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Abstract

We study the existence of “LP-type”gradient estimates for the heat kernel of the
natural hypoelliptic “Laplacian” on the real three-dimensional Heisenberg Lie group.
Using Malliavin calculus methods, we verify that these estimates hold in the case
p > 1. The gradient estimate for p = 2 implies a corresponding Poincaré inequality
for the heat kernel. The gradient estimate for p = 1 is still open; if proved, this
estimate would imply a logarithmic Sobolev inequality for the heat kernel.
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1 Introduction

1.1  Background

In the last twenty years or more, a fairly complete and very beautiful theory
has been developed applying to elliptic operators on Riemannian manifolds.
This theory relates properties of the solutions of elliptic and parabolic equa-
tions to properties of the Riemannian geometry. These geometric properties
are determined by the principal symbol of the underlying elliptic operator.

Email addresses: driver@math.ucsd.edu (Bruce K. Driver),
tmelcher@math.ucsd.edu (Tai Melcher).
I The first author was supported in part by NSF Grants 99-71036 and DMS
0202939.
2 The second author was supported in part by NSF Grants 99-71036 and DMS
0202939.

To appear in

Journal of Functional Analysis 24 June 2004



driver
Text Box
             To appear in 


The following theorem (see for example [2]) is a typical example of the type
of result we have in mind here.

Theorem 1.1 Suppose (M, g) is a complete Riemannian manifold, and V
and A are the gradient and Laplace-Beltrami operators acting on C*(M). Let

|v| :== /g (v,v) for all v € TM, Ric denote the Ricci curvature tensor, and k
denote a constant. Then the following are equivalent:

(1) Ric(V [,V f) > =2k|Vf|?, for all f € C=(M),

(2) |VetB2f| < eFtetA2 |V f| | for all f € C(M) and t > 0,

(3) |[Ve22f|2 < e2tetD2 |7 f2 ) for all f € C°(M) and t > 0,

(4) there is a function K(t) > 0 such that K(0) =1, K(0) ezists, and

Ve 2P < K(t)e ™ [V 17, (1.1)
forall f € CX(M) and t > 0.

Estimates like (1)—(4) are also equivalent to one parameter families of Poincaré
and logarithmic Sobolev estimates for the heat kernel. The latter has impli-
cations for hypercontractivity of an associated semigroup; see Gross [8]. Also,
in [1], Auscher, Coulhon, Duong, and Hofmann study inequalities of the form

2P < Cet VP,

where C' and ¢ are positive constants, along with their relation to the Riesz
transform on manifolds.

As a simple illustration of this theorem, consider the manifold M = R? with
vector fields
0 0 0

633:%7 ay:@7 andazza.

Let V and A be the standard gradient and Laplacian on R?;

V = (0:,0,,0.) and A = 92 + 0, + 02.

In this case e’2/? is convolution by the probability density
1 1 2
— —a7lelzs
P (X) = € 2t7R3,
¢ (z) (27rt)3/ 2
and
Veld2f = A2y ], (1.2)

for all f € C}(R?), as follows from basic properties of convolutions; more
abstractly, this follows from the commutativity of the Euclidean gradient and
Laplacian. Equation (1.2) and an application of Holder’s inequality then imply
that

vera2f | <[22V £ < e v g,



for all f € C}(R?), where |V f]| := \/(E)xf)2 + (0, 1)+ (0.1)%.

This paper is a first step toward extending Theorem 1.1 to hypoelliptic oper-
ators of the form

L=> X7, (1.3)
=1

where {X;};", is a collection of smooth vector fields on M satisfying the
Hormander bracket condition. Recall that the Hormander bracket condition
is the assumption

T M = span ({X(m) : X € L}), Yme M,
where L is the Lie algebra of vector fields generated by the collection {X;}! ;.

By a celebrated theorem of Hormander, L is hypoelliptic; however, the op-
erator need not be elliptic. The principal symbol of L at £ € T M is given
by o, (§) = X0, [€ (X;(m))]*>. By definition, the operator L is degenerate at
points m € M where there exists 0 # £ € T M such that o7 () = 0. At
points of degeneracy of L, the Ricci tensor is not well defined and should be
interpreted to take the value —oo in some directions. Hence it is not possible
to directly generalize Theorem 1.1 in this setting. Nevertheless it is reasonable
to ask if inequalities of the form (1.1) might still hold. More precisely, we let
V = (X, ..., X,) and address the following question: do functions K, () < oo
exist such that

Ve 2 fP < Ky 2 VAP, pe1,00),
for all f € C°(M) and t > 07

In this paper, we give an affirmative answer to this question for p > 1 in the
model case of the Heisenberg Lie group; the case p = 1 remains open. Let
M = G be R? equipped with the Heisenberg group operation given in Eq.
(2.1). In this setting, we take L = X2 + Y2 where X and Y are the vector
fields

1 ~ 1
X =0, — iyaz and Y := 0, + 5:1582. (1.4)

We restrict to this simple case because the basic ideas can already be seen here
without the added geometric complications appearing in more general formu-
lations. However, much of the theory generalizes to certain classes of vector
fields {X;}; , satisfying the Hormander bracket condition on more general
manifolds. These results will appear in forthcoming papers; see [17].



