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Abstract

In this paper the Wilson nonconforming finite element is considered for solv-
ing a class of two-dimensional second-order elliptic boundary value problems.
Superconvergence estimates and error expansions are obtained for both uniform
and non-uniform rectangular meshes. A new lower bound of the error shows
that the usual error estimates are optimal. Finally a discussion on the error
behaviour in negative norms shows that there is generally no improvement in
the order by going to weaker norms.
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1 Introduction

The Wilson finite element, known as Wilson’s brick in three-dimensional finite element
applications, is widely used in computational mechanics and structural engineering,
see, e.g., [5] and [17]. The corresponding finite element space consists of piececwise
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quadratic functions which are required to be continuous only at the vertices of ele-
ments. This reduced continuity property determines the nonconforming character of
the Wilson element in solving second-order elliptic boundary value problems.

The nonconforming Wilson element passes the Irons patch test on general quasi-
uniform quadrilateral meshes and the convergence in the energy norm is of first order,
5], [8], [13], [18]. It is shown by an example in [14] that this rate of convergence is
optimal. Thus, in contrast to a conforming quadratic finite element which achieves
a second-order rate of convergence, the Wilson element looses one order of accuracy
due to its nonconformity. However, pointwise superconvergence has been observed in
practical computations, [17]. This interesting phenomenon motivated this study of
error estimates of higher order for the Wilson element.

For conforming finite elements superconvergence estimates and error expansions
are well studied in the literature. We refer to [7] for a survey on various results of
superconvergence and to [2] for a fundamental work on asymptotic error expansions.
Some of the technical details can be found in the monograph [18]. The theory of
superconvergence has reached a fairly complete stage for the conforming finite ele-
ments, though the counterexamples presented in [9] still give rise to some questions.
However, in the case of nonconforming finite elements, due to the reduced continuity
of trial and test functions, it becomes much more difficult to establish superconver-
gence properties and related asymptotic error expansions. The latter are the basis for
the application of Richardson extrapolation or defect correction techniques by which
the accuracy of the scheme can be largely improved. See [1] for a description of this
difficulty in detail.

There seems to be no results yet in the literature on higher order error estimates
based on superconvergence properties for nonconforming finite elements. For the
relatively simple Wilson element, a result of superconvergence in the energy norm
has been obtained in [16] for a model situation. Independently, the second author
considered the Wilson element within the same setting and obtained L? and W'?(1 <
p < 00) error estimates as well as the pointwise superconvergence and extrapolation
results. All these results indicate that the Wilson element is almost equivalent to the
conforming bilinear finite element in terms of the asymptotic error behaviour. For a
detailed description of this result, see the monograph [18].

In this paper a new approach to the analysis of superconvergence of the Wilson
element is developed which now applies also to certain non-uniform meshes and to
more general equations. By this method pointwise superconvergence estimates and
asymptotic error expansions are derived. Furthermore, an interesting lower bound
for the error is obtained which strengthens the result in [14] about the optimality of
the standard error estimates for the Wilson element. The key point of our analysis is
the separation of the conforming part of the nonconforming approximation and the



use of known results for conforming finite elements, see, e.g., [2], [7] and [18]. Our
analysis can directly be carried over to three-dimensional problems. We expect that
our method will also work for other nonconforming finite elements, especially for those
often used in solving forth-order elliptic boundary value problems, [5].

For simplicity, let €2 be the unit square in the xy-plane. We consider the following
boundary value problem:

_ 0 ou 0 ou .

Lu= -5 (A5 ) — 5 (A%~ Bu= Q

(1) u o < 18I> Dy ( 28y> + u=f, in )
u=0, on 01,

where Aq, Ay, B and f are sufficiently smooth functions defined on 2, and A, Ay >
a = const. > 0, B > 0. As usual, for an integer £ > 0 and a real number p, with
1 < p < oo, WkP(Q), WP (Q) are the Sobolev spaces over the domain €2, and || - .0
|| kp.o the corresponding norms and seminorms. The inner product and the norm of
L?(2) are denoted by (+,-) and || - ||, respectively. The symbol ¢ is used as a generic
constant varying with the context and is always assumed to be independent of both
the mesh size h and the solution u, except the dependance is otherwise indicated.

