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lass on Di�erential Equations and the eighth edition of Ele-mentary Di�erential Equations by Boy
e and DiPrima.1.1. The Setup. In Math 20D, we'll be trying to solve ordinary di�erential equations - ODEs. Theseare equations whi
h involve derivatives, but not partial derivatives (PDEs). A solution to an ODEis a fun
tion whi
h satis�es the equation. We only 
are that the solution be de�ned on some openinterval. An ODE will typi
ally have many solutions. We 
an ask for a parti
ular solution by givingmore information: an initial 
ondition.The order of a di�erential equation is the degree of the highest derivative that appears. A di�erentialequation is linear if it is of the formdnydtn + p1 dn�1ydtn�1 + � � �+ pny = g:Date: De
ember 2, 2008. 1



2 BEN HUMMONA linear ODE is homogeneous if g = 0. Linear ODEs have well behaved solutions and there arete
hniques to solve them, so we'll spend mu
h of our time thinking about them.We typi
ally pi
ture a solution set to a di�erential equation by plotting y against t, and drawingshort tangent lines to the solutions at many of the points (t; y). A parti
ular solution is a 
urve whi
hfollows the \
ow" of this �eld.Notation. We'll give 
ertain letters meanings:t: an independent variable.y: a dependent variable.x: a variable; may be dependent or independent depending on 
ontext.p; q; g: 
ontinuous fun
tions of t.a; b; 
: real number 
onstants.I won't usually display a fun
tion's arguments, unless I want to emphasize them - for example, I'llusually write p for p(t).1.2. About Solutions. A solution y is expli
it if we 
an writey = (stu� not involving y):An impli
it solution is an equation de�ning y, in whi
h we may not be able to solve for y.There is a existen
e and uniqueness theorem that re-o

urs throughout this 
ourse. It basi
ally readas follows:Theorem (Existen
e and Uniqueness). Suppose we have an ODE that we want to solve for someinitial values t0. If the fun
tions in the di�erential equation are reasonably behaved near the initialvalues, then there is a solution de�ned on some interval 
ontaining t0. Further, this is the only solutionsatisfying these initial 
onditions.In the 
ase that the ODE is linear, we 
an say more: let I be the largest open interval 
ontaining t0for whi
h the fun
tions in the di�erential equation are well-behaved. Then, we get the solution de�nedon all of this I . Further, we 
an write a general solution:
1y1 + � � �+ 
nyn + Y;where the yis are solutions to the homogeneous equation and Y is a parti
ular solution to the nonho-mogeneous equation.Typi
al ways that fun
tions in 
al
ulus misbehave:(1) dividing by zero;(2) taking the square root of a negative number;(3) taking the log of non-positive number.Theorem (Superposition). Any linear 
ombination of solutions to a homogeneous linear ODE is asolution.1.3. Qui
k Cal
ulus Review.Rule (Chain, single variable). Suppose we have fun
tions f(u) and u(x). Thendfdx = dfdu dudx :Rule (Chain, two variable). Suppose we have fun
tions f(u; v), u(x), and v(x). Thendfdx = �f�u dudx + �f�v dvdx :fu ����
��

�
f v��????? vx ����

��
�

u x��?????