1.2 Statement of Results

Notation 1.2 Let C3°(G) denote those functions f € C*(G) such that f and
all its partial derivatives have at most polynomial growth.

Definition 1.3 The left invariant gradient on G = R? is the operator
V- (X7
The subLaplacian is . .
L=X*+Y?
and we let P, = e be the semigroup associated to L. Finally, py(g) =

Pido(g) = et™/?6y(g) denotes the fundamental solution associated to L, so that
for f € C(G),

tL)2

Pif9) =pix £(9) = [ flgh)pi(h) dh.

where dh denotes right Haar measure and gh is computed relative to the
Heisenberg group multiplication in Eq. (2.1) below.

Remark 1.4 Since {X,Y/} generates the tangent space at all points of G,
Hérmander’s theorem [9] implies that L is a hypoelliptic operator. Also Malli-
avin’s techniques show p, is a smooth positive function on R3; see Section 3.
In this simple setting, an explicit formula for p,(g) is

1 w 1 s wt .
- R ) I
p:(9) 82 /R o <%t> exp( 4|93| w Co 5 ) )¢ dw (1.5)

where g = (z,y,2) € G and T = (x,y); see for example [20].

Notation 1.5 For all p € [1,00) and t > 0, let K, (t) be the best function
such that
IVEfI” < Ky (1) PV, (1.6)

for all f € C*(G).

Theorem 1.6 For all p € (1,00), K,(t) is independent of t, and K,(t) =
K, < 0o. Moreover, K, > 1 for all p € [1,00).

Closely related results appear in Kusuoka and Stroock [15]. In particular,
Theorem 2.18 of [15] states that for all p € (1, 00) there exist finite constants
C, such that

IVEIP < Cot PR fPP,

for all smooth, bounded functions f with bounded derivatives of all orders
and t > 0.



Section 2 justifies the choice of vector fields made here, a choice which corre-
sponds to left invariant vector fields on R? under the Heisenberg group opera-
tion. We show that the left invariance of the vector fields leaves the inequality
(1.6) translation invariant. Certain scaling arguments imply that the constants
K, are also independent of the ¢t parameter. We also show that K, > v/2 when
1 < p <2 and, in general, that K, > 1. Note that at ¢ = 0 the inequality is
an empty statement and certainly holds for constant 1. So unlike the elliptic
case where K, (t) is continuous at ¢t = 0, there is now a jump discontinuity in
K, (t) at t = 0. Independence of the K, with respect to ¢t does not generalize
to all Lie groups; however, the discontinuity of K, (t) at ¢ = 0 should be a
feature which persists in the general hypoelliptic setting.

Section 3 briefly reviews some infinite dimensional calculus on Wiener space
necessary for the proof of Theorem 1.6. The heat kernel p; (¢g) dg is the distri-
bution in ¢ of the process ¢ satisfying Eq. (3.1). Using this representation of
Py, we may transform our finite dimensional problem to a problem on Wiener
space, where we then may apply Malliavin’s probabilistic techniques on prov-
ing hypoellipticity. The advantage of the infinite dimensional Wiener space
representation of p; (¢g) dg over that in Eq. (1.5) is that it no longer involves
an oscillatory integral.

Section 4 restates Theorem 1.6 and gives its proof and the proof that this
result implies the following Poincaré inequality.

Theorem 1.7 Let Ky be the constant in Theorem 1.6 for p = 2. Then
Pif?(0) — (Pof)*(0) < Kot PV f|*(0),
forall f € C*(G) and t > 0.

Finally, Section 4.2 shows that our method can not, without modification, be
used to prove K; < oo.

2 Real 3-dimensional Heisenberg Lie group

2.1 Realization of the Heisenberg Lie group

Recall that the real Heisenberg Lie algebra is g = span{X,Y, Z} where Z =
[X,Y] and Z is in the center of g. Thus, g := span{X, Y} is a hypoelliptic
subspace of g; that is, the Lie algebra generated by go is g. The Heisenberg

group G is the simply connected real Lie group such that Lie(G) = g. Letting
A=aX+bY +cZ and A = ' X +VY + Z, we have by the Baker-Campbell-



Hausdorff formula that

’ /1 ’
e — ATA AN

Thus we may realize G as R? with the following group multiplication

1
(a,b,c)(d bV, )= (a+d b+¥b,c+ + i(ab’ —ad'b)). (2.1)
2.2 Differential operators on G

Notation 2.1 Given an element A € g, let A denote the left invariant vector
field on G such that A(0) = A. A will denote the right invariant vector field
associated to A.

Now let X = (1,0,0), Y = (0,1,0), and Z = (0,0,1) at the identity 0 € G.
We extend these to left invariant vector fields on G in the standard way. For
g=(a,b,c) € G, let L, denote left translation by g, and compute as follows:

~ d
X(a,b,¢) = Ligpop X = —
<a7 ’C) (,b,) dt

d

ot

(a,b,¢)(t,0,0)

1 1
t.b,c— =bt) = (1,0, —=b).
(a+t,b,c 2) (1,0, 2)

0

So if (z,y, z) are the standard coordinates on G = R3, for f € C1(G),
1 of

_ Lot

flg-tX) e (9) 595, (9)-

0

(XNo) =4

Performing similar computations for Y and Z, we then have

1 ~ 1 -~
Xz@x—§yf)z, Yzﬁy—l—ix(?z, and [X,Y]| =27 =0,;

compare with Eq. (1.4). Note then that {X, Y, Z} forms a basis for the tangent
space at every point of G. This combined with [X,Y] = Z implies that {X, Y}
satisfies the Hormander bracket condition. One may also show that the right
invariant vector fields associated to X, Y, and Z are given by

. 1 . 1 N .
X:@x+§yaz, Y:ay_5x827 and [X’Y] =7 = _az-

Remark 2.2 The right invariant vector fields associated to X and'Y may be
expressed as the following linear combinations,

X=X+yZ andY =Y —zZ.

We will need the following straightforward results.



Lemma 2.3 By the left invariance of V and P, the inequality (1.6) holds for
allg € G, f € C*(G), and t > 0, if and only if,

IVEfP(0) < Ky(H) BV f[7(0), (2.2)
forall f € C*(G) and t > 0.

Proof. If the inequality (2.2) holds, then

VP fP(9) = (VRS )OL P(0) = |V(P.f o Ly)[P(0)
= |[V(Pi(f o Ly))[P(0) < K,(t) PV (f o Lg)|P(0)
= Kp(t)P[(V [) o Ly["(0) = K (t) |V f[” 0 Ly(0)
= K,() PV [|P(9)-
The converse is trivial. [ |

Lemma 2.4 For A € g,
APF(0) = PLAF(0),
for all f € C*(G) and t > 0. More generally,
AP.f = PAf,
from which the previous equation follows, since A=A ato.

Proof. Heuristically, we know that [A, B] = 0 for all B € g, so that [4, L] = 0,
and thus [A, e'*/?] = 0. Consider

ARSO) = 3| B

(e“‘g)pi(g) dg

G de 0
= /G Af(9)pi(g) dg = PAS(0).

To differentiate under the integral, we have used the translation invariance of
Haar measure (which is Lebesgue measure on R3) and the heat kernel bound

pi(g) < Ot 27" 9)/Ct
where p(g) > C'(|z| + |y| + |2|*/?) is the Carnot-Carathéodory distance on G,

and C' and C" are some positive constants; see Theorem 5.4.3 in [19] and page
27 of [4]. u



2.3 Dilations on G

Definition 2.5 A family of dilations on a Lie algebra g is a family of algebra
automorphisms {¢, }r~o on g of the form ¢, = exp(Wlogr), where W is a
diagonalizable linear operator on g with positive eigenvalues.

Solet r > 0 and ¢ = (z,y,2), and define ¢, : G — G by ¢é.(z,y,z) =
(rz,ry,r?z). Notice that

1
or((a,by0) - (2,9, 2)) = ¢r((a + 2,0+ y, e+ 2 + S(ay — ab))
2
= ¢.((ra+ra,rb+ry,rc+riz + %(ay — b))

= ¢T(a7 bv C)¢T($, Y, Z)

Thus ¢, is in fact an isomorphism of GG. The generator W of ¢, is given by,

d
W(xayaz> = % gbr(x,y,z) - (%y’ 22)(z,y,z)
r=1

= 20, + Y0, + 220,
-1 -1 . . .
:a:<X—|—2y83>+y<Y—2x82)+2z8Z:xX+yY—|—2,zZ.

Using X (g) = g (¢,0,0) and

~ d
GraX © ¢;1(g) = dt

or (¢ (071(9))),

along with similar formulas involving Y, one shows
X 0ot =rX and ¢,,Y ot =7Y. (2.3)
The equations in (2.3) are equivalent to
X(fog,) =r(Xf)o¢, and Y(fog,) =r(Yf)od,.
Therefore,

V(fo¢n)
L(fo¢r)

(Vf)o o, (2.4)
2(Lf) o ¢y, and

I
<3



Also, from Eq. (1.5), for g = (z,v, 2),

1 w 1 9 wr?t wz
pr2e(g) = 87T2/Rsinh W%) exp (—4]:6\ wcoth( 5 )) e dw

2

1 1 t .
= / d exp (—2|f|2w coth (w)) "I 2y
8m4 JR r2 sinh (wt) 4r 2

=17 (pr o pr-1)(9) (2.5)

through the change of variables w +— r~2w. Thus,

auw¢»<»1/qoaxwmu Yah = [ (6,(0)on(h)pulh) dh
_/f¢r h ¢r 1( ) _4dh:‘/Gf ¢7‘g pr2t(h>dh
= (Paf 0 60)(0)
that is,
P(fog,) = etL/Q(f opy) = (GTQtL/zf) o ¢r = (P2 f) 0 ¢y (2.6)

For a more general exposition on Lie groups which admit dilations, see [6].
The above remarks lead to the following proposition.

Proposition 2.6 If K, is the best constant such that
yvplf|p S Kppl|vf|pa

for all f € C*(G), then K,(t) = K, for allt > 0, where K(t) is the function
introduced in Notation 1.5.