Let T}, = {eij}Z’JZl be a rectangular partition of the domain €2, where n, m are two
positive integers, e;; = [x;_1, %;] X [yj_1,y;] are rectangular elements, and

O=xg< 21 < - <w, = 1, O=y<n < <yYp=1

are two one-dimensional partitions on the z-axis and y-axis, respectively. Define
hi = x; — x;_1, kj = y; — y;—1, and the mesh size h = max{h;, k;};/";. As usual T}, is
said to be quasi-uniform if there exists a constant ¢ such that

ch < min{h;, k;};""

ij=1-
Furthermore, T}, is said to be unidirectionally uniform if
hi=hy,i=1,---n, and kj=k, j=1,---,m.

Throughout this paper we assume that T}, is quasi-uniform, unless any more restrictive
conditions on 7} are mentioned.

The analysis in this paper relies on the property of the differential operator L to
be separable with respect to the coordinate directions  and y and a corresponding
tensor product structure of the finite element mesh. Therefore, it does not directly
apply to problems involving mixed derivative terms on such a cartesian mesh. But
the treatment of first order derivative terms is possible.



Now let N;, and Z;, denote the set of vertices and the set of the centers of all
rectangular elements in 7}, respectively. For the mesh T}, we define V}, to be the
Wilson element space which consists of all functions v, € L?*(2) such that vy, is
piecewise quadratic over €2 and continuous on Ny, and v;, vanishes on N, N 0S2. The
Wilson finite element solution of the equation (1), u, € Vj, is defined through the
relation

(2) ap(un, on) = (f,on), forall ¢, €V,

where

duyp, 0 Juyp, 0
n(Uns on) = Y / <A1 L T + A, auh ;h +Buh<,0h> dzdy.
EETh y y

For later use we introduce as an auxiliary tool the following conforming bilinear
finite element space V}, defined by

Vi = {@h e C(Q) NW,*(Q) : T, is piecewise bilinear} :

Notice that V4 is a subspace of V},. The bilinear finite element solution of the equation

(1), up € Vj, is defined by

(3) a(tn, @n) = (f.@n), forall @, €V,

where

Oy, 0p Oty Op
a(tn, Pn) = /Q <Ala—$h%+14 ah (;Ph +Buh90h> dxdy.

The usual (conforming) Lagrange interpolation operator
I : C(Q) NWy Q) — Vi

is defined by the relation
Ingln, = ¢ln,-

Notice that the operator I, can be applied to those functions which are continuous
on N, but may not be continuous globally. It can also be restricted to each element
of Ty, in the usual way. Finally, let us introduce the notation |[|-[|, , which is defined
by

1/p
(z I ||p,p€) Cl<peso

ecTy,

kph —

p = 00.

ecTy,

Our main results are collected in the following theorems.
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Theorem 1 Let u and uy, be the solutions of problems (1) and (2), respectively. Sup-
pose u € W3*(Q) and u # 0. Then, there exists a constant ¢y > 0, depending on u,
such that, for sufficiently small h,

(4) coh®™* < [lu—un |y, p-

where 0 < k <2, and 1 <p < 0.

The assumption v € W3>(Q) in Theorem 1, is no real restriction since the right
hand side of (4) becomes even larger for a solution u with lower regularity.

As a direct consequence of Theorem 1, we see that the usual error estimates for
the Wilson element are optimal, [5], [8], [13], [14]. Moreover, we cannot even expect
any higher order error estimates in negative norms. In general, for any sufficiently
small h, there exists a function f, such that the corresponding solution u satisfy

(5) ath?® < lu—upll g0,

where ¢; > 0 is a constant independent of . We note that [|u —uy||_, o is of order
of O(h') for the conforming quadratic finite element. This observation, together
with Theorem 1, indicates that the Wilson element is asymptotically not better than
the conforming bilinear element. We will briefly outline the construction of such a
particular right hand side f leading to (5) at the end of this paper.