MATH 20D NOTES 3Re
all the di�eren
e in 
al
ulating a partial derivative and a derivative:��x (x2y) = 2xy:ddx (x2y) = 2xy + x2 dydx :The integration by parts formula is Z u dv = uv � Z v du:We try to 
hoose u so that it gets simpler upon di�erentiation, and dv so that it doesn't get mu
hmore 
ompli
ated upon integration.1.4. Word Problems. Interpreting the word problems 
an be a bit of a pain at �rst. I've found thefollowing three things usually are a big help getting me through:(1) De
ide whi
h variable will be di�erentiated.(2) Put units on everything.(3) Che
k whether positive/negative signs make sense.2. First Order ODEs2.1. Linear. A �rst order linear ODE is of the formdydt + p(t)y = g(t):To solve this, we de�ne an integration fa
tor:�(t) = eR p(t) dt:The fun
tion �(t) is 
hosen so that, after multiplying our ODE through by �(t), we 
an re
ognize theLHS as the derivative of �(t)y. Integrating both sides gives the solutions.2.2. Separable. An ODE is separable if it 
an be written in the forma(x) + b(y)dydx = 0:Let A(x) and B(y) be anti-derivatives of a(x) and b(y) respe
tively. Then we 
an re
ognize the LHSas a 
hain rule: ddx (A(x) +B(y)) = 0:Integrating both sides gives the solutions.2.3. Exa
t. An ODE is exa
t if it is of the formM(x; y) +N(x; y)�y�x = 0;where �M�y = �N�x :We are using a theorem from multivariable 
al
ulus that says, over a simply 
onne
ted domain, ifwe get equality on the lower half: 	M ��x
����

��
�
	 N��y��????? N=? ��x����

��
�

M =?��y ��
??

??
?then 	 must exist. To solve the exa
t equation, we re
ognize the LHS as d	dx and integrate w.r.t x.



4 BEN HUMMONSometimes we 
an use an integration fa
tor to make an ODE exa
t, though this is diÆ
ult in general.2.4. Autonomous. We'll think of our independent variable, t, as time. Then an autonomous equationis a rule whi
h is time-invariant. That is, it is of the formdydt = f(y):An equilibrium solution is a 
onstant solution, ye = K. Su
h a K is a zero of f(y). If solutions withinitial values 
lose to K approa
h K in the long run, we 
all ye stable. If, on the other hand, solutionswith initial values 
lose to K diverge from K, we 
all ye unstable.3. Se
ond Order Linear ODEs3.1. Homogeneous with Constant CoeÆ
ients. Given,ay00 + by0 + 
y = 0;we �nd solutions a

ording to the roots of the 
hara
teristi
 equation:ar2 + br + 
 = 0:distin
t real roots r1; r2: Take y1 = er1t;y2 = er2t:
omplex roots �� i�: Take y1 = e�t 
os(�t);y2 = e�t sin(�t):repeated root r = r1 = r2: Take y1 = ert;y2 = tert:3.2. The Wronskian.De�nition. The Wronskian of solutions y1 and y2 is given byW = y1y02 � y01y2:Theorem (Spanning). Suppose we have a homogeneous se
ond order linear ODE. Suppose the Wron-skian of the solutions y1 and y2 is non-zero for some point. Then any solution 
an be written asy = 
1y1 + 
2y2:Further, at any point where the Wronskian is non-zero, we 
an demand any initial 
ondition.De�nition. Written with generi
 
onstants, we 
all 
1y1 + 
2y2 the general solution and say that y1and y2 form a fundamental set of solutions.Theorem. If f and g are di�erentiable on an open interval I and have Wronskian that is non-zerofor some point in the interval, then f and g are linearly independent.Remark. The 
onverse of the previous is not true.Theorem (Abel). We 
an �nd the Wronskian, up to a s
alar multiple, without knowing the solutions.Given, y00 + py0 + qy = 0;then W = 
e� R p(t) dt;on an open interval for whi
h p and q are 
ontinuous.



MATH 20D NOTES 53.3. Redu
tion of Order. Suppose that we know one (non-trivial) solution y1 of the se
ond orderhomogeneous linear ODE, y00 + py0 + q = 0. Suppose that we want to �nd a se
ond solution. One 
antry the redu
tion of order te
hnique:Assume y2 = vy1, for some fun
tion v. As we want y2 to be a solution of the ODE, we demand thatit satisfy y002 + py02 + q = 0:By 
al
ulating out some derivatives, one �ndsy1v00 + (2y01 + py1)v0 = 0:Under the substitution, z = v0, this is a �rst order linear ODE in z, whi
h we 
an solve with aseparation of variables.3.4. Nonhomogeneous. The method of undetermined 
oeÆ
ients is a te
hnique for �nding a parti
-ular solution to a nonhomogeneous linear equation with 
onstant 
oeÆ
ients. Basi
ally, you guess theform of a nonhomogeneous solution a