Proof. By Egs. (2.4) and (2.6),

IVE(f o dp1r2)lP = [VI(PLf) 0 ] l? = 12V PLf) 0 6o
< Kpr P2 (PV ) 0 §poae = Kpr PP (VP 0 ar2)
= KB ([Vfod-2)).
Replacing f by f o ¢,1/2 in the above computation proves the assertion. More-

over, reversing the above argument shows that |VP,f|? < K,P,|V f|? implies
that |VP1f|p < KpP1|Vf|p |

2.4 The constant K, > 1

Proposition 2.7 For p € [1,00), let K, be the best constant such that

IVEfIP < KBV P (2.7)



forall f € C*(G) andt > 0. Then K, > 1. In particular, Ky > 2.

Proof. First consider the case p = 2k for some positive integer k, and suppose
the constant K5, = 1. Then

IVEf|?* < BV,
for all t > 0, and |Vf|* = |[VPf|** = Py|Vf|** = |V f|**, together would
imply that

1
HYFPEDYs Vs = & PV = SLIVS. (29

0

d
PfI*F < —
OIV tf| _dt

We now show that the function f(x,y,2) = = + yz violates this inequality.
Note that

Y Y z+3z-y 2

VLf;((l)), Vf-VLf:;(l—;y-y), and |Vf]2(0) = 1.

Hence,
k
(KIVfPEDVF - VLE) (0) = 3 (2.9)
On the other hand,

Lo (9) = ¢ (9) Ly +¢" (9) [Val®,
and so setting ¢ (t) = t* and g = |V f|* gives
LIV = B[V fPEDLIV P 4 k (k= 1) VA2 |0 972
From the above,

1.2 __ 1
‘V|Vf|2‘2 _ Yz +5xy 29(224‘1’9)
=2y +y* + w2z + 322%y + S (22 + ay)

2

Y

and hence

vIvsP (0) =0,
while (L |Vf|2) (0) = —2. Therefore

(ZIVF*) (0) = —k. (2.10)

N |

10



Inserting the results of Eqgs. (2.9) and (2.10) into Eq. (2.8) would imply that
% < —k, which is absurd. Thus, K5, > 1 for any positive integer k.

For any p € [1,00), there is some integer k such that p < 2k. Thus,

VP, f|2F = <|vptf|p)2k/p
< Kik/p (pt|Vf’p)2k/p < Kik/ppt|vf|2k. (2.11)
Since Ky is the optimal constant for which (2.11) holds and Ky > 1,
1< Koy < KZFP
implies that K, > 1.

We now quantify this estimate this estimate for p = 2. Since

VP, F|? VP, fl|?
Ky= sup %(0) > | th
Fecx(G) PV F]| RV

(0) =: C(t),

where f(z,y,z) = x+yz, it follows that Ky > sup,., C (t). To finish the proof
we compute C' () explicitly. Observe that P;, when acting on polynomials, may
be computed using

© 1 /tL\" t 1 ¢
P = ethr2 = () LY S R
B Zn! 9 tobk gyt

n=1

We then have

t t 1+4) -3y
Pf=f+-Lf=(x+y2)+ -2, VPf= ( 2) 2y , and
2 2 z+%x-y
£ 1 ,)\? 1 \?
et (1) 36) s (-+3)
VP, f| +5) =5 ) (25
1 1 t t?
(1,2 to4 2 422 Yo _ 2 v
—<1 y+4y +z ~|—asyz+4xy>~|—2(2 y)~|—8 2.
Also, from before,
_ 1.
V= Yy 7
z—i—%x-y

and so

1 1
IVF>=1—-4*+ Zy4 + 2% + ayz + Zx2y2,
LIVf|* = =2 + 3y® + 22°, and

L*IVf|> =446 = 10.

11



Thus,

t 12 5
PIVSP(0) = [VFP(0) + SLIVSPO) + SIAVP0) = 1— 1+ 22
and .
VP fI?(0) =1+t + Zt?
We can find the maximum value of
1+t + L2
Cl) = T
1—t+ 242

for t > 0 by taking derivatives in ¢ to show that C (¢) takes on maximum value
2att=2. n
3

3 Infinite dimensional calculus

Let (W(R?),F,u) denote classical two-dimensional Wiener space. That is,
W = W(R?) is the space of continuous paths w : [0,1] — R? such that
w(0) = 0, equipped with the supremum norm

= t
ol = ma [w(),

1 is standard Wiener measure, and F is the completion of the Borel o-field
on W with respect to p. (W, ] - ||) is a Banach space. By definition of u, the

process
b (w) = (b} (), 4] () =

is a two-dimensional Brownian motion. For those w € W which are absolutely

continuous, let

E@yzéﬁmgﬁw

denote the energy of w. The Cameron-Martin Hilbert space is the space of
finite energy paths,

H' = H'(R?) := {w € W(R?) : w is absolutely continuous and F(w) < oo},
equipped with the inner product
mwmu:A%@yM@@,Vh¢eHP
We may identify the Cameron-Martin space with H = L?([0,1],R?) in the

obvious way .
heH' v heH.

12



In this way, the spaces are isomorphic, and in the sequel, we make this iden-
tification without further comment.

