
n-CATEGORIES PART II: THE BAEZ-DOLAN PERIODIC TABLEBEN HUMMON1. Many LevelsAll n-
ategories in this talk will be assumed to be weak. Further, there is no agreed upon de�nitionof n-
ategory for n � 4, so most of this talk is wild 
onje
ture. Following John's talk, I will drawglobular pi
tures for 
ompositions. We will follow the work of several authors (see the referen
es), butespe
ially John Baez.De�nition. An � n�k �-
ategory is an (n+k)-
ategory for whi
h there is a single j-morphism, 0 � j < k.We 
an draw a s
hemati
 diagram for the levels of a � 3�2�-
ategory as:
0011223344
55

ssssmmmmmm
mm 00112233

externalexternallevellevel internalinternallevellevel
An s stands for \single" or \stupid;" an m stands \many."De�nition. An internal j-morphism is a (j + k)-morphism. An internal obje
t is an internal 0-morphism.The dot in our notation between n and k is meant to remind us of this internal obje
ts level, whi
hisn't 
ounted by n nor by k. The level of a morphism is meant to indi
ate the dimension of the shapewe draw. Our pi
tures for � n�k �-
ategories may de
ide to use either external or internal dimensions.Let me remind you what 
ompositions we have at ea
h level of an n-
ategory:level 
ompositionsn Æ0; Æ1; : : : ; Æn�1... ...2 Æ0; Æ11 Æ00The subs
ript indi
ates the dimension of the subspa
e that we're gluing over.De�nition. The 
ompositions Æj will be 
alled(ambient if 0 � j < kinternal if k � j < n:Date: January 11, 2009. 1



2 BEN HUMMONExample. Re
all Dan Rogalski's example of bi
ategory:level morphisms 
ompositions2 linear maps 
, Æ1 bimodules 
0 ringsIf we �xed one ring, then we would have a � 1�1�-
ategory and 
 would be ambient.2. The Periodi
 Table� n�k �-
ategories have other names for small n and k. The periodi
 table[3℄ lets us keep tra
k ofthese:knn 0 1 20 sets 
ategories 2-
ategories1 monoids monoidal 
ategories monoidal 2-
ategories2 
ommutative monoids braided monoidal 
ategories braided monoidal 2-
ategories3 symmetri
 monoidal 
ategories syllepti
 monoidal 2-
ategories4 strongly involutory mon 2-
ats2.1. The Zeroth Column.� 0�0�-
ategory: This is just a set of obje
ts.� 0�1�-
ategory: A 
ategory with only one obje
t is a monoid. The multipli
ation of elements isgiven by 
omposition of morphisms.� 0�2�-
ategory: A 2-
ategory with only one obje
t and only one morphism is a 
ommutativemonoid. Where does 
ommutativity 
ome from? Consider the following E
kmann-Hiltondiagram:� �� ��
��

Æ0Æ0 � �� ��
��

== � �� �� ��
�� 1�� Æ0Æ0 � �� �� �1�� �

��

== � �� ��
�� � �� �1��Æ1Æ1� �� �1�� � �� ��

��

== � �� ��
��Æ1Æ1� �� ��
��In this pi
ture, � and � have made a quarter turn around ea
h other. This shows that, insome sense, horizontal and verti
al 
omposition are the same. Further, by 
ontinuing on another quarter twist, we see that the 
omposition is 
ommutative.2.2. The First Column.� 1�0�-
ategory: This is just a plain, old 
ategory.� 1�1�-
ategory: This is a monoidal 
ategory. Tensoring of internal obje
ts and their morphisms
omes from the Æ0 
ompositions. We get 
omposition of internal morphisms from Æ1.� �V � �W
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 � �W� �W 0g��� 1�2�-
ategory: A � 3�2�-
ategory is a braided monoidal 
ategory.The E
kmann-Hilton diagram for a � 1�2�-
ategory still holds, ex
ept that we no longerdemand equalities, but rather internal isomorphisms. We get two E
kmann-Hilton maps whi
hwe 
an use to 
ir
le two globs around ea
h other:� �� ��
��

Æ0Æ0 � �� ��
��

eh0;1 //
� �� ��

��Æ1Æ1� �� ��
��eh1;0
��� �� ��

��
Æ0Æ0 � �� ��

��

eh0;1oo
� �� ��

��Æ1Æ1� �� ��
��

eh1;0OO

Penon's (re
exive) globular de�nition of n-
ategory has too many 
oheren
e laws in that itin
ludes a rule that makes this square 
ommute[5℄.� 1�3�-
ategory: This is a symmetri
 monoidal 
ategory. In a symmetri
 monoidal 
ategory, werequire that the previous square 
ommute. Where does this relation 
ome from?Pro
eeding as before, we get an o
tahedron, where the edges are E
kmann-Hilton maps.The globs are now football-shaped, and drawing them glued a
ross 1 or 2 dimensional fa
esis tri
ky. Noti
e that there are 3 squares in the o
tahedron, whi
h are 
opies of the twistingfrom before. We want to show that these squares 
ommute, and we'll do it by showing thatthe triangular fa
es 
ommute. �� ddJJJJJJ ��OO� �::tttttt

� �$$JJJ
JJJ

���� �� zzttt
ttt
� ���//////////// �� oo� �GG������������� �// �� ���� WW � Æ0 �� Æ0 �

� Æ0 �� Æ0 �
� Æ1 �� Æ1 �� Æ1 � � Æ1 �� Æ2 �� Æ2 � � Æ2 �� Æ2 � �� �� ��� �OOOOOOO

� �OOOOOOO

� �OOOOOOO� �ooooooo � �ooooooo� �ooooooo

OOOOOOOOO

ooooooooo

oooooooooOOOOOOOOO ))SSSS

��

OO
55kkkk

wwoooogg OOOO

Looking at a triangle in a dual pi
ture, we 
an wat
h the 
ell � travel around a 2x2x2 Rubik's 
ube.One might 
onvin
e oneself that the E
kmann-Hilton maps have no e�e
t when traveling around thetriangle.



4 BEN HUMMON2.3. About the Table. Noti
e that as we move down a 
olumn, we expe
t more stru
ture. In thezeroth 
olumn, we start with a set. Then we equip the set with a multipli
ation. And then we requirethat multipli
ation be 
ommutative. A similar pro
ess, but more drawn out, happens in the �rst
olumn. We start with a 
ategory. Then we introdu
e a multipli
ation 
 on obje
ts. In the next row,we require that x
y be isomorphi
 to y
x. In the last row, we require that this isomorphism squaresto the identity. A similar pattern happens in the se
ond 
olumn.Conje
ture (Baez and Dolan). The 
olumns of the periodi
 table stabilize for k � n+ 2.This would say, in some sense, that 
ommutative monoids are the ni
est form of � 0�k�-
ategory andsymmetri
 monoidal 
ategories are the ni
est form of � 1�k�-
ategory.3. BraidingDe�nition. Let n-Braidk denote the free � n�k �-
ategory generated by a single internal obje
t[2℄.Example. 1-Braid2 is the braided monoidal 
ategory with levels:level morphisms3 ne
essary 
oheren
e2 hxi, free on Æ0, Æ11 s0 sHere is a table of n-Braidk for low n and k:knn 0 10 singleton set stupid 
ategory1 (N;+; 0) as a monoid obje
ts are tensor powers; only 1 morphisms2 (N;+; 0) as 
omm monoid braid groupoid3 symmetri
 groupoidThe stupid 
ategory, 1-Braid0, has a single obje
t and only its identity morphism. We 
an use Ma
Lane 
oheren
e to stri
tify 1-Braid1. This ensures that we only get identity morphisms. For higher k,though, we get more morphisms.Typi
al morphisms in 1-Braidk:
k=0 k=1 k=2 k=3We might also draw a morphism in 1-Braid2 as follows:
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o

