984, Reprint of the 1974 edition.
MR MR746308 (85e:22001)

[54] N. Th. Varopoulos, L. Saloff-Coste, and T. Coulhon, Analysis and geometry on groups, Cam-

bridge University Press, Cambridge, 1992. MR 95f:43008

DEPARTMENT OF MATHEMATICS, 0112, UNIVERSITY OF CALIFORNIA, SAN DIEGO, LA JOLLA,

CA 92093-0112

E-mail address: driver@euclid.ucsd.edu

DEPARTMENT OF MATHEMATICS, CORNELL UNIVERSITY,, ITHACA, NY 999999
E-mail address: gross@math.cornell.edu

DEPARTMENT OF MATHEMATICS, CORNELL UNIVERSITY,, ITHACA, NY 999999
E-mail address: 1sc@math.cornell.edu



	1. Introduction
	2. Hörmander's condition and nondegeneracy of norms
	3. The subelliptic heat kernel 
	4. The Taylor map
	5. Taylor expansion over complex nilpotent groups
	6. Power series along a curve in a Lie group
	6.1. The Frechét Tensor Algebra
	6.2. A Generalized Power Series
	6.3. Dependence of power series on the endpoint

	7. Reconstruction of f from its Taylor Coefficients
	7.1. Holomorphic Horizontal Coordinates and Paths
	7.2. Local Existence of f 
	7.3. Global Construction of f 

	8. Algebraic control of Jt0 and comparison of norms 
	8.1. Indirect control via the heat kernel
	8.2. Direct control: Heisenberg algebra

	9. The Fourier-Wigner transform and holomorphic functions.
	9.1. The main theorem.
	9.2. Alternative Proofs

	References