To define a notion of differentiation for functions on W, let B = {B(h),h € H}
be the process given by

B(h) = /01 h(t) - db;.

B is an isonormal Gaussian process associated to the Hilbert space H. Denote
by S the class of smooth Wiener functionals; that is, random variables F :
W — R such that

F = f(B(hy),...,B(hy)),
for some n > 1, hy,- -+, h, € H, and function f € C;°(R").

Definition 3.1 The derivative of a smooth functional F' € S is the random
process defined by

D,F = Zaf (h1), ..., B(ha))ha(t).

Iterations of the derivative for smooth functionals F' are given by

F:Dtl"'Dt F,

k

and are measurable functions defined almost everywhere on [0, 1] x W. We will
denote the domain of D* in LP([0,1]* x W) by D*P, which is the completion
of the family of smooth Wiener functionals & with respect to the seminorm
| - |lep on S defined by

1/p

k
[Fllkp = [E(FP) + Y E(ID F[720.15)
j=1

Let
-n o
p=1lk>1
One may generalize these Sobolev spaces to Hilbert-valued functions, again,

given an appropriate notion of differentiation. So let Sy be the set of H-valued
Wiener functions of the form

= Zthj, hje H F;eSs.
j=1
Define D*F = i D¥F; @ h; for k > 1. Then, as in the Euclidean case, we

13



may define the seminorm

k 1/p
[ E g, rr = |EUFE) + X END Fll2015,m)

=1

on Sy for any p > 1, and let D*P(H) be the completion of Sy in the norm
I [l p.zr, and

D(H) = () () D (H).

p21k>1

Definition 3.2 Let D* denote the adjoint of the derivative operator D, which
has domain in L*(W x [0,1]) consisting of functions G such that

[E[(DF,G)ull < ClIFl[ L2,

for all F € DY2, where C is a constant depending on G. For those functions
G in the domain of D*, D*G is the element of L*(u) such that

E[FD*G] = E[(DF, G) ).

It is known that D is a continuous operator from D> to D*(H), and similarly,
D* is continuous from D*°(H) to D*; see for example Proposition 1.5.4 from
Nualart [18]. For a more complete exposition of the above definitions, we refer
the reader to [5,10,11,12,13,14,16,18,20] and references contained therein.

3.1 The Stochastic Differential Equation

Let £ : [0,1] x W — G denote the solution to the Stratonovich stochastic
differential equation

d& = Lg,o X 0 db} + Le,.Y o db}
= X(&) odb! +Y (&) o db? (3.1)
S =0.

Remark 3.3 Since X and Y have smooth coefficients with bounded partial
derwatives, Theorem 2.2.2 in Nualart [18] implies that £ € D>, fori=1,2,3
and all t € ]0,1].

14



Because G is a nilpotent Lie group, we may determine an explicit solution of
the given SDE.

1 0
=] 0 |odbf+| 1 |odb;.
=3¢ 3

Thus,
1 1
d¢} = db), d€? =db?, and  dE} = —iﬁf o db; + 553 o db?,

and one may verify directly that

1 t
&= (0185 [ [ohae? — o2 and)) (3.2)

satisfies the required SDE. Note that the third component of £ may be recog-
nized as Lévy’s stochastic area integral.

From Section 3.9 in Gihman and Skorohod [7] and Theorem 1.22 in Bell [3], the
solution & = (&1, €2, €3) is a time homogenous Markov process, and P, = et/
with L = X2 + Y2 is the associated Markov diffusion semigroup to &; that
is, v = (&)« = pi(g) dg is the density of the transition probability of the
diffusion process &;, and

(P.f)(0) = E[f(&)], (3.3)

for any f € C3°(G), where the right hand side is expectation conditioned on
§o =0.

Proposition 3.4 The Malliavin covariance matriz of &

= ((Dg, DE)n)

1<i,j<3

1s invertible a.s. fort >0, and

(deto)™ € ) LP(u ().

p>1

This statement follows from the proof of Theorem 2.3.3 in Nualart [18] which
relies on satisfaction of the Hormander bracket condition, Lie{X,Y} = g.

Remark 3.5 By the general theory, Proposition 3.4 implies v, = Law(&) is
a smooth measure; see for example Theorem 2.12 and Remark 2.13 in Bell [3].

15



3.2 Lifted vector fields and their L?-adjoints

Given A € g, let gll be the ™ component of the left invariant vector field A,
hence A = (A", A*, A%). In particular, we are interested in the vector fields
X(z,y,2) = (1,0, —%y) and Y(z,y,2) = (0,1, 293) We define the “lifted vector
field” A of A as 5
A=A"= Y o A (&)DE € H, (3.4)
ij=1
acting on functions ' € D'? by

AF = (DF,A)y.

Remark 3.6 Recall that D is a continuous operator from D> to D*(H).
Thus, Remark 3.3 implies that A1(&,) € D> and DE € D¥(H), for all t €
0,1]. So 0,5 € D> fori,j =1,2,3, and this along with Proposition 3.4 implies
that o;;' € D*. Hence, A € D*(H).

