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1. Introduction



Electrostatic interactions
> charges in biomolecules
» solvent polarization, ions
> long range

» main part of solvation free energy
AG=G— G

(McCammon's work)

conformational

olvation
_—

AG=?



Coulomb’s law

> potential
1 qiq2
Uy =——=
2 4mte r N { d,
» force 1
142
Fo1 = —VUu(r) = - a® 1

Poisson’s equation
VeV = —4np

> 1. electrostatic potential

» p: charge density

» & dielectric coefficient Implicit-solvent models

Main issue: the electrostatics of induced ions.



2. The Classical Poisson—Boltzmann Theory



Consider an ionic solution occupying a region €.
> pr: Q — R: given, fixed charge density

¢j : Q — R: concentration of jth ionic species
o
<

>

> : bulk constant concentration of jth ionic species
> gj: charge of jth ionic species
>

(B: inverse thermal energy

Poisson’s equation: V- e(x)Vi(x) = —4mp(x)
M

Charge density: p(x) = pr(x) + 32521 qici(x)

Boltzmann distributions: ¢i(x) = ijoe—ﬁqu(x)

The Poisson—-Boltzmann equation (PBE)

M
VeV + 4r Z qjcfoe_ﬁqfw = —4mps
j=1




M
PBE V-eVy+ 4WZ gice Y = —arp;
j=1
» Linearized PBE (the Debye—Hiickel approximation)

V- eV — ek = —bamps

Here x > 0 is the ionic strength or the inverse Debye—Hiickel
screening length, defined by

M 2
2 _ 4mB3 21 qic®
5

K

“Derivation”: use the Taylor expansion and

Electrostatic neutrality: Zjl\i1 qic® =0

» The sinh PBE for 1:1 salt (g2 = —q1, ¢5° = ¢f°)

V - Vi) — 8rqcs® sinh(Bqip) = —4mpy \




Electrostatic free-energy functional of ionic concentrations

G[C]:/Q —p+ B~ 129 In(A3¢;) ) —1] Z/”LJCJ dv

p(x) = pr(x) + S gigi(x)
Yv=Lp: V- -eVipy=—4mp and ¥ =0 on 9N
» A : the thermal de Broglie wavelength

> uj: chemical potential for the jth ionic species
Equilibrium conditions

(6Glc]); = qj+6"In(A3¢;)—p; = 0 <= Boltzmann distributions

Minimum electrostatic free-energy

M
J— € 2 -1 ) —Bg:v
Gmm—/Q _87|v¢’ +Pf1/1—ﬁ E Cj <e 9 —1) dVv

j=1



G[c]:/Q S+ 87 129 In(A*¢;) — 1] Zujcj dv

Theorem (B.L. 2009).

» The functional G has a unique minimizer ¢ = (ci, ..., cym)
which is also the unique equilibrium.

> 3601 >0,00>0:0; <ci(x)<b ae.xecQ,j=1,..., M.

» The equilibrium concentrations ci, ..., cp and corresponding
potential 1) are related by the Boltzmann distributions.

» The potential 1 is the unique solution to the PBE.
Remark. Bounds are not physical! A drawback of the PB theory.

Proof. By the direct method in the calculus of variations, using:
» convexity: G[Au+ (1 —A)v] < AG[u] + (1 — N)G|v];
» lower boundedness of s +— s(logs — ) with a € R;
» superlinearity of s — slogs;
» a lemma (cf. next slide). Q.E.D.



6ld] :/ prp—i-ﬁ 129 In(A3q) — 1] ZWJ v
Q
j=1
p(x) = pr(x) + 2721 4i¢i(x)
Yv=Lp: V- -eVipy = —4mp and ¢ = 0 on 9N
Lemma (B.L. 2009). Given c. There exists ¢ satisfying:
» C is close to c;

> G[E] < Gc];
» d6; > 0, 92>0261§6j(X)§92 a.e.XEQ,j:].,...,M.