0
oA horizontal sli
e in this pi
ture 
ontains the ambient 
ompositions. The verti
al dire
tion is theinternal 
omposition. Writing two dots - internal obje
ts - next to ea
h other in a sli
e is meantto indi
ate their Æ0 
omposition. These pi
tures are good when the ambient 
ompositions are free -they are less helpful otherwise. To draw these pi
tures, we are relying heavily on our 
ompositions
ommuting - that is, we have an inter
hange law.We think of n-morphisms in n-Braidk as braids with n-dimensional strands sitting in n + k di-mensions. If we instead work with n-
ategories with duals, then we get tangles, in the style of Ben'stalk. 4. Homotopy TheoryThe periodi
 table might remind us of the following table of homotopy groups of spheres: �n+k(Sk)knn 0 1 20 �0(S0) �= fN;Sg �1(S0) �= 1 �2(S0) �= 01 �1(S1) �= hxi �2(S1) �= 0 �3(S1) �= 02 �2(S2) �= Z �3(S2) �= Z �4(S2) �= Z=23 �4(S3) �= Z=2 �5(S3) �= Z=24 �6(S4) �= Z=2Indeed, we know �0 is a set, �1 is a group, and �2 is abelian. This feels quite similar to the zeroth
olumn of the periodi
 table. Also, ea
h of these 
olumns have stabilized by the Fruedenthal suspensiontheorem.Re
all from John's talk:De�nition. The fundamental !-groupoid of a spa
e X is the one given by0-morphisms: points in X .1-morphisms: paths between points.2-morphisms: homotopies between parallel 1-morphisms.higher: et
.We denote it by �!(X). By taking isomorphism 
lasses at level n, we get the fundamental n-groupoid,�n(X).�! is a fun
tor Top �! !-GrpdWe also have a fun
tor, j � j : !-Grpd �! Top;
alled geometri
 realization. It pat
hes together 
ells to make a spa
e out of a groupoid.These fun
tors are adjoint, but they don't give an equivalen
e of 
ategories. However, followingGrothendiek[1℄, we expe
t these fun
tors to extend to !-fun
tors, setting up an equivalen
e of !-
ategories. Under this premise, homotopy n-types 
orrespond to n-groupoids.Let (X; x0) be a spa
e with basepoint. How are �j(X; x0) and �j(X) related? A typi
al element of�2(X) looks like:



6 BEN HUMMONx yf
��x yg CC

��up to a homotopy �xing the boundary. If we insist that x = y = x0 and f = g = 1x0 , thenwe 
ollapse the boundary. This gives a sphere, up to homotopy, relative to the basepoint. We 
angenerally re
ognize �j(X) as a subgroup (or sub-obje
t) of �j(X), restri
ting to top-level morphismson 1:::1x0 .What does moving down one row of the periodi
 table look like in homotopy-theory-world? Well,we want to get a new spa
e in whi
h we've pushed ea
h of the homotopy groups up one level. So itsounds like we want suspension.Now we 
an intuitively see what the table of homotopy groups of spheres has to do with the periodtable. If we made a table of fundamental n-groupoids, �n+k(�kS0), then they should live in theperiodi
 table. Instead, we're taking �n+k, whi
h 
aptures some of that information.5. Moving Around the Periodi
 TableDe�nition. Given parallel j-morphisms, f; g, Hom(f; g) is an (n� j)-
ategory with obje
t set ff; gg,
alled a mi
ro
osm.We have a bun
h of ways to move around the periodi
 table: (the arrow in parentheses shows whi
hdire
tion the operation moves on the periodi
 table.)de
ategori�
ation ( ):
0011223344 ssssmmmmmm ssssmmmmm m//m m//

Identify morphisms in the (n� 1) level whi
h are isomorphi
 a

ording to the top level. (Takeisomorphism 
lasses.)dis
rete 
ategori�
ation (!):
0011223344 ssssmmmm ssssmmmmmmm m//m m//