Proposition 3.7 For all f € C3°(G), A[f(&)] = (Af)(&).
Proof. For any function f € C3°(G), f(&) € D> and

3.0
1= 5l @) et

k=1

see Proposition 1.2.3 from Nualart [18]. Then using Eq. (3.4) and the definition
of the Malliavin matrix o, we have

A[f(ft)] = (Df(ft)aA)H

. 3 af =1 AJ
= (axk(&)%’ 74 (&)DSJ

i,5,k=1 H
3 e .

- Y Ae)l ) (pe pg) o
ij k=1
50D 3 9

-y AJ(@)J(@)% > W6 2L @) = Ane)
k=1 k o

as desired. .

Definition 3.8 For a vector field A acting on functions of W, we will denote
the adjoint of A in the L*(p) inner product by A*, which has domain in L*(u)
consisting of functions G such that

[E[(AF)G]| < C||F]|

(1)
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for all F € D2, for some constant C. For functions G in the domain of A*,
E[F(A°G) = E[(AF)G],
for all F € D2,
Note that for any F € D2,
E[AF] =E[(DF,A)y| = E[FD*A].

Thus, we must have that A* = A*1 = D*A a.s. Recall that D* is a continuous
operator from D*°(H) into D*>°. Thus, for A a vector field on W as defined in
Eq. (3.4), Remark 3.6 implies that

3
D*A =" D*(0;;' A (&)DE)) € D™.
ij=1
Thus we have the following proposition.

Proposition 3.9 Let A be a left invariant vector field on G with lifted vector
field A on W as defined by Eq. (3.4). Then A*, the L*(u)-adjoint of A, is an
element of D*°.

4 Heat kernel inequalities
4.1 An LP-type gradient estimate (p > 1) and a Poincaré inequality

Theorem 4.1 For allp > 1,
VPP < KBV fIP, (4.1)
for all f € C*(G) and t > 0, where

}p/2 < 00,

Ky o= 204 276 [|X6 g + 1K€ g
with X* the adjoint of the lifted vector field X as in Eq. (8.4) witht =1, and
q= ;-

Proof. By Proposition 2.6, we know the constants K, are independent of ¢.
Also, Lemma 2.3 states that the inequality is translation invariant. Thus, the
proof is reduced to verifying the inequality at the identity for ¢ = 1; that is,
we must find finite constants K, such that

VP fIP(0) < K, PV fP(0), (4.2)

17



for all f € C3°(G). So applying Remark 2.2 and Lemma 2.4, consider

XPif(0) = PLXf(0)
= Pi(X +yZ)f(0) = P(X£)(0) + Pi(yZ£)(0).

Similarly, ) ) 3
Y P f(0) =P(Y f)(0) = Pi(zZ f)(0).
Thus,
VP fIP(0) = |V f+ Py (( Y ) Zf) (0)
< (PNf + [P (( ’ ) Zf) ) (0)
< or/a (PNfIP(O) + |P1 (( y ) Zf) <0)) , o (43)
where

p

(0) = [P (WZ[)(0) + | Pr(xZ f)[*(0)"?

(1))

the conjugate exponent to p. Let F'
XY —YX. By Eq. (3.3),

and q = Ll 1S = (Fl,FQ,Fg) = fl and
recall that Z =
Pi(yZf)(0) = Pi(yXY f)(0) — Pi(yY X f)(0)
= B[R (XY f)(F)] — E[FR(Y X f)(F)]
= E[BX((Y f)(F))] = E[RY (X f)(F))]
=EX*Fy- (Yf)(F)] - E[Y*Fy - (X f)(F)], (4.4)

where X and Y are the lifted vector fields of X and Y, as in Eq. (3.4), with

t = 1. Hence,

[Py Z)(0) < (|E[X"F -~(57f)(F)]| + [E[Y"Fy - ( NF
< 2AEXFy - (Y ) (F)]P + [E[Y F - (X[)(F)

< 2[(E[X* B [)Y4(PY fP)*P(0) + (E[Y"F|%)

)?
2) )
[1(PX FI7)2/(0)]

)]
J

by Holder’s inequality. Similarly,

2(0) < 2[(EIX*F1|7)29(PY £17)*7(0) )
+ (EIY* R |97 (PX fP)*7(0)):

|Pi(zZf)

18



Combining this with Eq. (4.3), we have

VRP(0) < zp/q(ww (0) + [2(B[X" BoJr)2/a(Py|Y f7)2(0)

)
+ 2(E[Y" B |*)1(Py X f|7)*/7(0)
+ 2(E[X R (AY fI7)*7(0)

FABIY EI L0
<2 P91 0)
+ 2 [(RIXFP PO (Y 7)Y + EY )]

HBIT PP OEX R+ X Bl )

where we use Holder’s inequality and that p;(g) dg is a probability measure
to get

[PV fIP(0) < PV fP(0).
So let
C, = (E|X* ")/ + (E|X*F| 7)1,

or equivalently by symmetry,
Cp = (E[Y R[4 + (E[Y " F|)*/1.

