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Math 180B (W 2011) Final Exam Information

Things to know and understand for the 180B final exam.

1. A basic understanding of Variance, Covariance, Correlation, and Linear
prediction.

2. Know the basic properties of conditional expectations.
3. Be able to compute conditional expectations involving conditioning on a

discrete random variable.
4. Be able to apply the law of total expectations.
5. Know how to compute the mean and variance of sums of the form Z =
X1 + · · · + XN where N is independent of {Xi}∞i=1 and the {Xi}∞i=1 are
i.i.d.

6. Be able to find one step transition probabilities for a Markov chain.
7. Know how to go back and forth between the jump diagram for a Markov

chain and its transition matrix.
8. Know how to compute basic probabilities for a Markov chain in terms of

the one step probabilities.
9. In the case of finite state spaces you should know that ETB <∞ if Pi(TB <
∞) > 0 for all i ∈ S. In words, if there is a positive chance to hit B from
all starting locations then you will hit B for sure.

10. Be able to use the first step analysis to compute expected hitting times,
expected number of visits to site, and hitting probabilities.

11. You should be able to find the communication classes of a Markov chain
(i.e. of its transition matrix) and;

a) find the periods of each class and in particular be able to recognize
aperiodic classes,

b) determine if the class is closed or not and use this to determine if a
finite communication class is recurrent or transient.

12. You should have a basic understanding of the limiting behavior of Markov
chains. For example you should know for any initial distribution ν that;

a) limn→∞ Pν (Xn = i) = 0 and limN→∞
1
N

∑N
n=1 1Xn=i if i is a transient

(or null recurrent) site.
b) If the chain has a finite state space and is regular (i.e. only one com-

munication class which is aperiodic), then

lim
n→∞

Pν (Xn = i) = πi =
1

N

N∑
n=1

1Xn=i

where π is the unique invariant distribution for the chain. You should
know that π = πP, and πi = 1/EiRi – where Ri = min {n ≥ 1 : Xn = i}
is the first return time to i. You should be able to find π.

13. You should be able to use the formulas,

E [f (X,Y)] =

∫
Rk

E [f (x,Y)] ρX (x) dx =E [f (X,Y)] =

∫
Rl

E [f (X,y)] ρY (y) dy

which is valid when X and Y are independent random vectors.
14. You should know the definition of exponential random variables and their

basic properties like;

a) they are memoryless, i.e. if T
d
= E (λ) , then given T > t, T − t has the

same distribution as T. To be precise, P (T − t > s|T > t) = P (T > s)
for all s ≥ 0.

b) You should also be able to apply Theorem 14.1 below to compute ba-
sic expectations and probabilities involving sequences of independent
exponential random variables.

Theorem 14.1. Let {Tk}nk=1 be independent random variables such that Tk ∼
E (λk) with λ :=

∑n
k=1 λk. Further let T := mink Tk, K = k, and S =∑n

k=1 1K=k minj 6=k (Tj − Tk) . So T is the time the first clock rings, S is the
time between the first and second ring, K is the number of the first clock to
ring. Then

P (K = k) =
λk
λ

and T
d
= E (λ)

and moreover given {K = k} , T and S are independent with T
d
= E (λ) and

S
d
= E (λ− λk) . i.e. relative to P (·|K = k) , T and S are independent, T

d
=

E (λ) and S
d
= E (λ− λk) . In even more detail this states,

E [f (S, T ) |K = k] =

∫ ∞
0

∫ ∞
0

f (s, t) (λ− λk) e−(λ−λk)sλe−λtdsdt

and so by the law of total expectations,

E [f (S, T )] =
n∑
k=1

λk
λ

∫ ∞
0

∫ ∞
0

f (s, t) (λ− λk) e−(λ−λk)sλe−λtdsdt.
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