Add a top level of identities. By repeatedly dis
retely 
ategorifying, we 
an regard any n-
ategory as an !-
ategory.forgetting monoidal stru
ture ("):
0011223344 ssssmmmmmm ssmmmmmmm m''OOO

O

m m''OOO
O

m m''OOO
O

Ignore the lowest (monoidal) level, by say, taking a mi
ro
osm 
ategory.
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0011223344
55

ssssmmmmmm ssssssmmmm
mmm m77oooo

m m77oooo
m m77oooo

This is a 
onje
tured left adjoint to \forgetting monoidal stru
ture." The stabilization 
on-je
ture states, more pre
isely, that this suspension fun
tor is some sort of equivalen
e fork � n+ 2.delooping (%):
0011223344 ssssmmmmmm ssmmmmmmmms m//m m//m m//m m//

Think of the highest monoidal level as a \many" level.looping (.):
0011223344 ssssmmmmmm ssssssmmmmm m//m m//

Let a be the k-morphism. Take the mi
ro
osm sub
ategory Hom(1a; 1a), keeping the monoidallevels. That is, we're looking at the loops on 1a.6. Stri
tifi
ationTheorem. Every 2-
ategory is biequivalent to a stri
t one.Proof. (sket
h[7℄) Let [C;D℄ denote the 
olle
tion of weak fun
tors from C to D. We embed a weak2-
ategory C via a weak fun
tor Y : C ! [Cop;Cat℄:It sends an obje
t A of C to HomC(�; A). �The previous theorem 
an be seen as a generalization of the Ma
 Lane 
oheren
e theorem that Joelpresented. Indeed, a monoidal 
ategory is a 2-
ategory.Question. Why don't we just stri
tify n-
ategories and be done with it?Answer. We 
an't. A weak � 1�2�-
ategory has braiding, but a stri
t � 1�2�-
ategory is symmetri
.Equivalen
e of braided 
ategories preserves symmetry. So be
ause 1-Braid2 has braiding, it isn'tequivalent to a stri
t 3-
ategory. Nor is �3(S2). This, presumably, has something to do with the Hopf�bration, whi
h generates �3(S2).De�nition. A Gray n-
ategory is a n-
ategory in whi
h everything is stri
t, ex
ept inter
hange[4℄.Theorem. Every 3-
ategory is equivalent to a Gray 3-
ategory.Remark. We don't entirely like Gray 
ategories, be
ause Steven La
k has proved, that the tri
ategoryof bi
ategories is not triequivalent to the tri
ategory of Gray 2-
ategories.Joyal and Ko
k[6℄ have a theorem that relate homotopy 3-types to 3-groupoids whi
h are stri
t inall ways, ex
ept for identity arrows.



8 BEN HUMMONAnswer. We have ways two ways to make 3-
ategories semi-stri
t. People seem to think that theJoyal-Ko
k method should work for higher n, too.Referen
es[1℄ John Baez, Le
tures on n-Categories and Cohomology. 2007.[2℄ John Baez and James Dolan, Categori�
ation. 1998.[3℄ John Baez and James Dolan, Higher-Dimensional Algebra and Topologi
al Quantum Field Theory. 1995.[4℄ Eugenia Cheng, Comparing Operadi
 Theories of n-Category arXiv, O
t 2008.[5℄ Eugenia Cheng and Aaron Lauda, Higher-Dimensional Categories: an illustrated guide book. Draft, June 2004.[6℄ Andr�e Joyal and Joa
him Ko
k, Weak units and homotopy 3-types, arXiv, Aug 2006.[7℄ Tom Leinster, Higher Operads, Higher Categories. Cambridge University Press, Cambridge, 2004.[8℄ Ja
ob Lurie, What is an 1-Category?. Noti
es of the AMS, Sept 2008.[9℄ Saunders Ma
 Lane, Categories for the Working Mathemati
ian. Springer, 1978.


