
Talk on A1-AlgebrasThis talk is based on Bernhard Keller's papers on A1-algebras and Operads in Algebra Topologyand Physi
s. It mostly follows Keller's An Introdu
tion to A-In�nity algebras and Modules. I hope togive enough of the details to give 
avor, but not so many as to be overwhelming.DefinitionsDe�nition. A linear map f : M� ! N� between 
hain 
omplexes is homogeneous of degree n if itsends elements of Mi to Ni+n.De�nition. Let Homk(M�; N�) denote the set of homogenous maps. It is graded by degree and wegive it the di�erential d(f) = dN Æ f � (�1)jf jf Æ dM :Remark. A 
hain map is a degree 0 map whi
h is a 
y
le under this di�erential.De�nition. A dg algebra is the following data:� a graded ve
tor spa
e A =Li2ZAi,� d : A! A of degree 1, and� m : A
A! A of degree 0.with the following relations:8><>:d Æ d = 0; d is a di�erential;d Æm = m Æ (d
 1 + 1
 d); m is a 
hain map;m Æ (m
 1) = m Æ (1
m); m is asso
iative.Example. Homk(M�;M�) is a dg-algebra with 
omposition.Remark. If we instead look at Homk(M�; N�), we get the stru
ture of a dg-
ategory.De�nition. An A1-algebra is the following data:� a graded ve
tor spa
e A =Li2ZAi,� m1 : A! A of degree 1,� m2 : A
A! A of degree 0,...� mn : A
n ! A of degree 2� n,...with the following relations:8>>>>>>>>><>>>>>>>>>:
m1 Æm1 = 0; m1 is a di�erential;m1 Æm2 �m2 Æ (m1 
 1 + 1
m1) = 0; m2 is a 
hain map;...Pn=r+s+tr;t�0s�1 (�1)r+stmr+1+t Æ (1
r 
ms 
 1
t) = 0:...Remark. Noti
e that we've dropped the requirement that m2 be asso
iative. Instead, we have a rulem2 Æ (1
m2 �m2 
 1) = m1 Æm3 +m3 Æ (m1 
 1
 1 + 1
m1 
 1 + 1
 1
m1):So m2 is asso
iative up to a boundary of m3. In parti
ular, m2 indu
es an asso
iative multipli
ationon H�A.Remark. We 
ould go ba
k and rede�ne a dg algebra as an A1-algebra with trivial mns for n � 3.1



2De�nition. A morphism f : A! B of A1-algebras is a sequen
e of mapsfn : A
n ! Bdegree 1�n maps satisfying many relations amongst all the mns. In parti
ular, we require that f1 bea 
hain map and thatf1 Æm2 �m2 Æ (f1 
 f1) = m1 Æ f2 + f2 Æ (m1 
 1 + 1
m1);that is, f1 
ommutes with m2 up to a 
hain homotopy f2.Remark. Composition of morphisms is basi
ally as expe
ted:(f Æ g)n = Xi1+���+is=n fs Æ (gi1 
 � � � 
 gis):De�nition. A morphism is stri
t if fi = 0 for all i 6= 1.De�nition. A morphism f is a quasi-isomorphism if f1 indu
es an isomorphism on homology.Remark. One 
an also de�ne a homotopy of morphisms of A1-algebras.Theorem (Prout�e). .(1) Homotopy is an equivalen
e relation on HomA1-alg(A;B).(2) A morphism of A1-algebras is a quasi-isomorphism if and only if it is a homotopy equivalen
e.Remark. The se
ond part of the previous theorem is 
ool. We usually expe
t homotopy equivalen
esto be quasi-isomorphisms, but not vi
e-versa.A1-Spa
esWe want to look at spa
es whi
h have a binary multipli
ation whi
h is \almost asso
iative" in a
ontinuously balan
ed sort of way.De�nition. The nth asso
iahedra Kn is a n� 2 dimensional polytope whi
h parameterizes the waysto reasso
iate an n-fold multipli
ation.Example. The �rst few asso
iahedra:� K2 = point;� K3 = [0; 1℄;� K4 = pentagon;� K5 = 
ool diagram.De�nition. An A1-spa
e is a topologi
al spa
e X with maps�n : Kn �Xn ! X; n � 2satisfying suitable 
onditions.Remark. �2 is really the multipli
ation we 
are about - higher multipli
ations are there just to sortout reasso
iations.Example. Let Y be a pointed topologi
al spa
e. Then
Y = Hom(S1; Y )with its usual topology is an A1-spa
e.Remark. The multipli
ation is non-asso
iative - see pi
ture of a line with breaks. But it's 
lear thathomotopies exist to reasso
iate.FIX ME. How does the singular 
hain 
omplex of an A1-spa
e have an A1-algebra stru
ture?Theorem. A 
onne
ted spa
e Y is homotopy equivalent to a based loop spa
e if and only if Y admitsthe stru
ture of an A1-spa
e.Remark. We require in the previous that Y be homotopy equivalent to a based CW-
omplex.



