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The morphology of an epitaxially growing thin film surface consists of atomic terraces
or islands, steps or island boundaries, and kinks, cf. Figure 1, and is determined by the
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interplay between the microscopic processes such as atom adsorption and desorption,
atomic island nucleation, adatom (adsorbed atoms) diffusion, adatom attachment and
detachment to and from island boundaries, and island coalescence [4, 14, 18].
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Figure 1: Microscopic processes in epitaxial growth of thin films.

Burton, Cabrera, and Frank [5] first developed a systematic and detailed model—
BCF model—to describe the adatom density and the motion of steps in epitaxial growth
of thin films. In this model, the adatom density solves a diffusion equation with an
equilibrium boundary condition, and steps move at a velocity determined from a two-
sided diffusive flux of adatoms to the edges. Modifications of the BCF model have been
made in [3, 10, 11, 13, 15] to incorporate into the boundary conditions additional effects,
such as the curvature of the step or boundary and in particular the Ehrlich-Schwoebel
barrier—a higher energy barrier that must be overcome by an adatom in order for it to
stick to the boundary from an upper terrace [8, 20, 21}, cf. Figure 2. Such asymmetry in
the attachment and detachment of adatoms to and from terrace boundaries is the origin
of the Bales-Zangwill morphological instability for straight atomic steps [3]. Caflisch et
al [6] have recently developed a kinetic step model that includes the kinetics missing
in the original BCF model. Based on such a kinetic model, Caflisch and Li [7] have
derived rigorously a set of boundary conditions for the adatom density that includes line
tension and attachment-detachment kinetics, and a normal velocity law that includes
one-dimensional “surface” diffusion, cf. also [12, 14, 17, 18, 19].

In this work, we use a BCF type island dynamics model to study the morphological
stability of a single, epitaxially growing, circular adatom island with a radially symmetric
adatom distribution with respect to perturbation in both radial and angular directions.
This problem is of practical interest, since in the early stage of epitaxial growth, adatom
islands are often small and circularly shaped, and are also far apart from each other so
that their interaction can be neglected [16, 22, 23]. Similarly, in the coarsening process
of epitaxial growth, shrinking islands are often small and circularly shaped, and their
interaction with other islands, mainly through a mean field, can be weak [16, 22].

We assume that the growing circular island is contained geometrically in a large con-
centric circle on the surface. On the outer boundary of this large circle, we impose the



Figure 2: The Ehrlich-Schwoebel barrier.

flux-free boundary condition. This models the larger circle as the capture zone of the
growing circular adatom island. We examine both thermodynamic and kinetic boundary
conditions and their related normal velocity laws. The thermodynamic boundary condi-
tions are determined by the Gibbs-Thomson relation in terms of adatom equilibrium value
and line tension. The kinetic boundary conditions include the attachment-detachment ki-
netics. The related normal velocity is determined by the two-sided flux, together with the
one-dimensional “surface” diffusion. We remark that, unlike for the motion of a straight
step in step-flow growth, there is no kinetic steady state with a constant normal velocity
for a growing circular island.
Our main results are the following:

(1) The circular island is always stable if its normalized area A is larger than a critical
value;

(2) If the normalized area A is less than this critical value, and if neither the line tension
nor surface diffusion is present, then there exists a critical wavenumber k. = k.(A)
such that the island is only stable for wavenumbers less than k..

(3) If the line tension or surface diffusion is present, small circular islands are always
stable. In particular, the small wavenumber Bales-Zangwill instability [3] for straight
steps due to the Ehrlich-Schwoebel effect does not exist for small circular islands.

In [1, 2], a single disk on a substrate is considered in the special case of only one-sided
attachment and by neglecting one-dimensional “surface” diffusion. Moreover, a constant
mean concentration is used as a far-field condition. A disk-shaped ice crystal growing
in undercooled water is considered in [9]. Our underlying physical problems and the
related models differ from the previous ones in having an external flux (the deposition
flux), a flux-free (instead of a mean-field density value) far-field condition, the kinetic
attachment-detachment condition, and the one-dimensional “surface” diffusion.



2 Description of dynamics of a single epitaxial island

Consider a single, epitaxially growing island on a large crystal surface. The island is one
atomic layer higher than the neighboring surface. Denote by € (t) and Q_ (), respectively,
the regions occupied by the island (the upper terrace) and that of the neighboring surface
(the lower terrace) at time ¢. Denote also by I'(t) = Q. (t) N Q_(¢) the boundary of the
island at time ¢. In the framework of a BCF model, the dynamics of the single island is
described by the diffusion equation for the adatom density p = p(z,t) with x = (x, z5)
on the surface except the island boundary I'(¢), the boundary condition for p on the
boundary I'(¢), and the normal velocity v of the boundary I'(¢). The diffusion equation
is [5, 11, 18]

Op—DV?’p=F—71p—N inQ (H)UQ_(t), (2.1)

where D > 0 is the diffusion constant, F' > 0 the deposition flux rate which is assumed
to be a constant, 77! the desorption rate, and N the rate of island nucleation.