Proof. By construction using the fact that the entropic change is
very large for ¢; = 0 and ¢; > 1. Q.E.D.
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3. A Size-Modified Poisson—Boltzmann Theory



Electrostatic free-energy functional of ionic concentrations

G[c]:/Q —p+ B~ 129 Inacj ) —1] ZNJCJ dv

p(x) = f(X)+Ej:1 q;¢i(x)
Lp=1: V-eVip=—4mp and ¢ =0 on 00.

q(x) = 2° [1 = X, afe(x)]

> a; (1 <j < M): linear size of ions of jth species
> ap: linear size of a solvent molecule

» ¢y local concentration of solvent



G[c]:/ prp—i-ﬂ IZCJ In(a¢;) — 1] Z'“JCJ dv
Q

Jj=0
M
p=pr+ Zizl qiCi
Theorem (B.L. 2009). The functional G has a unique minimizer

¢ =(c1,...,cm) which is also the unique local minimizer. It is
characterized by the following two conditions:

» Bounds. There exist 01,6, € (0,1) such that
0 < afcj(x) <6, aexeQ, j=0,1,...,M;

» Equilibrium conditions (i.e.,(0G[c]); =0 for j=1,..., M)

afa0_3 log (ag’co)—log (afcj) =F(qv—pj) aeQ,j=1,...

Remark. The bounds are non-physical microscopically!

Proof. Similar. Use the convexity and a lemma. Q.E.D.



The convexity.

k=1 k=1
2
M
M <Zi:1 a,3v,>
Z@ui(‘)ujh(u)v,vj >0 VYvi,...,vyeR
ij=1 1= k=1 3k
Lemma (B.L. 2009). Given ¢ = (c1,...,cp). There exists
¢ =(&,...,Cm) that satisfies the following:

> ¢ is close to c;
» G[e] < Gc];
> there exist 61 and 6, with 0 < 07 < 0> < 1 such that

01 §aj3?:j(x) <6, aexef, j=0,1,..., M.

Proof. By construction. First, treat cg = ay >(1 — 3.V, a3¢;).
Then, treat ¢; (j =1,...,M). Q.E.D.



Uniform size: Generalized Boltzmann distributions
Assume: ag—= a1 =---—=ay =: a
» Equilibrium conditions: ¢; = coa3cj?°e*5qf’f’ UG=1,...,M)
» Definition of ¢p: a z oG =1

The generalized Boltzmann distributions

C_OO e_ﬁqj'¢
J

¢ = , j=1....M
L 12l e bay

The generalized PBE

—Baqjy
qgjc;ee
V. eV 4 4rn 2131 ) = — = —4mpf
I+a” Zi:l poehar

A variational principle: 1 minimizes the convex functional

M
I¢] = /Q S%IW)I2 — prop+ a3 log (1 + ; a3c,9°e5qf'¢>] dx




Nonuniform size: Implicit Boltzmann distributions

Equilibrium conditions

a}aa3 log (agco) — log (afcj) =0(q —pj), ae.Q,j=1,...

» An implicit Boltzmann distributions:
¢i(x) =Bj(v(x)), xe€Q,j=1,...,M.
» Electrostatic neutrality:
5221 4;B;(0) = 0.
» Define V : R — R so that
V() = — Zjﬂil q;j¢ = — Z_/I\il q;Bj(v).
» Implicit PBE and the related variational principle

VeV — 4nV'(¢) = —4mpy,
J9 = Jo [IVOP = pro+ V()] dx.



Equilibrium conditions
afaa3 log (agco) — log (aj‘?’cj) =0(q — ), ae.Q,j=1,...,M.

Set Dy = {u=(u1,...,upy) €RM: up>0,,=0,1,..., M},
up = 353 (1 - Zjl\i1 a]?‘uj) ,
fi(u) = 3?353 log (a3uo) — log (aj‘?‘uj) , j=1,....,M.
Lemma (B.L. 2009). The mapping f : Dyy — R is C*° and
bijective.
Proof. It is clear that f is C*.
> f is injective: det(Vf) #O0bydet(/ +ve@w)=1+v-w.
» f is surjective: f;(u) = r; <= all 0z/0u; = f;(u) — r; =0,

M M
where z(u) = Z uj [log (afuj) -1] + Z rju;j.
j=0 j=1

By constructions, minp,, z < mingp,, z. Hence, 0z/0u; = 0
forallj=1,...,M. Q.E.D.