3The Bar Constru
tionNow we'll look at an alternate way to 
hara
terize an A1-algebra.De�nition. Let V be a graded ve
tor spa
e. ThenTV = V � V 
2 � � � �is the redu
ed tensor algebra. We make TV a graded 
oalgebra by the 
omultipli
ation�: TV ! TV 
 TVde�ned by �(v1; : : : ; vn) = X1�i�n(v1; : : : ; vi)
 (vi+1; : : : ; vn):De�nition. A 
oderivation b : TV ! TV is a map satisfying�b = (b
 1 + 1
 b)�:Lemma. Maps TV ! V are in bije
tion with 
oderivations TV ! TV .Suppose A is an A1-algebra with multipli
ation maps. So we havemn : A
n ! A;bn : (SA)
n ! SA; by suspending.b : TSA! SA; by 
olle
ting up.b : TSA! TSA; by a univ. property(!)Theorem. The previous asso
iation fmng 7! b is a bije
tion. Further, a graded ve
tor spa
e withmultipli
ations fmng is an A1-algebra if and only if the 
oderivation b satis�es b2 = 0.Minimal ModelsTheorem (Kadeishvili). Let A be an A1-algebra. The homology H�A has an A1-algebra stru
turesu
h that(1) m1 = 0,(2) m2 is indu
ed by that from A(3) 1: H�A! H�A lifts to a quasi-isomorphism of A1-algebras H�A! A.Moreover, this stru
ture is unique up to A1-isomorphism.De�nition. An A1-algebra A is minimal if it has m0 = 0. We 
all H�A the minimal model for A.A is formal if the minimal model 
an be 
hosen with mn vanishing for all n 6= 2.Theorem (anti-minimal model). There is a universal A1-algebra morphism ' : A ! U(A) to a dgalgebra: for ea
h dg algebra B and morphism of A1-algebras f : A ! B there is a unique map of dgalgebras making the fa
torization: A Bf
//A U(A)' ��?

?

?

?

? U(A) B??Moreover, ' is an A1-quasi-isomorphism.Remark. The previous two theorems tell us that, up to A1-quasi-isomorphism, any A1 algebra 
anbe taken to have m1 = 0 and mn; n � 3 non-trivial, or 
an be taken to have m1 non-trivial andmn = 0; n � 3.Remark. Any dg algebra is an A1-algebra. And any A1-algebra is A1-quasi-isomorphi
 to a dgalgebra. So up to A1-quasi-iso, there are as many dg algebras as A1-algebras. So what we're reallygaining with A1-algebras is the minimal model des
ription.FIX ME. How does this 
ompare to (non A1) quasi-isomorphism 
lasses of dg algebras?



4 Derived CategoryFix an asso
iative k-algebra A with unit. To get the derived 
ategory, one usually goes through afew 
ategories:Mod�A: A-modulesCA: 
hain 
omplexes of A-modulesHA: the homotopy 
ategoryDA: the derived 
ategoryOne takes 
hain 
omplexes, inverts nullhomotopi
 maps, and then inverts the quasi-isomorphisms. Thepro
ess is similar over an A1-algebra.De�nition. An A1-module M over A is a Z-graded ve
tor spa
e with multipli
ations� m1 : M !M , degree 1 di�erential;� m2 : M 
A!M , degree 0 a
tion map;� m3 : M 
A
2 !M , degree -1;� ...with plenty of relations.Remark. An A1-module is 
omparable to a 
hain 
omplex of modules.Notation. The 
ategory of A1-modules over an A1-algebra A is denoted C1A.Remark. One should also de�ne morphisms and homotopies of A1-modules.De�nition. The homotopy 
ategory H1A has the same obje
ts as C1A and we invert all nullhomo-topies.Remark. As it turns out, quasi-isomorphism of A1-modules are homotopy equivalen
es.De�nition. D1A = H1A.De�nition. For any ordinary asso
iative algebra with unit A, there is a 
anoni
al fun
torI : DA! D1A:Theorem. .� I is an equivalen
e onto a full sub
ategory of D1A whi
h is 
losed under taking homology.� Let M be an A1-module M . Then H�M has an A1-module stru
ture with m1 = 0. FurtherM �= H�M in D1A.Remark. By keeping around A1 stru
ture, we 
an re
ognize a module (up to quasi-iso) from itshomology. Indeed, by the full-faithfulness of I,M1 �=M2 in DA()M1 �=M2 in D1A()H�M1 �= H�M2 in D1A:


