
An esoteri
 subje
t noted for its diffi
ulty and irrelevan
eThe title is a quote of Moore and Seiberg in Classi
al and quantum 
onformal �eld theory in referen
eto 
ategory theory.Long ago, when shepherds wanted to see if two herds of sheep were isomorphi
, they would lookfor an expli
it isomorphism. In other words, they would line up both herds and try to mat
h ea
hsheep in one herd with a sheep in the other. But one day, along 
ame a shepherd who inventedde
ategori�
ation. She realized one 
ould take ea
h herd and \
ount" it, setting up an isomorphismbetween it and some set of \numbers," whi
h were nonsense words like \one, two, three, . . . " spe
iallydesigned for this purpose. By 
omparing the resulting numbers, she 
ould show that two herds wereisomorphi
 without expli
itly establishing an isomorphism!John Baez 1. Finite SetsAny equality is inherently boring - we are always saying that something is itself. It is mu
h moreinteresting to say how to obje
ts are the same - that is, to give an isomorphism. Indeed, it is 
entralto Galois theory that we study the automorphisms of an obje
t.Let's start math over again, from the natural numbers, but doing it right: let's keep around iso-morphisms. Instead of working with natural numbers, let work with �nite sets. And let's repla
eequalities of numbers with a 
hoi
e of bije
tion. It's worth mentioning that 
ombinatorialists do thissort of thing all the time.We all know how to multiply two sets A and B.A�B = f(a; b) : a 2 A; b 2 Bg:To verify that we're staying 
onsistent with the natural numbers, we take 
ardinalities:jA�Bj = jAjjBj:We also like adding numbers. So how do we add �nite sets? The disjoint union does the tri
k:A+B = f(a; red)g [ f(b; blue)g:Of 
ourse my 
hoi
e of \painting" red and blue wasn't parti
ularly important - but it was importantthat I 
hose some way to make the sets disjoint. And if we had a di�erent paint job, that would beok, be
ause it would be obvious how to \translate" between the two.Our de�nition is justi�ed: jA+Bj = jAj+ jBj:Before going any further, we should make sure that we have identities for ea
h of our operations.For addition, we 
an use the empty set. Then for any set A, there are bije
tionsA+? ! A ! ?+A:Similarly, there are bije
tions A� f73g  ! A ! f73g�A:Again, the 
hoi
e of 73 for our singleton set isn't important - just that we have a singleton set.We 
an also 
he
k that our operations are asso
iative, 
ommutative, and distribute, as long as wearen't pi
ky about having equalities. These proofs are very straightforward and visual:(pi
ture of 
ommutativity proof for multipli
ation)1.1. Exponentiation. Now, it's time for the most important de�nition of this talk: for sets A andB, we de�ne BA = ffun
tions A! Bg:As usual, we 
an 
he
k that this is reasonable:jBAj = jBjjAj:1



2 We have to be a little 
areful with the empty set. Given any range set B, there is exa
tly onefun
tion ?! B - the empty fun
tion.A
tually, we have de�ned enough now that we 
an state a few familiar identities:(B � C)A  ! BA � CA(1) AB+C  ! AB �AC(2) CB�A  ! (CB)A(3)As we're all too well aware, in modern mathemati
s, we don't always work in the realm of �nitesets. We'll work with ve
tor spa
es, groups, topologi
al spa
es, et
. We de�ne BA in ea
h of these
ontexts to be the set of fun
tions whi
h are appropriate to the realm: linear maps, homomorphisms,
ontinuous maps, et
.I want to stress something here: if A and B are ve
tor spa
es, we takeBA = the set of linear maps A! B:It's also true that BA 
an be thought of as a ve
tor spa
e itself - this is 
alled enri
hment - but inmany 
ontexts we 
an't do it, so we don't assume it.With this in mind, let's take se
ond look at equation one above. Suppose A, B, and C are groups.On the right hand side, we have the produ
t of sets of homomorphisms. On the left hand side, we haveB � C - this needs to be a group, not just a set. The dire
t produ
t of groups does the tri
k ni
ely.In fa
t, in we weren't very familiar with group theory, we 
ould take equation 1 to be a de�nitionof the produ
t of groups! Equation two gives us a de�nition for the sum of two groups. It's usuallyknown as the \free produ
t" of groups. And these equations work to de�ne the usual \produ
t" and\
oprodu
t" in other realms.Theorem. Fix B and C. Any two produ
ts of B and C are 
anoni
ally isomorphi
.Proof. Suppose P and Q are both produ
ts of B and C. Then we have �xed bije
tionsPA  ! BA � CA  ! QA:Taking A = P , we have 1P 2 PP and we 
an follow through the bije
tions giving �B 2 BP , �C 2 CP ,and f 2 QP . Similarly, we 
an take A = Q and follow 1Q 2 QQ through the bije
tions giving �B 2 BQ,�C 2 CQ, and g 2 PQ. Consider g Æ f 2 PP :�B Æ g Æ f = �B Æ 1Q Æ f = �B Æ f = �Band similarly �C Æ g Æ f = �C :Note, under our bije
tions 1 (�B ; �C)oo // (�B ; �C)(�B Æ g Æ f; �C Æ g Æ f)g Æ f (�B Æ g Æ f; �C Æ g Æ f)oo //As g Æ f and 1P go to the same pla
e, g Æ f = 1P . Similarly f Æ g = 1Q. �We've done something 
ool - we're able to de�ne a \produ
t" in many 
ontexts by de
laring whatwe expe
t of its fun
tions. And while the de�nition doesn't give a stri
tly unique produ
t, it does givean easy way to identify two produ
ts. This is what was going on when we made the 
hoi
es of \red"and \blue" in our sum. A 
hoi
e had to be made, but the 
hoi
e itself wasn't espe
ially important.In fa
t, our de�nitions of � and + are produ
ts and 
oprodu
ts respe
tively, for �nite sets. Further,almost all of our results (asso
iativity, 
ommutativity, units, ...) typi
ally go through for other realms.However, distributivity doesn't usually hold.



32. Coheren
e Laws2.1. The Worry. Sin
e, as we have seen, we often need to make arbitrary 
hoi
es when applying ourde�nitions, 
an we be sure that our 
hoi
es are somehow 
onsistent?For example, when we study the tensor produ
t, we wish to identify A
 (B
C) with (A
B)
Cand use either for a 3-fold tensor produ
t. We usually make an identi�
ationa
 (b
 
) 7! (a
 b)
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instead? Consider the following sequen
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ond identi�
ation, we'll �nd thata
 (b
 (

 d)) = (�1)5a
 (b
 (

 d));whi
h is a rule that we don't usually wish to impose on a tensor produ
t.Before going on, I want to mention that the previous shape is 
alled the 4th asso
iahedron. Itparameterizes the possible reasso
iations of a 4-fold produ
t. We think of the pentagon as being\�lled in" if going around either way gives the same result. Noti
e that the 3rd asso
iahedron is a linesegment - in fa
t, we're using 5 
opies to make up the edges of the pentagon. I've built a model of the5th asso
iahedron.De�nition. An A1-spa
e X is a topologi
al spa
e with sequen
e of multipli
ations � : Xn ! Xwhose reasso
iations are 
ontinuously parameterized by the asso
iahedra.Theorem. A 
onne
ted spa
e is homotopy equivalent to a loop-spa
e if and only if it is a A1-spa
e.2.2. Ma
 Lane's Coheren
e Theorem.Theorem (Ma
 Lane). Suppose we are in a 
ontext with a multipli
ation, �, and unit, 1, whi
hsatisfy the above pentagon identity and makesA� (1�B) (A� 1)�BA� (1�B) A�BEEEEEEEE
(A� 1)�BA�Byyyyyyyy
ommute. Then any diagrams whi
h we make from �, the unit, the asso
iator, and identities will
ommute.So asso
iativity isn't that bad - we only have to verify that the pentagon identity is satis�ed andthen the rest of the asso
iahedra are automati
ally ok.Question. But what about 
oheren
e for our multipli
ation being 
ommutative?This one is harder - sometimes we don't want all diagrams to 
ommute. First o�, we shouldn'texpe
t A�B to be equal to B �A, but perhaps just isomorphi
.De�nition. We 
all our multipli
ation braided if we have a twisting isomorphism:A�B  ! B �A:If twisting twi
e equals the identity, then we 
all the multipli
ation symmetri
.



4Example. The Cartesian produ
t for �nite sets is symmetri
. But noti
e, A�B 6= B �A.Example. The tensor produ
t for ve
tor spa
es is symmetri
 using the usual twist map. We 
ouldinstead twist u
 v 7! 7v 
 u;in whi
h 
ase the multipli
ation is not symmetri
. Indeed, twisting twi
e has the e�e
t of multiplyingby 49.Example. Consider a di�erent 
ontext: obje
ts are lists of dots, fun
tions are strings, and the produ
tis 
on
atenation. Then the produ
t is braided, but not symmetri
.One 
an state and prove theorems along the lines of Ma
 Lane's dealing with symmetri
 or braidedprodu
ts. But it is often diÆ
ult to de
ide whi
h 
oheren
e laws are \
orre
t" and what we expe
t ofa 
oheren
e theorem.2.3. A Non-algebrai
 Approa
h to Coheren
e. So I want to take a di�erent approa
h to 
oher-en
e. I think I'll introdu
e it by using a 
onversation amongst friends that may sound familiar:Question. What do you want for dinner tonight?answer 1: I'd like a burrito.answer 2: Food.Noti
e the power in being non-
ommittal - you avoid having to make an arbitrary 
hoi
e. Of 
ourse,in real life this type of response gets old quite qui
kly.We 
all a theory algebrai
 if it is of the �rst type - we make arbitrary de
isions by spe
ifying afavorite. A theory is non-algebrai
 if we refuse to 
ommit to a 
hoi
e.We've already en
ountered a good example of this distin
tion - I originally de�ned the sum of setsusing \red" and \blue" 
oloring, an obviously arbitrary de
ision. I went ba
k later and enlarged myde�nition of the sum of sets to be any set that smelled like my original de�nition, and we gave a wayto identify any two sums.Although my se
ond de�nition of the sum of sets was non-algebrai
, it was still biased - that is Ide�ned how to take the sum of two sets and then expe
ted that you 
ould use that de�nition indu
tivelyto �ll in what an n-fold sum ought to be. There will be issues of asso
iativity to work out. One 
ouldinstead spe
ify all n-fold produ
ts and how they should be 
ompatible. This would be an unbiasedapproa
h.I want to end by giving a non-algebrai
 non-biased de�nition of the tensor produ
t of ve
tor spa
es.It is inspired by a 
lass of obje
ts 
alled \opetopes."We will �ll a bu
ket with shapes:(1) We'll throw a single point in - the �eld.(2) We'll throw in a line segment for ea
h ve
tor spa
e.(3) For ea
h n-linear map V1; : : : ; Vn !W , we'll throw in a shape like this:FIX ME. pi
ture here.Noti
e that the dual pi
ture is a tree. It's then easy to see how to 
ompose the multilinear maps:FIX ME. pi
ture here.De�nition. ni
he and o

upant.De�nition. We say that an o

upant is universal if any other o

upant fa
tors uniquely through.De�nition. Our bu
ket is 
alled an opetopi
 set if(1) Every ni
he has a universal o

upant.(2) Compositions of universal o

upants are universal.In fa
t, our bu
ket is an opetopi
 set.De�nition. A tensor produ
t is a universal o

upant for a ni
he of ve
tor spa
es.So this gives us an unbiased non-algebrai
 de�nition of tensor produ
t. A similar sort of thing worksfor produ
ts and sums where we use other bu
kets of opetopes.What does this have to do with 
oheren
e? Let's take a look at asso
iativity for our tensor produ
t:



5FIX ME. pi
tureIn this pi
ture, we take a tensor produ
t of V and W and then we take a tensor produ
t of V 
WwithX . This has the same shape as a ni
he for a 3-fold tensor produ
t of V;W , andX . As 
ompositionsof universals are universal, this tells us that our 
hoi
e of (V 
W )
X is in fa
t a 
hoi
e of produ
tV 
W 
X . Not only that, the 2-dimensional shapes tells us how to use the tensor produ
ts.In fa
t, in our non-algebrai
, non-biased approa
h, we don't have to worry about 
oheren
e. It'ssomehow built into the shapes we use and our non-
ommittal attitude.Referen
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