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Biomolecular Solvation

Electrostatic Interactions

• Solute partial charges

• Mobile ions in water

• Solvent polorization

• Dielectric response

Coulomb’s law
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Hasted, Ritson, & Collie, JCP 1948)



Variational Implicit-Solvent Model (VISM)
(Dzubiella, Swanson, & McCammon, PRL & JCP 2006)

Solvation free-energy functional

G [Γ] = surface energy + solute-solvent interaction + electrostatics

= γ0 Area (Γ) + ρw
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Poisson–Boltzmann (PB) free energy and PBE
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Boundary force: −δΓG [Γ] = −2γ0H + ρwUvdW − δΓGele[Γ]



Dielectric boundary force (DBF): −δΓGele[Γ]

∇ · εΓ∇ψ − χwB
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Define the DBF
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Γ =⇒ Γt =⇒ ψΓt =⇒ Gele[Γt ] =⇒ δΓGele[Γ] :=
d

dt

∣∣∣∣
t=0

Gele[Γt ]

For any V ∈ C∞c (R3,R3), define x : [0,∞)× R3 → R3 by
ẋ = V (x) and x(0,X ) = X . Set Tt(X ) = x(t,X ) and Γt = Tt(Γ).

δΓ,VGele[Γ] := lim
t→0

Gele[Γt ]− Gele[Γ]

t
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(V · n) hΓdS

Definition. δΓGele[Γ] = hΓ : Γ→ Γ.



Theorem (Li, Cheng, & Zhang, SIAP 2011; Li, Zhang, & Zhou, J.

Nonlinear Sci. 2021 (under review).) The DBF is given by
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B. Chu, Molecular Forces. Based on the Baker Lectures of Peter
J. W. Debye, John Wiley & Sons, 1967:

“Under the combined influence of electric field generated
by solute charges and their polarization in the surrounding
medium which is electrostatic neutral, an additional potential
energy emerges and drives the surrounding molecules to the
solutes.”
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Stability of a Cylindrical Dielectric Boundary
(Cheng, Li, White, & Zhou. SIAP 2013)

F [Γ] = γ0 Area (Γ) +
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Assume: ε− > ε+.

• Water molecules deep in a protein.

• Competition: surface energy vs. electrostatic energy.

• Stability of an equilibrium dielectric boundary.



Steepest descent: Vn = −δΓF [Γ]
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∀(z , t) ∈ (−∞,∞)× (0,T ]

u(z , t) is L-periodic in z for each t ∈ [0,T ]

u(z , 0) is given for all z ∈ (−∞,∞)

∇ · εΓ(t)∇ψ = −f in Ω

ψ(r , z , t) is L-periodic in z for each (r , t) ∈ [0,R∞)× [0,T ]

ψ(R∞, z , t) = 0 ∀(z , t) ∈ (−∞,∞)× [0,T ]



Step 1. Steady-state solutions. u = u0 and ψ = ψ0(r).
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Step 2. Linearization.

u = u(z , t, δ) = u0 + δu1(z , t) + · · · ,
ψ = ψ(r , z , t, δ) = ψ0(r) + δψ1(r , z , t) + · · · .
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Step 3. Dispersion relations.

Assume

u1(z , t) = Aeωte ikz with k = 2πk ′/L, k ′ ∈ Z,
ψ1(r , z , t) = u1(z , t)φk(r).

Then the dispersion relation ω = ω(k) is given by
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The modified Bessel differential equation

x2y ′′(x) + xy ′(x)− x2y(x) = 0.

The modified Bessel functions
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Conclusion: linearly stable if and only if k > kc .

Possible implication in biology: Water molecules inside proteins
are unstable—no hydrogen network.
(Rasaiah et al. JACS 2007 & JPCB 2010)



Dynamic Implicit-Solvent Model (DISM)

Li, Sun, & Zhou, SIAP 2015,

Sun, Zhou, Cheng, & Li, J. Comput. Phys. 2018,

Fan, Li, & White, SIAP 2021.
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Interface motion Vn = u · n on Γ(t),

Incompressibility ∇ · u = 0 in Ωw(t),

Stochastic Stokes eq. µw∇2u = ∇Pw(t) +∇ ·Σ in Ωw(t),

Ideal-gas law P
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PBE ∇ · εΓ(t)∇ψ − χw(t)B ′(ψ) = −
∑N
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Qjδxj in Ω,

Force balance 2µwD(u)n− δΓG [Γ]n = 0 on Γ(t).

Σ: Landau–Lifshitz stochastic stress tensor

〈Σij(x, t)Σk`(x′, t ′)〉 = 2µwkBT δ(x− x′)δ(t − t ′) (δikδj` + δi`δjk) .



Stability of a Cylindrical Dielectric Boundary, Again
(Li, Sun, & Zhou, SIAP 2015)
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Numerical Simulations of a Two-Plate System
(Sun, Zhou, Cheng, & Li, J. Comput. Phys. 2018)
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A Generalized Rayleigh–Plesset Equation for an Ion
(Fan, Li, & White, SIAP 2021)
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The total surface force density F = F (R).
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The radius of an ion (Fan, Li, & White, SIAP 2021)



Q (e) Peak Half-Peak Bulk First nonzero RP
1 3.32 3.00 3.03 2.48 2.80
−1 2.04 1.90 1.86 1.56 2.80
2 2.96 2.83 2.81 2.32 2.46
−2 1.86 1.74 1.67 1.46 2.46

(Unit of length: Å.)

• With the same |Q|, the MD radius of a cation is larger than that of
an anion But the RP radius remains the same. Charge asymmetry!

• The RP radius approximates well the averaged peak radius over
those for the two ions with the same |Q|.

• For a cation, the RP radius is close to the average of the first
nonzero and bulk radii.

• For an anion, an effective radius is the RP radius minus 0.5 Å.



Conclusions and Discussions

• The PB based DBF is crucial in qualitative descriptions of
conformational dynamics of charged molecules.

• Dielectric boundary is sensitive in calculating the electrostatic
energy and hence the DBF.

• Known problems of continuum electrostatics: charge
asymmetry, ionic size effect, charge-charge correlations, etc.

Current Work

• Fast numerical method for minimizing the surface energy and
electrostatic energy, using the Legendre transform.

• A sharp boundary is often too “rigid”, leading to high barriers
in conformational changes. Relaxation?

• Including the solvent polarization.

• Coupling continuum and atomistic descriptions.



Thank You!