Note that C), is a finite constant for all p > 1 by Holder’s inequality, Remark
3.3, and Proposition 3.9, since

A*F = D*(FA)
for any vector field A on W and F' € D>. Thus,

IVASP(0) < IRV 70) + R EPIX f17P7(0) + (BT 1) (O]
< (2 20T PV O)

which proves Eq. (4.2), and hence, the theorem. |

Theorem 4.2 (Poincaré Inequality) Let Ky be the constant in Eq. (4.1)
for p =2 and p,(g) dg be the Heisenberg group heat kernel. Then

/R3 F*(9)pi(9) dg — (/Rg f(9)pi(9) d9)2 < Kot /RS IV f*(9)p:(9) dg.

forall f € CX(G) and t > 0.
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Proof. Let Fi(g) = (P,f)(g). Then

d 1
dfPt,SFSQ — Ptfs <—2LFS2 + FSLFS) - —Pt,S‘VFSP.
S

Integrating this equation on ¢ implies that
t t
P = (P = [ PuVEPds = [ P VPSR ds
0 0
t
< Kg/ P PV f|*ds
0

t
- KQ/ PIV2ds = Kst BV f]2,
0

wherein we have made use of Theorem 4.1. Evaluating the above at 0 gives
the desired result. ]

4.2 Method fails for the p =1 case

In this section, we show that the argument in the proof of Theorem 4.1 can
not be used to prove the inequality (4.1) for p = 1.

Proposition 4.3 Let F = (Fy, Fy, F3) :=&;. Then
X F || ooy + [IX7F2 | oo (uy = 00 (4.5)
Proof. Let o (F') denote the o — algebra generated by F' : W — G and p,(g) dg
denote the Heisenberg group heat kernel. Then for f € C! (R?)
EX*Ff(F)] = E[F(Xf)(F)] = Py(2X £)(0)
= [ «Xf(opi(9)dg
=~ [ 19X (pi(g)) dg

_ _/Gf(g)(1+x)21np1(g))p1(g) dg
= —E[f(F)(1 42X Inp)(F)],

where in the third line we have applied standard integration by parts. Conse-
quently, we have shown

E[X*Fi|o(F)] = —(1 + X Inp;)(F).
By a similar computation one also shows

E[X*FRlo(F)] = —(yX Inpy)(F).
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Since conditional expectation is LP-contractive and the law of F' is absolutely
continuous relative to Lebesgue measure, it now follows that

[ X5 F1 || poo gy + [ X5 Fa | pos (1)
> || E[X*Fy|o(F)]]| oy + B[X* Fa|o (F)]|| o ()
= |11+ 2X In py || oo w3, my + [[yX Inpy||

Loo(R3,m)’

where m is Lebesgue measure. Hence, it suffices to show that either X Inp,
or yX In p; is unbounded. We will show zX Inp; is unbounded by making use
of the formula for p; (¢) in Eq. (1.5). Letting ¢ = 1 in Eq. (1.5) and making
the change of variables w — 2w, we have

1 w Lo 2iw
pi(g) = ﬁ/ﬂesinhw exp (—2|x| wcothw) e duw.

Then applying X = 9, — %y@z yields

~ 1
Anlo) =5

1 .
(zxw cothw + iyw) exp (—2 |Z|*w coth w> 2% da.

w
sinh w
Setting y = z = 0, it follows that

X Inp(x,0,0) = —x/ w coth wdy, (w)
R

where ) .
dvg(w) = zxsinqﬁw exp (—23:211} coth w) dw (4.6)
and z, is the normalizing constant
1
Zg 1= - v exp <—:v2w coth w) dw.
R sinh w 2

By Lemma 4.4 below,
lim / w cothw dv, (w) =1,
R

T—00

and so

Tr—00

lim X Inp;(z,0,0) = lim (—ac/ wcothwdux(w)> = —00.
T—00 R

Lemma 4.4 Let ¢ (w) = wcothw — 1 and v, be as in Eq. (4.6). Then

lim [ ¢ dv, =¢(0)=0. (4.7)

T—00
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Proof. Since ¢ (0) = 0 and ¥ is continuous, to prove Eq. (4.7) it suffices to
show by the usual approximation of § — function arguments that

lim P(w) dvg,(w) =0

T700 Jw|>e

holds for every € > 0. We begin by rewriting Eq. (4.6) as

1 w
= — ex
Z, sinh w

dv,(w)

p (—;ﬁqﬁ(w)) dw

where

w 1,
YARES /R Sk &P (—295 w(w)) dw.

A glance at the graph of ¥ will convince the reader that there are constants
a, 8 > 0 (depending on € > 0) such that ajw| < (w) < Slw| for all |w| > e.
(In fact, one could take § = 1 independent of €). Thus

/|w|>€¢<w) w exp (_;x2¢(w)> dw < 2 ﬁwe“mz“’ﬂdw

sinh w w>e

4 2 2
SELIANE

2o 22

where in the inequality we have also used that — < 1.

Now consider the constant Z,. We know that for w small, there exists a con-
stant v > 0 such that 1(w) < yw?. So letting p(w) = =2

sinhw’?