ording to the RHS, try it out with variables for 
onstants, andsee if you 
an �nd numbers that make the 
onstants work. See p. 181 of Boy
e for hints about makinga good guess.Theorem (Variation of Parameters). A spe
i�
 solution ofy00 + py0 + qy = g;on an open interval I , where p, q, and g are 
ontinuous, is given byY = �y1 Z tt0 y2(s)g(s)W (s) ds+ y2 Z tt0 y1(s)g(s)W (s) ds;where t0 is your favorite point in I .4. Systems of First Order ODEsIn this se
tion, we'll have one independent variable, t, and several dependent variables, x1; : : : ; xn.A system of �rst order ODEs is of the form:dx1dt = F1(t; x1; : : : ; xn);...dxndt = Fn(t; x1; : : : ; xn):We 
an rewrite an nth order ODE as a system of n �rst order equations: introdu
e a variable xjfor the j-th derivative of y and throw in equations, x0j = xj+1.A system of �rst order ODEs is linear if it is of the formdx1dt = p11x1 + � � �+ p1nxn + g1;...dxndt = pn1x1 + � � �+ pnnxn + gn:We 
an rewrite this as a matrix equation, ddtx = Px + g:The existen
e and uniqueness theorem generalizes to systems of �rst order di�erential equations.Further, if the system is linear, then the solution's interval of de�nition may be 
hosen to be anyinterval where the pijs and gks are well-behaved.



6 BEN HUMMON4.1. Homogeneous. A �rst order linear homogeneous system of n ODEs may be written as a matrixequation: ddtx = Px:Theorem (Superposition). Any linear 
ombination of solutions to a homogeneous system is a solution.Notation. We will index ve
tors with supers
ripts, so as not to 
onfuse with 
omponents: x(1);x(2),et
. Note that this notation is not meant to indi
ate taking derivatives!De�nition. The matrix X has solutions x(1); : : : ;x(n) as 
olumns. The Wronskian is det(X).De�nition. A fundamental set of solutions is a basis for the solution spa
e to a homogeneous linearsystem of ODEs.Theorem. n linearly independent solutions to a homogeneous system form a fundamental set ofsolutions.Theorem. On an interval where solutions exist, the Wronskian is either never zero or it is identi
allyzero.4.2. Homogeneous with Constant CoeÆ
ients. We will 
onsider a system of n ODEs:ddtx = Ax;where A is an n� n matrix of real 
onstants, with det(A) 6= 0.If A has distin
t real eigenvalues, r1; : : : ; rn, and 
orresponding eigenve
tors, �(1); : : : ; �(n), then thesystem has a basis of solutions: x(1) = �(1)er1t;...x(n) = �(n)ernt:Given a pair of 
omplex 
onjugate eigenvalues, � + i� and � � i�, with eigenve
tors a + ib anda� ib, we get real solutions x(1) = e�t(a 
os(�t)� b sin(�t));x(2) = e�t(a sin(�t) + b 
os(�t)):If A has a repeated eigenvalue for whi
h the geometri
 multipli
ity equals the algebrai
 multipli
ity,then pro
eed as before using the basis of eigenve
tors. For a degenerate eigenvalue, �, we must workmore: let � be an eigenve
tor for �. Then we get solutions,x(1) = �e�t;x(2) = �te�t + �e�t;where � satis�es (A� �I)� = �:We 
all � a generalized eigenve
tor for �. 5. Power Series5.1. About Power Series. We 
an solve more di�erential equations if we broaden our horizons a bitfor what we a

ept as a solution. Power series are well-behaved and lo
ally-de�ned fun
tions. Manydi�erential equations have solutions that 
an be expressed as power series. And by trun
ating a series,we still get a good lo
al approximation. So it's worthwhile to spend some time working with theseseries.A power series in x about x0 is a series of the forma0 + a1(x� x0) + a2(x � x0)2 + � � �



MATH 20D NOTES 7Two power series are equal if and only if their 
oeÆ
ients agree.Theorem (Ratio Test). A power series 
onverges for at any x for whi
h the ratio of su

essive termsis stri
tly less than one. It diverges at any x for whi
h the ratio of su

essive terms is stri
tly greaterthan one.A point x0 is analyti
 if there is some radius � about x0 for whi
h the power series 
onverges at everypoint within � of x0. Power series 
an be added, subtra
ted, and di�erentiated term-wise. They 
anbe multiplied as generalized polynomials. The nth 
oeÆ
ient 
an be found by repeated di�erentiation:an = f (n)(x0)n! :5.2. Solving Se
ond Order Linear ODEs. One 
an sometimes solve se
ond order homogeneouslinear ODEs by assuming a power series solution and looking for re
urren
e relations amongst the
oeÆ
ients. One then expe
ts that all 
oeÆ
ients may be written in terms of a0 and a1. A goodexample is the ODE de�ning sin and 
os: d2ydx2 + y = 0:The even terms of the power series solution give 
os and the odd terms give sin.Theorem. Consider the di�erential equation:d2ydx2 + pdydx + qy = 0:Let �p be the radius of 
onvergen
e for the power series for p and similarity for �q . There exist twolinearly independent solutions as power series and their radii of 
onvergen
e are at least min(�p; �q).If p is a polynomial, then one 
an �nd its radius of 
onvergen
e by �nding the distan
e to the rootsof its denominator. 6. The Lapla
e TransformWe de�ne the Lapla
e transform L byL[f ℄ = Z 10 e�stf(t) dt:We often write the resulting fun
tion as F (s). The Lapla
e transform is linear :L[af + bg℄ = aL[f ℄ + bL[g℄:Theorem. Suppose f is a pie
ewise 
ontinuous fun
tion whose long-term growth is at most eat. Thenthe Lapla
e transform exists for s > a.Theorem. The Lapla
e transform has an inverse, L�1, whi
h is an invertible linear operator.Theorem. Under suitable hypotheses,L[f (n)℄ = snL[f ℄� sn�1f(0)� � � � � f (n�1)(0):The Lapla
e transform turns derivatives into degree n polynomials in s. So we 
an transform adi�erential equation into an algebrai
 equation, solve the algebrai
 equation, and then untransformthe solution. f(t) F (s) = L[f(t)℄eat 1s�a ; s > atn n!sn+1 ; s > 0sin at as2+a2 ; s > 0
osat ss2+a2 ; s > 0See p. 319 of Boy
e for a longer table whi
h translates between fun
tions and their Lapla
e trans-forms.



8 BEN HUMMONDe�nition. The Heaviside fun
tion u
 is given byu
(t) = (0; if t < 
;1; if t � 
:We de�ne two more linear operators: translation and phase-shift.De�nition. Suppose f is a pie
ewise-
ontinuous fun
tion. The translation of f by a 
onstant 
,written T
[f ℄, is the pie
ewise-
ontinuous fun
tion given by:T
[f ℄(t) = u
(t)f(t� 
):De�nition. The phase-shift of a fun
tion f by a 
onstant 
, written P
[f ℄, is given by:P
[f ℄(t) = e
tf(t):Theorem. For reasonable f , L[T
[f ℄℄ = P�
[L[f ℄℄holds on any interval (a;1) on whi
h the transform exists. Similarly,L[P
[f ℄℄ = T
[L[f ℄℄:� �L
//� �L //

��T

��

��P�
��

� �L
//� �L //

��P

��

�� T
��De�nition. The Dira
 delta fun
tion is a generalized fun
tion with the propertyZ 1�1 f(t)Æ(t) dt = f(0);for any 
ontinuous f .We write L[Æ℄ = 1, though, we're not going into generalized-fun
tion theory.Remark (Ignore this). This result is 
onsistent with saying that L is map of algebras(fgen. fun
tionsg; 
onvolution) �! (fgen. fun
tionsg; pointwise multipli
ation):