Next we have the pointwise superconvergence estimate for the gradient error.

Theorem 2 Suppose T}, is unidirectionally uniform. Let w and uy be the solutions of
problems (1) and (2), respectively. If u € W3>(Q), then there holds the superconver-
gence estimate

1
(6) max |V (u = up)(p)] < ch*In o ulls o 0

The result of the above theorem can be localized by using the usual arguments.
For any subdomains €y CC Q; C , if T}, is unidirectionally uniform on €2, there
holds

1
2
e V(= up)(p)] < eh*lng ([lullymn, +l1ull0)-
We point out that estimate (6) sharpens the earlier result:

1/2
( > IV(u—uh)(p)I2) < ch?llullyq

PEZRNQo
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which was obtained in [16] for the Poisson equation on an uniform mesh.

Before stating our Theorem 3, let us introduce some more notation. Let T} /2, T1 j/2,

T5 1,/ be the refined meshes corresponding to the three different types of refinement
indicated in the following figures,

Yj Yj Yj

D=
(NI
(SIS

Yi—1 Yi—1 Yi—1

Ti—1 Il;% ZT; Ti—1 Iiié Z; Ti—1 l’iié Z;

Th2 T hy2 o2

Figure 1: The refined meshes T}, /2, T' /2, Ton/2

where x;_y/ = w, Yj—1/2 = ?/3%4-?/3 By un/2, U1,n/2, and us /o we denote the

corresponding nonconforming Wilson finite element approximations. Then we have
the following result for the standard extrapolation and for the so-called unidirectional
extrapolation.

Theorem 3 Let w2, 1 /2 and us s be as defined above, and let u € C(Q)NWy2(Q)
be the solution of (1). Further, let

n(q) = duny z(q)?)_ unle) _ U(Q)| +

4 4 —9
uip/2(q) + ughﬂ(‘ﬁ un(a) u(q)|.

(i) If u € W3>(Q), and T}, is quasi-uniform, then
qEN

1
maxy;,(¢q) < ch’In ﬁ“ 3 0.0

(i) If u € Wh(Q), and Ty, is unidirectionally uniform, then

1 2
<ch*(ln—
max y(q) < ch (m h) [l

4,00,2"



We remark that for any subdomain €2y uniformly bounded away from the corner
points of 0f2, there holds

1
< chtln—
Juax n(q) < ehflnofully g

which improves on the power of the logarithm in Theorem 3 (ii).

2 Some lemmas
In this section we provide some technical lemmas.

Lemma 1 There exists a constant ¢ > 0 such that, for any e € Ty, any p € W3(e)
and any A € W?>(e),

Ol —1
LA% drdy| < ch? (HAHO,oo,e + |l o I

W e + h|A|2,oo,e> H 2 ||3,1,ea

0,00,

O — Inp) 9A
[ AT dndy) < ob? (I Alosoe + 1G04 lALce ) Il

Proof. We only prove the first inequality. Let (z¢, o) be the coordinates of the
center of e. By Taylor’s expansion formula, we have

aA(%, yo)
ox

aA(me Z/o)

A(xv y) = A({Eo, 3/0) + ay

(ZL‘ - l‘o) + <y - yO) + O(h2)|A|2,oo,e'
If a function p is quadratic on e, then [, d(p — I,p)/Oxdxdy = 0. Thus, by the
Bramble-Hilbert Lemma, [5], together with a transformation to a reference element,

it follows that

A — Inp)
/eT dady| < ch®| @5,

Moreover, in view of standard interpolation estimates, we have

/e(x — xo)wdxdy‘ < h/e

e — Inp)
ox ox

dedy < ch?| o5, .-

Combining all the above estimates, we obtain the first inequality. Q.E.D.