Zy > /wgew(w)exp (—;x21/1(w)) dw

> So(w)e—"mewQﬂ dw — 1 /6;D ) (w) e~ Yw?/2 dw,

—€ T J—ex T

where we have made the change of variables w — *. So, by the dominated
convergence theorem,

€x oo 2
lim gjlf(xe) > lim inf © <w> e duy = gp(O)/ e 2 gy = |72

T—00 ) _cp x —o0 Y

Thus, Z, > %1 /27”% for x sufficiently large, and so

1 1
mh_’rgo w|=e vlw) dre(w) = xh_g’lo Zs lw|>e v w>sinlf1w P (—szw(w)) dw
im —
T—00 2w 1
V vz
as desired. ]

22



References

[1] P. Auscher, T. Coulhon, X. T. Duong, S. Hofmann, Riesz transform on
manifolds and heat kernel regularity, 2003 Preprint.
See www.u-cergy.fr /rech/pages/coulhon/pageTC.html.

[2] D. Bakry, Ricci curvature and dimension for diffusion semigroups, in: Stochastic
processes and their applications in mathematics and physics (Bielefeld, 1985),
Vol. 61 of Math. Appl., Kluwer Acad. Publ., Dordrecht, 1990, pp. 21-31.

[3] D. R. Bell, The Malliavin calculus, Vol. 34 of Pitman Monographs and Surveys
in Pure and Applied Mathematics, Longman Scientific & Technical, Harlow,
1987.

[4] A. Bellaiche, Tangent space in sub-Riemannian geometry, in: Sub-Riemannian
Geometry, Vol. 144 of Progress in Mathematics, Birkhauser, Basel, 1996, pp.
1-78.

[5] B. K. Driver, Curved wiener space analysis, Preprint, to appear in “Real and
Stochastic Analysis: New Perspectives,” xxx.lanl.gov/list/math/0403.

[6] G. B. Folland, E. M. Stein, Hardy Spaces on Homogeneous Groups, Princeton
University Press, Princeton, N.J., 1982.

[7] I. I. Gthman, A. V. Skorohod, Stochastic differential equations, Springer-Verlag,
New York, 1972, translated from the Russian by Kenneth Wickwire, Ergebnisse
der Mathematik und ihrer Grenzgebiete, Band 72.

[8] L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math. 97 (4) (1975) 1061-
1083.

[9] L. Hoérmander, Hypoelliptic second order differential equations, Acta Math. 119
(1967) 147-171.

[10] N. Ikeda, S. Watanabe, An introduction to Malliavin’s calculus, in: Stochastic
analysis (Katata/Kyoto, 1982), Vol. 32 of North-Holland Math. Library, North-
Holland, Amsterdam, 1984, pp. 1-52.

[11] N. Ikeda, S. Watanabe, Malliavin calculus of Wiener functionals and its
applications, in: From local times to global geometry, control and physics
(Coventry, 1984/85), Vol. 150 of Pitman Res. Notes Math. Ser., Longman Sci.
Tech., Harlow, 1986, pp. 132—-178.

[12] N. Tkeda, S. Watanabe, Stochastic differential equations and diffusion processes,
2nd Edition, Vol. 24 of North-Holland Mathematical Library, North-Holland
Publishing Co., Amsterdam, 1989.

[13] S. Kusuoka, D. Stroock, Applications of the Malliavin calculus. I, in: Stochastic
analysis (Katata/Kyoto, 1982), Vol. 32 of North-Holland Math. Library, North-
Holland, Amsterdam, 1984, pp. 271-306.

23



[14] S. Kusuoka, D. Stroock, Applications of the Malliavin calculus. II, J. Fac. Sci.
Univ. Tokyo Sect. IA Math. 32 (1) (1985) 1-76.

[15] S. Kusuoka, D. Stroock, Applications of the Malliavin calculus. III, J. Fac. Sci.
Univ. Tokyo Sect. TA Math. 34 (2) (1987) 391-442.

[16] P. Malliavin, Stochastic calculus of variation and hypoelliptic operators,
in: Proceedings of the International Symposium on Stochastic Differential
Equations (Res. Inst. Math. Sci., Kyoto Univ., Kyoto, 1976), Wiley, New York,
1978, pp. 195-263.

[17] T. Melcher, Hypoelliptic heat kernel inequalities on Lie groups, Ph.D. Thesis,
2004.
See www.math.ucsd.edu/ driver/driver/thesis.html.

[18] D. Nualart, The Malliavin calculus and related topics, Probability and its
Applications (New York), Springer-Verlag, New York, 1995.

[19] N. T. Varopoulos, L. Saloff-Coste, T. Coulhon, Analysis and geometry on
groups, Vol. 100 of Cambridge Tracts in Mathematics, Cambridge University
Press, Cambridge, 1992.

[20] S. Watanabe, Analysis of Wiener functionals (Malliavin calculus) and its
applications to heat kernels, Ann. Probab. 15 (1) (1987) 1-39.

24



	Introduction
	Background
	Statement of Results

	Real 3-dimensional Heisenberg Lie group
	Realization of the Heisenberg Lie group
	Differential operators on G
	Dilations on G
	The constant Kp>1

	Infinite dimensional calculus
	The Stochastic Differential Equation
	Lifted vector fields and their L2-adjoints

	Heat kernel inequalities
	An Lp-type gradient estimate (p>1) and a Poincaré inequality
	Method fails for the p=1 case

	References



