
n-CATEGORIES PART I:A GLOBULAR APPROACH TO HIGHER CATEGORIESJOHN FOLEY1. Stri
t n-CategoriesWarning. We will write 
omposition from left to right, top to bottom, ba
k to front, et
. In parti
ular,we write ((x)g)f or just xgf .Re
all that a stri
t 2-
ategory is a 
ategory C whi
h has� for all obje
ts A;B 2 ObjC , we require Hom(A;B) be a 
ategory;� bifun
tors Æ : Hom(A;B)�Hom(B;C)! Hom(A;C)
alled 
ompositions;� unit, asso
iativity, and inter
hange laws.We 
ould follow this de�nition to get a de�nition of n-
ategory through enri
hment. We're going togeneralize, instead, globularly. That is, we'll develop a 
onsistent language of glob pi
tures to believein; we'll live with the algebra.We draw a 2-morphism as: A Bf
��g DD

x
��and a 3-morphism as A Bf

��g DD
x

��
V A Bf

��g DD
y

��or A Bf
��g DD

�$ z�

_*4. This should remind you of our favorite CW-stru
ture for the k-disk and should tell you how to drawan arbitrary k-morphism with higher dimensional pen
il and paper. We will use k-globs to pi
turek-morphisms in an n-
ategory.Let us brie
y explain the 
ombinatorial underpinnings of a globular n-
ategory, analogous to thegraph of an ordinary 
ategory.notes by Ben Hummon. 1



2 JOHN FOLEYDe�nition. An n-globular set is a graded set with maps:XnXn�1...X0
t��s �� t��s �� t��s ��We enfor
e a 
ouple of 
onditions: xss = xtsxtt = xst:Here, s and t should be read as sour
e and target. The relations should look reasonable when
onsidering the pi
ture: A Bf

��g DD
x

��Here, xss and xts both refer to A.Remark. Let G n be the 
ategory generated by nn� 1...0
�nOO�n OO �n�1OO�n�1 OO �1OO�1 OOand rules: �n�1�n = �n�1�n�n�1�n = �n�1�nSo a globular set is just a 
ontravariant fun
tor G n ! Set.De�nition. Let A� be an n-globular set. We de�ne the �ber produ
t,Am �Ap Am = f(x; x0) 2 Am � Am j xtm�p = x0sm�pg= m-globs that we 
an glue along p-globs:De�nition. A stri
t n-
ategory is a globular set with 
omposition mapsÆp : Am �Ap Am ! Am; 0 � p < m � n:and an inje
tion i : Ap ,! Ap+1:We write (x)i as 1x or, perhaps better, x1. These satisfy axioms: (x; x0; x00; y; y0 2 Am)



n-CATEGORIES PART I: A GLOBULAR APPROACH TO HIGHER CATEGORIES 3Sour
e 1: if p = m� 1, then (x Æp x0)s = xs:For the Æ1 
omposition of 2-morphisms,� �//f
��
EE

x
�� x0
��this refers to f .Sour
e 2: if p < m� 1, then (x Æp x0)s = (xs) Æp (x0s):For the Æ0 
omposition of 2-morphisms,� �f

��
DD

x
��

� �f 0
��
DDx0

��this refers to f Æ0 f 0.Asso
iativity: (x Æp x0) Æp x00 = x Æp (x0 Æp x00):For example, this axiom tell us that the 3-fold 
omposition� �f
��g DD

x
��

� �f 0
��g0 DDx0

��
� �f 00

��g00 DDx00
��is well de�ned and saves us from horrible diagrams disgra
ed by gaudy de
orations.Identity 1: x Æp (x0sm�pim�p) = x:For 
omposition of 2-morphisms, this gives� �//g f

��g EE

x
�� 1g
��

= � �f
��g EE

x
��and A Bf

��f 0 DD
x

�� B B1B
��1B DD

11B
��

= A Bf
��f 0 DD

x
��

:Identity 2: 1xÆpx0 = 1x Æp 1x0 :



4 JOHN FOLEYFor example, we have � �f
��f DD

1f
��

� �f 0
��f 0 DD

1f0
��

= � �fÆf 0
��fÆf 0 DD

1fÆf0
��

:Inter
hange: (x Æp x0) Æq (y Æp y0) = (x Æq y) Æp (x0 Æq y0):For example, � �// ��EEx�� y�� � �// ��EEx0�� y0��
Æ0 = � �// ��// � �// ��//x0��x��� �// EE// � �// EE//y0��y�� Æ1 :We have only listed the \sour
e" axioms for s, but we require similar \target" axioms for t as well.Fa
t. Doing stri
t n-
ategories via enri
hment is the same as doing them globularly.Example. The 
ategory of stri
t (n-1)-
ategories is a stri
t n-
ategory.Example. There is a free stri
t n-
ategory generated by one morphism Ci in ea
h dimension. Infor-mally, this looks like:0-morphisms: Just C0.1-morphisms: 1C0 , C1, C1 Æ0 C1, C1 Æ0 C1 Æ0 C1, et
.2-morphisms: 11C0 , 1C1 , C2, C2 Æ0 C2, C2 Æ1 C2, (C2 Æ1 C2) Æ0 C2, et
.et
:In some sense, this example enumerates the ways that one 
an glue globular 
ells together in a stri
tn-
ategory. 2. Examples of n-CategoriesExample (Top). The 1-
ategory of topologi
al spa
es.0-morphisms: spa
es X , Y .1-morphisms: maps X ! Y .2-morphisms: homotopies of maps.3-morphisms: homotopies of homotopies of maps.et
:This is stri
t up to level 2, then be
omes weak. Weak inverse for k > 1.Example. Fix a spa
e Y .0-morphisms: points in Y , whi
h we'll think of as maps � ! Y .1-morphisms: paths in Y , whi
h we'll think of as maps [0; 1℄! Y .2-morphisms: homotopies of paths into Y relative to the boundary.et
:This example has weak inverses on all levels.De�nition. We 
all the previous example the fundamental !-groupoid of Y and write �n(Y ).Example (Physi
s). We expe
t 
obordisms of manifolds with 
orners to have a weak n-
ategorystru
ture. This is important for studying TQFTs.Remark. There are also examples from logi
 and fun
tional programming that I don't understand aswell.



n-CATEGORIES PART I: A GLOBULAR APPROACH TO HIGHER CATEGORIES 53. Weak n-CategoriesThe Yoneda-like stri
tifying lemma for weak 2-
ategories doesn't work for n � 3. See the followingtalk for more on this. So it is important to de�ne a weak version of an n-
ategory.Comment from Ben: my notes aren't so strong through this last se
tion of the talk. I believe Johnis following Tom Leinster's book and Eugenia Cheng's survey of de�nitions of n-
ategory. Basi
ally,we start with the free !-
ategory generated by one morphism in ea
h level as an unlabeled, unbiased,stri
t !-
ategory. We then allow bias, add labels, and 
hop down to an n-
ategory. This is all done inthe language of generalized operads.