Set g=I(g1,...,8u)=F1:RM — Dy,

Bij(¢) = g (B(a1¢ — pa), .- -, Blamed — pm))
Bo(¢) = 3> |1 = X1, 3By(0)]

Electrostatic neutrality: ijl q;B;j(0) = 0.

Define

M ¢
—qu/ Bi(§)d¢ VoeR
=1 70

Lemma (B.L. 2009). The function V is strictly convex. Moreover,

" >0 if¢>0,
—Y qiBi(¢)§ =0 if¢=0,
j=1 <0 ifp<0,

and V(¢) > V(0) =0 for all ¢ € R with ¢ # 0.

Proof. Direct calculations using the Cauchy—-Schwarz inequality to
show that V" > 0. Also, use the neutrality. Q.E.D.



G[c]:/Q —plp+ B~ 1ch Ina ¢) — 1] Z,ujcj

p=pr+ M qici
Theorem (B.L. 2009).

» The equilibrium concentrations (ci,...,cym) and
corresponding potential ¢ are related by the implicit
Boltzmann distributions

G(x) = Bi(¥(x)) x€Q j=1,...,M.

» The potential v is the unique solution of the boundary-value
problem of the implicit PBE

VeV — 4V () = —4mpr.

This is the Euler-Lagrange equation of the convex functional

Jo = [ [ 9ok —pro V(o) d Vo< H(Q).



4. Application Issues



4.1 Generalized Debye—Hiickel approximations
The implicit PBE: V.- eV — 47TV’(¢) = —4mps
» V/(p) = V'(0) + V"(0)p = V"(0)p for |¢| < 1.

> Electrostatic neutrality = V'(0) = — >, ¢;B;(0) = 0.
> It is shown (B.L. 2009)

2
M 5[5 3¢:B,(0)
VI(0) =33 ¢?B(0) - -
=1

>4 a%B;i(0)

Proposal

> Solve nonlinear algebraic equations to get B;j(0)
(j=0,1,..., M) and hence V"(0).

» Solve the generalized Debye—Hiickel approximation

VeV — 4xV"(0)p = —4nps




4.2 Potential monotonicity and charge compensation

ewlY = V’W) (I’ > R)
% R P(R) : given
) ¥(o0) = 0

Assume that V : R — R is strictly convex and V’(0) = 0.

» Strict monotonicity of the potential:
P'(r) > 0in (R,00) or ¢/'(r) <0in (R,0).

» Charge compensation: The induced charge

M
g(R :/ _qucj(x)dV
R<|x|<R =1

decreases (if Q@ > 0) or increases (if Q@ < 0) from g(R) =0 to
g(00) = —=QVol(B(0, R)).



4.3. Wall-mediated like-charge attractions

O O

Ay = V'(1p) inside walls and outside balls

1 is a constant on the walls

1) is a constant on the boundary of balls

Assume that V' : R — R is strictly convex and V’(0) = 0.

The electrostatic surface force is given by

F= / Iph)?n dS
2 8ba|ls( )

Force repulsive: F - {unit horizontal vector to the center} > 0.



5. Conclusions



Summary

» Electrostatic free-energy minimization provides bonds on
concentrations, a limitation of the PB theory.

» A size-modified PB theory is developed. Generalized explicit
and implicit Boltzmann distributions are obtained for the case
of uniform and nonuniform ionic and molecular sizes,
respectively.

» A generalized Debye—Hiickel approximation is obtained that
can be used for numerical calculations.

» The new theory has the essential features same as the
classical one. Thus it is not able to explain the
geometry-mediated like-charge attraction.



Outlook
» Bridge the continuum and atomistic models of electrostatics.

» Statistical mechanics basis of the continuum theory with
nonuniform ionic sizes.

» Potential monotonicity and charge compensation for general
domains.

» The relation between the PB theory and the generalized Born
model.



Thank you!