There are mainly two classes of boundary conditions.
A. Thermodynamic Boundary Conditions (TBC) [3, 5, 11, 14, 18, 19]:

p=p(l+vk)  onI(t), (2.2)

where p, is a thermodynamic equilibrium value of the adatom density for a straight step,
v > 0 represents the step stiffness, and & is the curvature of the boundary I'(t). We adopt
the convention that x > 0 for a convex curve such as a circle.
B. Kinetic Boundary Conditions (KBC) [3, 7, 11, 12, 14, 18, 19]:
—DVop, -n=k — 0y — UK
{ P+ #lor —pe—pR) I ). (2.3)

DVp_-n=k_(p- — ps — pK)

where p, and p_ denote the restriction of the density p onto the boundary I'(¢) from the
upper and lower terraces, respectively, n is the unit normal of the boundary I'(¢) pointing
from the upper into lower terrace, k, and k_ are the attachment rates of adatoms to the
boundary I'(t) from the upper and lower terraces, respectively, p, is a reference density,
and g > 0 is a constant. Since the normal velocity v of the island boundary is small in
a typical epitaxial growth, we drop in the boundary condition (2.3) the usual convection
term vp [7, 11]. The term p, can be either a thermodynamic equilibrium value or a kinetic
steady state value. For simplicity, we shall take p, to be a constant. The kinetic constant
i can be proportional to the stiffness of the boundary I'(¢) or can come from a transition
energy barrier, see [3, 5, 6, 7, 17, 18]. In general, we have k, < k_ with our notation. The
strict inequality models the Ehrlich-Schwoebel effect. Formally, setting k- = k, = oo in
(2.3), we obtain (2.2) with p. = p. and v = u/p..

We assume the following law for the normal velocity v of the island boundary I'(t)
that is derived by Caflisch and Li [7] from kinetics (cf. also [14])

v=—D[Vp-n]+ vk, (2.4)
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where the bracket [-] denotes the jump across the island boundary and is defined for any
u by [u] = ulo, ) — ulo_@ on I'(t), v > 0 is a constant, and the subscript s denotes
the tangential derivative along the boundary. The term kg, represents one-dimensional
“surface” diffusion. The coefficient v is related to line tension and edge diffusion [7].

Finally, we assume that both the upper and lower terraces are enclosed in a large,
fixed circle I'y, with radius R,,. We impose the flux-free far-field condition

Vp-n=0 on I', (2.5)

where n denotes the unit exterior normal at the I'y,. Such a boundary condition models
the large, circular region as the capture zone of the single island.

Under typical conditions for epitaxial growth, the diffusion constant is very large, the
desorption is negligible, and the island growth rate is very small due to a low deposition
rate. For simplicity, we will leave out the nucleation term N. Therefore, in what follows,
we shall only consider, instead of (2.1), the quasi-steady diffusion equation

“DAp=F  inQu(t)UQ_(t). (2.6)

The dynamics is recovered through the motion of the island boundary I'(¢).

In summary, our mathematical formulation of the underlying problem consists of the
diffusion equation (2.6), the boundary condition for p given by (2.2) or (2.3), the far-field
condition (2.5), and the velocity law (2.4). In addition, the adatom density p is assumed
to be continuous at the center of the island.

3 A single circular island and its perturbation

We now take the single island described above to be a circular island centered at the
origin O with radius R(t) at time ¢, cf. Figure 3. The upper terrace, i.e., the circular
island, occupies Q, (t), and the lower terrace occupies 2_(t). The corresponding island
boundary I'(t) is the circle r = R(t) with » = |z|. The outer boundary of the entire
circular region . (t) U Q_(t), which is also centered at the origin O, is I' : 7 = Ry. We
assume that 0 < Ry < R, with Ry = R(0). The unit normal n, the normal velocity v,
and the curvature  of the circular boundary I'(t) are given by

n = (cos#,sinh), v=R(t), k= 1/R(t), (3.1)

respectively, where 6 is the angle in the polar coordinate system.