Lemma 2 For any element e € Ty, and any smooth functions A and ¢ defined on e,
the following expansions hold true:

8? 9%
/A[W go)dxdy—m/ <h2 Ld kQa )dxdy+R

IInp — ) 1 , , 0Py ,0A D%
AT T2 = —/ “A -
/e ox drdy 12 Je b dxdy? " o dr dz° dedy + R

IInp — ) n2A D% 2‘914(9
Ai = / —ki—— + R®
/ o dxdy = D FA W ks ) dzdy + R

[RW| < ch4/e(]A|‘64cp‘ +|0A]|0%| +[024|[0%¢|) dady,

where

[RO| + | RO < ch4/e (141[0%¢| + [0A][0*0| + [02A|0%c| + [0 A||6%¢]) dady.

Here, for a positive integer k, OF denotes a constant linear combination of all partial
derivatives of order k, and & = O*.

Proof. See [1], [3] or [10]. Q.E.D.

Lemma 3 For the nonconforming approzimation uy, and the conforming approrima-
tion uy, of problems (2) and (3), respectively, there holds the estimate

~ 1
H [huh — Up Hl,oo,h S Ch2 In E”uh H2,oo,h'

Proof. Let g€ Q) be arbitray. Define the derivative discrete Green’s function dgj €
Vh bY7 [18]7 _
a(en, 0g1) = dpn(q), for all ¢y € Vj,
0 0

where § = o7 or 9 = oy By (2) and (3), Lemma 1, and an inverse estimate, we
have that

O(Inup, — un)(q)

a([huh — Up, 89%) = ah(]huh — Up, 092)

< ch® Y (10681 o + 11109 o) It N
e€Ty

< ch? Y 109 1 soelltnllog e
€€Th

< ch? Y 10gh 1 1ellunlly e
eETh

< ChQHa.gg”l,l,QHuhH2,oo,h'

8



Hence, by noting that (see [11] and [17])
198l < T
we obtain
it =l s < 2T
The L estimate can be obtained similarly by applying the discrete Green’s function

g} € Vj, at the point g, [6], [18]. Thus, the proof is complete. ~ Q.E.D.

Lemma 4 The following relations hold for the nonconforming solution uy, of problem
(2), at any p € Z,

—A:(p) (0. A4 (p)Dtun(p) — B(p)un(p) + f())

+hk|| / ||k;ooQ + O(h2>|| Uh ||2,oo,h’

83 Up, (P) =

2
where s = 1,2, k =0,1,2, and 0? = 0 , 02 = el
82 2 ay

Proof. We first consider the expansion of u, with respect to basis functions of the
space Vj. Let ¢ € N, be given and ¢, € V}, be the corresponding bilinear nodal basis

function. Further let 1/’23 , 1/1222 ) €V}, be defined as

(x = w0)* B on e;;
Ui () = 2 8 7
0, on  \e;,
R
y—y
T e St
0, on Q\e;j,

where (2, yo) is the center of the rectangle e;;. All ¢, (¢ € N;,) and @/}w ,w 2 (ei; € Tp)
form a basis of the Wilson finite element space V}. The solution u; can thus be
expressed as follows,

wlea) = 3 w@een + X (G + S,

qEN, €ij €Ty,

By (2) we get
y Dy, OV
(7) > wa) /{ Qe g, } .



oyLY 0 0?
+/ {A1 = ( - ) +B<a“2hw i)+ a“;‘w” v )} drdy = (f.01)),

where ¢, t = 1,---,4, are the four vertices of a fixed element e = e;; ordered in the
clockwise sense with ¢; the upper left vertex. Obviously we have that

d*u 0*u
(®) / ( 5 Vo + G ) dady = O(W")uwly ...

Applying Taylor’s expansion formula to A; at the center p of e;;, we get

© [ 4G

Furthermore, using the following indentities

o, hik; o -
( wj ) dzdy— ]Al( )aUQh _'_O(hb)’uh’loo,eij'

Do = — (v —yj—1) (@ — 25 Dar = (y —yj-1)(@ —xiq)
a hik; ’ “ hik; ’
o :_(y—yj)(if—iﬂi—l) Doy = (y — ;) (@ — i)
“ hik; ’ “ hik; ’
and applying Taylor’s expansion formula to the function B, we obtain that
hik; hik; OB(p) h2k? OB(p)
By 0} dedy = ——-2B o L O
/ pactiy dady = == BO) ¥ T g T s gy O
where t =1,---,4, and
1 if t=1,o0r4 —1 if t=1,0r2
Tt(l) — s and Tt(z) == .
—1 if t=2 0or3 1 if t=3,or4

Moreover there hold the identities

h2 82 k2 82
un(qr) + un(q2) + un(gs) + un(qs) = 4upn(p) + 7 7 ho o Eg a}h’
Oun(p)

ox

Aup(p)
oy

up(q1) — un(qe) — un(gs) + un(qs) = —2h;

and

—un(q1) — un(gz) + un(gs) + un(qs) = —2k;

10



Thus we can conclude that

1 h3k h2k; OB (p) Oun(p)
(1) _ _ 1" p h p
10) Swnla) [ Bowtl dudy =~ B - 5 5
k3 9B(p) Ouy(p)
_ 6
144 Oy oy +O(h )|uh|2=°°v€ij
hf’k
3 Bp)unp) + OO un e,
Similarly one obtains
0pq, 3¢§}) _ (1) h?kj dA;(p) + P 7%2 82141( )
/ A or dedy = —m 24 Ox (=1) 144 Ox0y
hik; 0° Al (p) h kS 93 Ay (p)
_whik; P A(p)  yhiki 9" A (p 6
960 a7 576 axayt O
Noting that
0“u
) + ) — a0 + ) = ks )
we have then
24: / A 8901115 %(Jl)d dy = h?kj 9A1(p) Oun(p) —|—O(h6)||u H
2l ' 12 0r Oz illzo0.ei;

Now, it follows from all the above relations that

hk; (0A;(p) Oun(p) 9*un(p)
12 ox or Ox?

— B)un(p) + Ay(p) ) — (5 40) + O | un Iy,

which, together with the following relation obtained by a simple calculation,

hik;
() = ==L @) + OB M|l k=012

yields
0*un(p) 1 (0Ai(p) Oun(p)
(11) 902 Ao\ o o (p)un(p) + f(p)
(h )H Up ||2,oo,e,-j + O(hk) || f ||k;,oo,eij'
A similar relation holds also for amihg(p). This completes the proof. Q.E.D.

11



Corollary 1 The following stability estimate holds true:

Fun 00 < €llttllz0 00

Proof. By standard interpolation estimates and Lemma 4, we get

9%u O*u
— 1 < 3 !
|| un, huhHQ,oo,h = ¢ (H oz Ho,oo,h * oy’ Ho,oo,h>

S c || f ||O,oo,Q +c || Uh ||1,oo,h + Ch2||uh ||27oo,h
< el flloson + el Tnunllyson +chllunlly o -

Moreover, by Lemma 3 and the W*>-stability for conforming elements (see [11], [17]),
it follows that

[ Inun — @nllg oo + 1 @n 3 00

chllunllyoon +clltllzmn:

| Thun Nl 00 n

Therefore, we conclude that

| Inup, — up HQ,oo,h + [ Thun, HQ,OOJL

[unllyoen <
S Ch” Uh ||2,oo,h tc || u ||2,oo,Q7

which, for sufficiently small h, yields the asserted inequality. Q.E.D.

3 The proofs of the theorems
In this section we give all proofs of the three theorems stated in section 2.

Proof of Theorem 1. Fix ¢;; € T}, and 2z € Z Ne;;. By Lemma 4 we find that
(12) Lup(2) + (Bun)(2) = 2f(2) + O() | unlly g ., + OW 11 e,
Replacing z by an arbitary point on e;; in (10) we obtain

Luy, + Buy, = 2f + O(h) (bl un |y, + 1 f 1o, ) -
which implies that

(13) Bu— f = L(u—up) + Oh) (hllunllymop + 1 Fll1 o) -

12



By the inverse estimate and the following approximation property

inf |l¢—x ||k,p,Q < Ch3_k|| 90||3,p,Qv for all € W??(Q) N Wol’p(Q)7
XEVh

where k = 0, 1,2, we have, by (11), Lemma 4 and Corollary 1, that

| Bu — f ||O7p7Q < cf| L(u —up) ||o,p,h + chllup ||1,oo,h +chll f ||17oo,Q

< ch* 2w —uy ||k,p,h + chllu ||3,oo,Q'

This proves the theorem, as h becomes small enough, provided that u #Z 0 implying
that
H Bu - f ”O,p,Q > 0.

Q.E.D.

Proof of Theorem 2. Let p € Z, be fixed. Suppose p € e;; for some ¢;; € T},. A
simple calculation shows that

V(]huh - uh)(p) = 0.

Now applying the superconvergence estimate for the conforming bilinear finite element
method (see [18] and [7])

~ 1
|V (u —)(p)| < ch®In EH |3 00 00

and using Lemma 3 and Corollary 1 we find that

IV(u—un)(p)l < ¢|V(u—an)(p)|+[V(an — Ihun)(p)|

1
< ¢h®ln EHUH?)OOQ

This completes the proof. Q.E.D.

To prove Theorem 3 we need the following result, which provides an asymptotic
expansion for the second derivative of u; and plays an important role in deriving all
estimates in Theorem 3.

Lemma 5 Let uy, be the solution of problem (2). If the solution u of problem (1)
belongs to W4>(Q), then, for p € Zy, there holds

1
92up(p) = Fs(p) + O(h*In el 0

where Fy (s = 1,2) are sufficiently smooth functions on € independent of h.

13



Proof. Let p € Z, Ne;; for some e;; € Ty. By the expansion of u; with respect to
the basis functions of V}, and by Lemma 2, we have

up, = Iyup + O(h?)||u l12,00.0

Hence, by the L* estimate for the bilinear finite element approximation, and by
Lemma 3, we have

1
u(p) = wn(p)] < B ]|l

Now taking k = 2 in Lemma 4 and using Theorem 2, we get

&un(p) 1 (9Ai(p) du(p)
02 T A\ o ar B(p)u(p) + f(p)
1
FOUZ )l e
This proves the lemma for s = 1, with
1 [0A10u

A similar relation holds true for s = 2. Q.E.D.
Now we are in the position to prove Theorem 3.

Proof of Theorem 3. It suffices to show, for ¢ € N, that

(14) u(g) = un(q) = h(w—wn)(q) = > (hior +k2en) + 7,

€ij ETh

where ¢1, ¢ are two functions independent of h, and where the remainder 7, admits
the same estimates as those for 7, in Theorem 3.

Let g} € V}, denote the discrete Green’s function defined by,

a(en, g1) = on(q), for 5 € Vi,

and let g? denote the Green’s function at q. Then, as it is well-known that (see, for
example, [6] and [18]),

1—1
(15) (b)) 197 = ghllose+ 19" = ghllan + Al gkl
1, 1
010 2191l 50 < hln 7.
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Furthermore, for ¢ € Qg and ¢ € WH(Qq) N L(Q), one has, [6], [18],

1
(16) 6" = gt @) < B In [0l reqy + Wl
where Qy C C 7 C Q. Now we have
(17) (Inun — 1) (q) = a(lpup — tn, g3) = an(Iyun — un, gi)
8(Ihuh — uh) 89,% 3(Ihuh — uh) 89,%
= A A B(Iyuy, — 1L dxd
Z /{ 1 B Dy + A oy y + B(Ihun — un)gy ¢ dzdy,

eij €Ty " ¢

where @y, is the bilinear finite element approximation of u. By Lemma 2, Lemma 5,
Corollary 1 and (15), for ¢ € €2, we have

Z / (Inup — up)gy dedy = Z / By <h2a o + /{728 uh) dxdy

€ij €Ty, €; ETh a

+O(hﬂnﬁ)numbmh

= 5 Z / th h2F1( )—i—k: Fy(p )) dxdy

€;j €Ty,

1
+0(thguummg

_ z:/th%Hw%gmw+&,

6” ETh

where the remainder satisfies

1 2 . _
(7)o it ge,
3 (1 lgseny + 1ullsn) . if ¢ €Q and T, is wu,

(18) |Ry| < ch? {

where u.u. means unidirectionally uniform. On the other hand, by Lemma 2, Corol-
lary 1 and (13) we get

_ q q 02
Z Ala([hUh uh)%dxdy _ Z / 8A1%8 up, ddy

[ 2
coet, e Ox Ox 2 e, Jxr Ox Ox

+O(thguumumh

A
= —— Z / hfaalaaghFldzxdy
emeT

+0(#hw)numm@-
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This, together with (13), leads to the following relation

O(Ipup — up) Ogj B 0A; 0¢?
S [ AT ey = S [ GRS Ry

eij €Ty €ij eij €Ty
+0(Wmﬁwwmm@

If T}, is unidirectionally uniform, i.e., h; = hq, then by integrating by parts, we have

Ihuh ) 8gh h2 0 (8/11 )
A1 dx d —_— —F1 gq dlL‘dy + RQ,
e”ze:Th / ox Qdx \ 0

where Ry can be estimated by the same bound as for Ry (cf. (18)). A similar expansion
holds for the other term containing A,. In view of (15), we see that

(19) (L, — p)(q) = > / hiE; + kQEQ) dxdy + R,

€ij €Ty,

where R admits the same bound as 7, in Theorem 3, and E;, Fy are functions inde-
pendent of h. Finally we apply an error expansion for the conforming bilinear element

(see [1], [3], [10] and [18]) to get

1
(20) (Lpu — ap)( Z / h2L1 + k2L2) drdy + O <h4 7In h) | u ”470,00,97

€ij eTh

where ¢ = 0 or 1, corresponding to a quasi-uniform 7} or a unidirectionally uni-
form Ty, respectively, and where L, Lo are again two functions independent of h.
Combining (17) and (18) we get (12). This completes the proof.  Q.E.D.

4 On the error behavior in negative norms

In this final section we consider the error behavior in negative Sobolev norms. To
show that there is generally no improvement in the order by going to weaker norms,
we construct a particular solution u satisfying (5). For simplicity and without loss of
generality, we consider a model problem with L = —A, and assume that the mesh
T}, is uniform with h = h; = k; (for all ¢ and j). Let us first note that, for any
p € C§°(2), there holds

i h? %0 0*u. b’ P
21) (0= n,9) =~ (G 52) + 15 (. 0) + O 2
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where ® € W,?(Q) N W?2(Q) satisfies —A® = ¢ in Q. The expansion (21) can be
easily obtained by using the relation

(u —tp, p) = (Viy, V(I,@ — @) + (f, & — 1),

and the well-known error expansions for the interpolation operator, see, e.g., [1], [3],
or [10]. Secondly, according to Lemma 5, we have —(Auy, p) = 2(f, ¢) + O(h?)| ¢ ||
for all ¢ € C§°(§2). Thus, by the known error expansions for the interpolation, we
obtain

h2
(22) (Inun = un, ) = = (f,0) + O(hY)[[ V2.
Furthermore, since
H V([huh — ’l_Lh) H2 = (V(Ihuh — Q_Lh), V([huh — ﬂh>)

== (V(]huh — Up, V(Ihuh — ﬂh» + (V(uh — ﬂh), V(Ihuh — ﬂh))
= 04+0=0,

we have
(23) Ihuh = ’L_Lh.

Now, the combination of (21), (22) and (23) leads to
(u—un, ) = (u—1un @)+ (Inta — un, ¢)

h? 90 0Pu, b .
6 (G ) ~ Tglhe) + O T

Hence, if & € C5°(Q2), there holds

(24) )=~ Lazur 220 o)y oy
AT “ 0x*oy*’ £l
4
Let w € Wy*(Q) N W22(Q) satisfy —Aw = A2y + 2 5 52 gyg in Q, then
h2
(25) (0= + ) = O | V2]

12

4
The identity (25) shows that the estimate (5) holds true if A%u + 2 a;?Q ng # 0,
implying that w # 0.
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