3.1 Radially symmetric solution

We consider the radially symmetric solution p = p(r,t) with r = |z| for the problem

~DAp=F inQ.()UQ_(t), (3.2)
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Figure 3: A circular epitaxial island.

boundary conditions for p on I'(t) : r = R(¢), (3.3)
p is continuous at r = 0, (3.4)
Vp-n=0 on Iy 17 = Ry, (3.5)
v=—D[Vp-n|+ vk on I'(t) : r = R(t), (3.6)

where the boundary condition (3.3) is given by (2.2) or (2.3). Since Ap = 19,(rp,) and

r

the curvature k = 1/R(t) is spatially constant, we get from (3.2)—(3.6) that

pilrt) = 2 (RO 1) + C. (1) in 0.(1),
p(r,t) = F FR2 . (3.7)
p—(r,t) = D (R(t)* —r?) + QDOO In (R(t)> +C_(t) inQ_(t),
for TBC:  CL(t) = C_(t) = p. (1 + #) , (3.8)
p o FR()
C4 (1) ZP*‘FW T
for KBC: ) (3.9)
C(t)y=p+L 1L (Rw —R(t))
" UR(t)  2k_ \ R(t) ’
v=FR2/(2R(t)) = (FR%/2)k. (3.10)

Since v = R/(t), the radius R(t) satisfies (R(t)?)’ = FR2%. Thus, with R(0) = Ry, we

obtain the mass conservation
A(t):A0+Ft Vvt > 0,

where A(t) = (R(t)/Rs)? is the normalized area and Ay = (R(0)/R..)?. Notice that
there exists a unique t,, > 0 defined by R(fs) = R that satisfies

R —R? 1 1
tw:Mz—(l—AORF.

11
FR:, — F (3:11)



3.2 Perturbation

Consider the perturbation in both radial and angular directions

p(r,0,t) = p(r,t) +ep1(r,0,t), (3.12)
R(0,t) = R(t) + Ry (0, 1), (3.13)

where ¢ is a parameter small in magnitude. Denote by I'(t) = {r = R(6,t)} the perturbed
island boundary. Denote also by € (¢) and Q_(t) the perturbed upper and lower terraces,
respectively. The perturbed p(r, 6,t) and ]:2(9, t), together with the corresponding normal
velocity @ and curvature &, satisfy a set of equations, similar to (3.2)-(3.6), on Q. (t) U
Q_(t). In particular, the boundary conditions are

TBC: p = pe(l+R) on D(t) : r = R(,1), (3.14)
KBC: { “OVh = ki(pe o —HR) By = RO, (3.15)
DVp_-n=k_(p- — ps — uR)
and the normal velocity is
o =—D|Vp-n]+vkss onT(t):r=R(,1). (3.16)

Standard calculations lead to the following linearized system for the perturbation
p1 = p1(r,0,t) and Ry = Ry(0,t), in which the boundary conditions (3.22) and (3.23) and
the velocity law (3.21) are derived in Appendix:

Ap; =0 in Q. (t) UQ_(t), (3.17)
boundary conditions for p; on I'(t) : 7 = R(t), (3.18)
p1 is continuous at r = 0, (3.19)
9,p1(Rec, 0,1) = 0, (3.20)
OrR1(0,t) = —D[Ry(0,1)0rp(R(t),t) + Orp1(R(t),0,1)]
-7 R(”t 57 O s (0,) + Duo P (0,1)) (3.21)
where the boundary conditions (3.18) are given by
Rl(ea t>a7’p+<R(t)7 t) + P1+<R(t)7 97 t) == Pl 2 (aQGRI(eu t) + Rl (07 t)) )
TBC: (7())
Ra(0, )0 (R(1),) + p1-(R(1),0,6) = — ;;;;)2 (Do R1(60,1) + Ry(0.1)) .

(3.22)



( _DRl(‘g’ t)a”p-&-(R(t)v t) - DanH_(R(t), 0, t) = k+ (Rl (07 t)arp+(R(t)7 t)

+p14(R(2), 0,8) +
KBC: : (R(t))

DRy(0,1)0,p—(R(t),t) + Ddupr_(R(t),0,1) = k_ (Rl(e, 1)0,p_(R(t), )

@mwwme

o (R(1),0,1) + L

\ Ty Qe fa0:t) + Rl(G,t))).

(3.23)

3.3 Dispersion relation

Consider perturbations Ry = Ry(60,t) and p; = p1(r, 0,t) which are periodic in the angular
variable #. The general solution of the linearized system (3.17)—(3.21) is of the form

+o0
Ry(0,6) = > Ry,

k=—00

4 +OO

D Uik, t)e? ™D i (1),
k=—o00

pi(r,0,t) =< ",
D Ur(k,r t)e? ™D iy (1),

( k=—0c0

where, for each integer wavenumber k& > 0, ]A%Lk is a constant, w(k,t) is the growth expo-
nent whose time derivative dyw(k, t) represents the growth rate, i = /=1, and Uy (k, 7, t)
and Uy _(k,r,t) are independent of 6. To study the linearized stability, however, it suffices
for us to consider the principal mode solution

Ry i(0,t) = Ry e B0 HH, (3.24)
Us (k,r, )T in (1),

r.0,t) = . 3.25

(e 8,2) {U(k,r,t)e“’(k’t)“ka in Q_(t), (3:25)

for any integer wave number k£ > 0.

Since the Laplacian in the polar coordinate system is given by A = 0, + (1/r)0, +
(1/7%)0pg, we have by (3.17) that U,, + (1/r)U, — (k*/(r*)U = 0, where U = U;4. Set
U=r*toget ala—1)+a—k*=0,ie., a=+k Thus,if k >0,

<&+Tk 4 B+T—k> (k) +iko in Q, (1),
pl,k(rﬂevt) = N )
<djk X bjfk> (k) +iko in Q_(t),



where as = ax(k,t) and by = by(k,t) are independent of 6 and r. By (3.19) and (3.20),
we get by = 0 and b_ = R%a_. Therefore,

( . t) &+Tkew(k,t)+zk9 in Q+(t>, (3 26)
v, = . .
P1,k a (’I“k + Rzlgr—k) ew(/c,t)—l—zlc@ in Q_(t)
This is also true for k£ = 0.
By a series of calculations, we obtain from the TBC (3.22) that
N p67(1 B k2 FR(t )
(R(t))*a, + ( RO ) _ 215 Ry =0, (3.27)
R?* py(1—k*)  FR(t) FR2%
¢ k 00 0 € — = .2
(e + ) o+ (S~ 35+ apig) Fee =0 029

from the KBC (3.23) that

_ (Dk}(R(t))k_l i k+(R(t))k) iy + (g n ke FR()  kyp(l — ]f2)) Rip=0, (3.29)

(e (0~ )+ (07 + g

|
1 (1 (R%)?) + 5 (- i)

and from the velocity formula (3.21) that

1-k)) 5
( } Rip=0, (3.30)

Dk(R(t))*a, — Dk ((R( ) ﬁ) a_

FR?, v(k* = k)N 5
+ (&tw(k,t) + IO + R ) Ry = 0. (3.31)

In order to have a nontrivial solution (3.24) and (3.25), we must have ., a_, and R

not all zero. Thus, the homogeneous system of linear equations for a4, a_, and R; ; must
be singular. Consequently, for the TBC, we have from (3.27), (3.28), and (3.31) that

ey (1—k? FR
(R(t)* 0 ER — 2
k R2F ev(1—k2) FR(t) FRZ,
0 (R(2)" + (R(t)* p(’}%(t))Q - 2D + 2DR(t) | — 0. (3.32)

4 2
Dh(R())* —Dk ((R(t))k_l (())’fﬂ) Ous(st) + it + e

Similarly, for the KBC, we have from (3.29)—(3.31) that

—DkRF 1 —k, R 0 Py &lR_ kP
R2k R2, kE_F R2,
0 DkQ—k- (RE+ 55) % (1+55) + 55 (R-5%) - k- P| =0,
DERM! ~DkQ Ouoh, 1) + T +

(3.33)



where o
RS

p(l —k?)
Rk+1 '

R?
These equations determine the dispersion relation, i.e., the growth rate dw(k,t), for
k > 0. We say the circular island (linearly) stable at time ¢ € [0,?) with respect to a
wavenumber k > 0, if Qyw(k,t) < 0, where ¢, is defined by R(ts) = Reo, cf. (3.11).

R = R(t), P = Q=R"1-

4 Stability analysis: thermodynamic boundary con-
ditions
Consider the thermodynamic boundary condition (3.14) and the general velocity (

3.1
The definition of the normalized area A = A(t) = (R(t)/Rwx)? leads to R = R(t)
Ro A%, Note Ay = A(0). From (3.32), we obtain for all k£ > 0 that

6).

F((1=24)k—(k+1)A*—1)  2Dp~y(E* —k) v (k*—k?)

Ol t) = A1+ AF) TRAE(AY | RLA

(4.1)

Recall that we only consider wavenumber £ > 0 which is an integer. The following
results are true whether the line tension or surface diffusion is included or not.

Proposition 4.1 Let v >0 and v > 0.
(1) If k= 0,1, then Ouw(k,t) <0 for any t € [0, ).

(2) Lett € [0,ts) be such that A = A(t) > 1/2, then dw(k,t) <0 for any wavenumber
k.

(3) We have for any t € [0,ts) that

v o4 2Dpoy v

_ 3 2
ow(k,t) = —mr ek ~ et T gt
2Dp.y  F(1—2A)
(R§OA3/2 94 E+0(1)  ask — oo. (4.2)

Proof. (1) By (4.1), w(0,t) = —F/(2A) < 0 and Jw(1,t) = —2F/(1+ A) < 0.
(2) If A > 1/2, then by (4.1)

F((k+1)A* +1)

oA Ay <0

@tw(k, t) S —

(3) This follows from (4.1) and a series of straight forward calculations. Q.E.D.

Proposition 4.2 Let t € [0,1,).
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(1) Lety >0 and v > 0. We have dyw(k,t) < 0 for any wavenumber k, if

24Dpev\’
At) < : 4.
o< (%) (43)
(2) Lety >0 and v > 0. We have dyw(k,t) <0 for all wavenumber k, if
24v
< . .
Al < e (4.4

Proof. By Part (1) of Proposition 4.1, we may assume that k& > 2.
(1) By (4.1) and (4.3), we have

2 R3VA

aﬂd(k,t) < 9 =

F(k=1)  2Dpy(k* — k) E—1
A(l+ AF)  R3 A32(1+ AF)  A(1 + AF)

F 12Dpe’y) <0

(2) By (4.1) and (4.4), we have

@w(k:, t) <

F(k:—l)_yk2(k2—1)<k—1 Fooo12v <0
2A R A2 — A 2 RLA?2)

Q.E.D.

Proposition 4.3 Assume v =v =0. Lett € [0,t) be such that Ay < A= A(t) < 1/2.
Then there ezists a unique k. = k.(A) > 1/(1 — 2A) such that

Ow(k,t) <0 fork <k, and Ow(k,t) >0 fork > k.. (4.5)

Proof. In this case, we have by (4.1) that

Ouw (k1) = 5

A (1 24k— (k4 DAt = 1), (4.6)

Define
f(k) = (1—=2A)k — (k+1)A* — 1

for any k > 0. By (4.6), Ow(k,t) = 0 if and only if f(k) = 0. It is easy to see that
f(k) is smooth on [0,00), f(k) < —(k + 1)A* < 0 for any k € [0,1/(1 — 24)], and
limy_o f(k) = co. Moreover, for any k > 1/(1 —2A4) > 1,

flk)=1-24A— A1+ (k+1)InA) > —A* (1 +21n%) = A*(ln4—-1) > 0.

Thus, there exists a unique k. = k.(A) > 1/(1 — 2A) that satisfies (4.5). Q.E.D.
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Figure 4 is the stability diagram in the (A, k)-plane for the thermodynamics boundary
condition with v = v =0 and A < 1/2. The curve, k = k.(A), is obtained by solving the
equation Jyw(k, t) = 0 in which the growth rate d,w(k, t) is given by (4.1) with v = v = 0.

k
25

20
15 +

10
5

0.1 02 03 0.4

Figure 4: The stability diagram in the (A, k)-plane for the thermodynamic boundary
condition with v = v = 0. The curve, k = k.(A), separates the stable region (marked by
“—7) and the unstable region (marked by “47).

We see from our analysis that the circular island is always stable if its normalized area
A > 1/2. The island is asymptotically stable, with a decay rate proportional to k* if the
surface diffusion is included, or to k? if the surface diffusion is not but the line tension is
included. In general, a small circular island is always stable, if the line tension or surface
diffusion is included. If A < 1/2, and if neither the line tension nor surface diffusion is
included, then there exists a critical wavenumber k. = k.(A) such that the island is stable
only for the wavenumber £k < k..

5 Stability analysis: kinetic boundary conditions

Consider now the kinetic boundary condition (3.15) and the general velocity (3.16). From
(3.33), we obtain using the fact that R = R, A'/? that for all k > 0,

ky FRoo A2 Eop(k2—1)
F o ov(k*—k?) Dk <§ +t=5p Hj%(goA )
dw(k,t) = — —— — -

24 Ri A2 Dk + ki Ro A2
DE (1 - A%) (5 (14 5) + =00 (1 1) — kst

1
k_Ro AY2 (AF + 1) + Dk (1 — AF) (5.1)

For k1 — oo, we recover (4.1) with p.y = p, as expected.
Proposition 5.1 Let ;4 >0 and v > 0.

(1) We have for any t € [0,ts) and k = 0,1 that dw(k,t) < 0.

12



(2) Let t € [0,ts) be such that A = A(t) > k_/(k_ + k), then dw(k,t) < 0 for any

wavenumber k.
(3) For anyt € [0,t), we have

Vo4 v oplky +RO)N o sk 42
TRt T (RgOA‘Z ~ma )N T Droan

FR.AY/? 1 1
+ T (k_ (Z — 1) — k‘+) + O(E) as k — o0o. (52)

Proof. (1) By (5.1), dw(0,t) = —F/(2A) < 0 and

(1 t)z—i—D<§+%> D(1— A) (5 (1+ ) + =522 (4 - 1))
twid, 2A D + ky Ry A2 k R AVZ(A+ 1)+ D(1— A

F F F D(1— A% +k_ R, AV?(1 - A)?
2472 24 ERLACA+ D+ D(-A)
F k_R AY2((1— A2 — (14 A)?)
T 24 kR AV(A+1)+ D(1 - A)

_9Fk_ R, A2

" R AVE(A+ 1) + D(1 — 4)
< 0.

3tu)(k, t) =

(2) Since ky < k_ and Ay < A < 1, we have

Dk (1 — AF) _ Dk (1 — AF) - Dk
Dk (1 — A¥) + k_Ro A2 (14 AF) = Dk (1 — A%) + ki RoAY? = Dk + ky Ry AV?’

where in the second step the inequality z/(z 4+ 2) < y/(y+ z) for <y and z,y,z > 0 is
used. By (5.1), we get

P DE(§+ b
24 Dk + k Ro,A?
Dk (A% = 1) (=5 (14 4) + =22 (1 - 1)
k_Ro A2 (AF +1) — Dk (AF — 1)

atW(k, t) S —

_F pe(h) De(MHY)
" 24 Dk+k R A2  Dk+ kiR A2
Dk(1- A% (E(1+1))  Dk(1—a%) (=22 (4 -1

T R AV (14 AF) + Dk (1 — A9 & RuAV2(1+ AF) + Dk (1 = 49)
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/
P k() DR(SEEE)

< - -
~— 2A Dk+k{R,AY2 Dk+k, R, AY?

_FR., A2
Dk(E(141))  Dk(1-a) (=5522) (- 1)
Dk + ks R A2 T R A2 (14 AF) + Dk (1 — AF)

/
F Dk (£) Dii (£

T T A DE TR RLA Dkt kR AL
Dk (1 — AF) (M) (X -1)

2D
T RAE (11 A 1 Dk (1 — AF)
DE(BIAR) Dk (1 %) (P (- )

< .
S T Dh 4k RuA? T RLAVZ (14 AF) + Dk (1= AF)

Consequently, a sufficient condition for dww(k,t) < 0 in this case is that

(-AYk (-1 K
k_RAY?2(AF +1)+ Dk (1 — A%) = Dk + kiR A'Y?

— (1- Ak (% _ 1) (Dk + ks R AY?) < ky (k_Roo A? (A* + 1) + Dk (1 — A¥))

k-Dk (1 —A¥F)  kyk Ry (1— A¥)
A A1/2

< Dk (1 — A¥) (k- + ki) + 2k_ky R A2,

The last inequality can be easily verified to be true if A > k_/(k, +k_).
(3) This follows from (5.1) and a series of straight forward calculations. Q.E.D.

We remark that, if kx — oo, the estimate A > 1/2 for the thermodynamic case is
recovered, and the large k expansion (5.2) becomes (4.2) with p.y = p.

Proposition 5.2 Let t € [0,t).

(1) Let >0 and v > 0. We have dyw(k,t) < 0 for any wavenumber k, if

A(t) < (2’]‘%)2 . (5.3)

(2) Let p >0 and v > 0. We have Ow(k,t) <0 for any wavenumber k, if

a = (22 )" 54
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Proof. By Part (1) of Proposition 5.1, we may assume that k& > 2.
(1) As in the proof of Proposition 5.1 (2), we get by (5.1) and (5.3) that

P s et <)
0= =9~ Dk + kR A2
DI (1= A4%) (5 (14 ) + =222 (4 ) — o)
k_RyAY? (A* + 1) + Dk (1 — A¥)
_ P Dk(3) Dk (1—A%) (£ (1+ 1))

24 Dk + kiR AV? kR AV2 (1 + A%) + Dk (1 — AF)
DE (1 - A’f) (M (% _ ) _ k;u(kg—l))

+

2D RZA
k_ R, A2 (1+ AF) + Dk (1 — AF)
F Dk (3) Dk (5 (1+ %))

ST 94 Dk+k R.AZ " Dk+k RoA?
Dk (1 — A¥) <k,FRmA1/2 (1) - k—u(k2—1))

2D AT RZ_ A
k_Roo A2 (1+ AF) + Dk (1 — AF)
k_FRo,AY/2 k_p(k?—1

P DE(E)  DEO-AY (Bt (4 - 1) - =)
24 Dk+ kiR AY? k_R. AY2(1+ A*) + Dk (1 — AF)

k_FRsA'/? k_p(k?—1
DR (- A9 (S5 (- 1) - )

k_Ro A2 (1 + AF) + Dk (1 — AF)

k_FRo,AY/? 3k_
< DE (1 B Ak) ( 2DA - R&j&)
“k_Roo A2 (1 + AF) + Dk (1 — Ak)
<0.

(2) By (5.1), we have
F o uv(k*—k)  L(Dk+ kkyRAY?)

< - _
Owik,t) < =54 = “Ria2 Dk + ks R AL
_FRo A2
Dk (5 (14 4) + S22 (4 - 1))
Dk + k_Ro A1/
B e B £ (Dk (4 +1) + kk_R AY? (5 - 1))
24 RLA* 2 Dk + k_Ro A2
__F kR F_F(1 |\ Sk RAZ( 1)
24 RLAZ 2 2\4 DEk + k_ R AL/
__ 1w FkR.

TRLA " 2DA
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Q.E.D.

Remark 5.1 Assume p = v = 0. Let t € [0,tx) be such that Ay < A = A(t) <
k_/(k_+ky). Then our numerical calculations strongly suggest that there exists a critical

value k. = k.(A) such that
Ow(k,t) <0 fork <k, and Ow(k,t) >0 fork > k.. (5.5)

Figure 5 is a stability diagram showing qualitatively such a critical value for the kinetic
boundary condition with 4 = v = 0. The curve, k = k.(A), is obtained by solving the
equation Jyw(k,t) = 0 in which the growth rate dw(k, t) is given by (5.1) with g = v = 0.
The rates are k. = 1 and k_ = 2 so that k_/(k, + k_) = 2/3.

k
25

20
15

10

A

0.1 0.2 0.3 0.4 0.5 0.6

Figure 5: The stability diagram in the (A, k)-plane for the kinetic boundary condition
with p =v = 0 but F' # 0. The curve, k = k.(A), separates the stable region (marked by
“—7) and the unstable region (marked by “+7).

We see from our analysis that the circular island is always stable if its normalized area
A>k_/(k_+ky). The island is asymptotically stable, with a decay rate proportional to
k* if the surface diffusion is included, or to k? if the surface diffusion is not but the line
tension is included. In general, a small circular island is always stable, if the line tension or
surface diffusion is included. If A < k_/(k_ + k), and if neither the surface diffusion nor
line tension is included, then the numerical solution suggests that there exists a critical
wavenumber k. = k.(A) such that the island is stable only for wavenumbers k < k..

6 Conclusions

We have rigorously analyzed the linear, morphological stability of a single, epitaxially
growing, circular island with a radially symmetric adatom distribution, with respect to
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the perturbation in both radial and angular directions. A BCF type island dynamics
model that we use consists of the quasi-steady diffusion equation,

—DAp=F  in Q. (t)uQ_(t),
a thermodynamics boundary condition (TBC) or a kinetic boundary condition (KBC),
TBC: p = pe(l+ k) on I'(¢),

on I'(?),
DVp_-n=k_(p- — p« — pix) )

KB { —DVpy-n=ky(py — pe — 1K)
the normal velocity
v = —D[Vp : TL] + VKss,

the continuity of the adatom density at the center of island, and the flux-free far-field
condition.

We summarize in Table 6.1 our analysis on the asymptotic behavior of the growth rate
Oww(k,t) and the corresponding asymptotic stability or instability for large wavenumbers.
For convenience, we use the notation

v - Dpy  _ p
YT Riar VT s P Rea
| BCs and velocity | Ow(k,t) as k — oo
—24
TBC v=v=0 FO20 k1 0(1)

asymptotically unstable if A < 1/2

TBC v#0orv#0 | —0k* 27k +0(k?)

asymptotically stable

KBC p=v=0 PRAVZ (k_ (& = 1) —ky)+0(1)
asymptotically unstable if A < k_/(ky+k_)
KBC p#0orv#0 | —vk*+(0—(ky+k_)i)k?+0(k)
asymptotically stable

Table 6.1. A summary of the asymptotic stability analysis.

We make the following concluding remarks:

(1) For both the thermodynamic and kinetic boundary conditions, a circular island is
always asymptotically stable, if the line tension or surface diffusion is included;

(2) For both the thermodynamic and kinetic boundary conditions, a small island is
stable for all wavenumbers, if the line tension or surface diffusion is included;

(3) For the thermodynamic boundary condition, a circular island is always stable, if its
normalized area A > 1/2;
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(4) For the kinetic boundary condition, a circular island is always stable, if its normal-
ized area A > k_/(k_ + k);

(5) For the thermodynamic boundary condition, if the line tension and surface diffusion
are absent, and if the normalized area A < 1/2, then there exists a unique critical
wavenumber k. = k.(A) such that the circular island is stable for any wavenumber
k < k. and unstable for any k& > k;

(6) For the kinetic boundary condition, if the line tension and surface diffusion are ab-
sent, and if the normalized area A < k_/(k_+k,), then there exists a unique critical
wavenumber k. = k.(A) such that the circular island is stable for any wavenumber
k < k. and unstable for any k& > k;

(7) The Bales-Zangwill instability for straight atomic steps due to the Ehrlich-Schwoebel
effect disappears for small circular islands, if either the line tension or surface diffu-
sion is included.

Acknowledgments. The authors thank Dr. Michael Moske, Dr. Peter Smereka, and Dr.
John Weeks for helpful discussions. They also thank Dr. John Weeks for bringing to their
attention the reference [23].

Appendix

We derive the boundary condition (3.22) and (3.23), and the velocity (3.21) for the lin-
earized system (3.17)—(3.23). First, consider a curve I'y: r = r4(6) in the polar coordinate
system. It can be expressed as

x =1o(0) cosb, y =1o(0)sin b

in the Cartesian coordinate system. Here we use (z,y) instead of (z1,x2) to denote a
generic point. The unit exterior normal ny and the curvature kg of this curve are defined
by

o = (yg, —9) _ r0(0)(sin @, — cos ) + ro(0)(cos 0, sin 6) (A1)
VT + Y V (ro(0))2 + (14(6))? ’
o = o _ (1o(0)) + 24(0))? — (0}t 0) "

= (333 + y3)3/2 o ((TO(Q))Q + (7“6(9))2)3/2

where a subscript denotes a derivative. The tangential derivative of a smooth function
h = h(#) defined on Ty is

dh(o) M) W)
ds a2+ yp @)+ ((0)7
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Since the curve I'(¢) is given by r = R(t) 4+ eR1(6,t), we obtain by (A.1), (A.2), and
the Taylor expansion that

€0pR1(0,1)(sinf, —cos ) + (R(t) + eR1(0,1))(cos 0, sin )
V(€0uR(0,1))? + (R(t) + Ry (6, 1))
=n+en; +O0(e?), (A.4)
o _ (B@) +eRi(0, )* + 2 (e8pR1(0,1))* — (R(t) + eR1(0,1)) (cBpoR1 (6, 1))
{(R(t) + 2R1(0,1))* + (0 Ry (6, ))°}”
=K +ery + O(e?), (A.5)

n

where n and  are given in (3.1), and

ny = W(sin 6, — cosf), (A.6)
1
Ky = 0L (OpoR1(0,t) + R1(0,1)) . (A7)

Now, we have by (3.12) that

ﬁi<7’, 9, t)|f‘(t) = pi(R@) + aRl(G, t)) + 8p1i(R(t) + €R1(0, t), 9, t)
= px(R(t),1) + e (R1(0,£)0,ps (R(2), 1) + pr(R(1), 0,1) + O(e%).  (A.8)

Similarly, we have by (3.12) and (A.4) that

Ve (r,0,t) - ilp

= {Vps(R(t) + eRi(6,t),t) + eVp1(R(t) + eR1(0,1),0,t)} - (n +eny + O(e?))

= {Vp£(R(t), 1) + eRi(0,1)VO,p+(R(t), 1) + eVpre(R(1),0,8)} - (n+ en) + O()

= Vpa(R(t),t) -1+ eVps(R(), ) -

+eRi(0,6)VO,p(R(t), 1) - n+ é?Vpu:(R(t), 0,t) -+ O().
Note for any radially symmetric function g = g(r) that Vg(r) = ¢'(r)(cos 0, sin ). Thus,
by (3.1) and (A.6), Vg(r) -n = ¢'(r) and Vg(r) - ny = 0. Consequently,
Vﬁi<7ﬂ, 9, t) . ﬁ|f‘(t)
— VP (R(),) - 1+ 2 (Ra(0, )0,wps (R(E), 1) + 0up1s (R(E), 6,8)) + O().  (A.9)

Inserting (A.8) and (A.9) into (3.14) and (3.15), using (2.2), (2.3), (A.5), and (A.7),
and comparing terms of order €, we obtain the thermodynamic and kinetic boundary

conditions (3.22) and (3.23) for p;. )
By (3.13), the velocity of the boundary T'(¢) : r = R(t) + eR1(0, 1) is

5= R(t) + 0, R (0, 1). (A.10)
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Moreover, by (A.3), (A.5), (A.7), and (3.1),

Foas = —(R(ﬁ(amm(e, £) + g R1 (0, 1)) + O(2). (A.11)

Now, inserting (A.9)—(A.11) into (3.16), and using (3.6) and the fact that ks = 0, we
obtain the velocity formula (3.21) from the O(e) terms.
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