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VARIATIONAL PROPERTIES OF UNBOUNDED ORDER
PARAMETERS*

BO LIf

Abstract. Order parameters in physical and biological systems can sometimes become un-
bounded as the size of an underlying system increases. It is proposed that such a quantity be
modeled as a minimizer of the energy functional

e2 1
I (u) :][ {Ewuﬁ -3 log(1 + |u|2)] daz,

where u is constrained by a side condition, and € > 0 is a parameter that is inversely proportional
to the linear size of the system. It is shown that a minimizer of I. exists; the minimum value of
I. scales as loge; and both the L? and H'! norms of any minimizer of I. are of the order O(1/¢),
indicating the unboundedness of the order parameter. It is also shown that the renormalized energy
functionals

v

Je(v) = I (g> —loge

J(v) :][ (%‘VUF — log |u|) da.

Minimizers of this I'-limit for scalar order parameters with the Dirichlet boundary condition are well
characterized.

I'-converge to the functional
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1. Introduction. Order parameters in physical and biological systems, such as
population, concentration, volume fractions, magnetization vectors, directors of liquid
crystals, the slope of surface height profile of thin films, etc., are mathematically
scalar or vector-valued functions, or gradients of functions. An order parameter can
sometimes grow unbounded as the size of an underlying system increases. An example
of such an unbounded order parameter is the slope of surface of an epitaxially growing
thin film in some experimental situations [5, 12, 20].

We propose to model unbounded order parameters as possible minimizers or low
energy configurations of the effective free energy functional

RN ac.o B .12 N
(1.1) I(4) f][A {|Vu| — S log (1 +|a]?) | dz,
a2 2
where Q C R” for some integer n > 1 is a bounded domain, a > 0 and 8 > 0 are

two material constants, and the functions @ : Q0 — R™ with some integer m > 1
are constrained by a boundary condition or some other side conditions. Here and
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UNBOUNDED ORDER PARAMETERS 17

below, we denote f, = \%I | for a Lebesgue measurable set £ C R"™ with a finite
and nonzero Lebesgue measure |E|. For any a = (a1, ...,a;,) € R™, we denote |a| =
Vit ai. For a differentiable function v = (u1,...,uy) : D — R™ with D C R”
an open set, we define Vu : D — R™*" to be the m X n-matrix-valued function with
Oz, ui(z) the (i,7)-entry of Vu(z) and denote [Vu(zx)| = \/2211 >ty |0z ui(2)|? for
x = (r1,...,%,) € D.

In the special case with @ = Vh for some scalar function A defined on a two-
dimensional domain, the functional (1.1) happens to be the Liapunov functional of
the evolution equation

oh . Vh
1.2 — =—alA’h—pV- [ —— ],
(12) ot g <1+|Vh|2>

i.e., this equation is the gradient-flow induced by the functional (1.1). Equation (1.2)
was first proposed phenomenologically in [12] to model the surface height profile
h, measured in a comoving frame, in epitaxial growth of thin films with a strong
asymmetry of the adatom (adsorbed atom) attachment and detachment from lower
and upper terraces to atomic step edges due to the existence of an energy barrier
[4, 17, 18]. Numerical and analytical studies based on such a model have shown
that the slope of the surface, |ViL|, which is the order parameter in this case, grows
unbounded, agreeing with experiments [10, 11, 12, 13, 15, 16, 21].

It is interesting to compare the energy functional (1.1) with a usual Ginzburg—
Landau-type energy functional that has the term (|a|? — 1)? or alike, instead of the
negative logarithmic term in (1.1). Important examples of the latter include the
Ginzburg-Landau energy for superconductors [3, 9] and the Cahn—Hilliard energy for
phase separation [2]; both have been much studied. It is obvious that an order param-
eter modeled by a Ginzburg-Landau-type energy functional stays always bounded. If
|| < 1, then by the Taylor expansion,

~log(1+[f?) = ~[al? + Slal* + O(1al®) = Sl ~ 1) ~ 5 + O(al’).
Thus, both types of energy functionals have approximately the same energy landscape
for admissible functions with very small magnitude. As a consequence, the zero
function as a critical point is unstable in both types of models.

Intuitively, if the energy I (@) of an admissible function @ : Q— R™ is very small,
then the magnitude |G| of the function must be very large in some norm. But, the
boundary condition (or other side conditions) and the presence of the gradient term
in the energy I (@) prevent |u| from being too large. These competing mechanisms
determine the magnitude of such a low energy function to be finite but to grow
unbounded as the system size increases. Our primary goals of this work are to quantify
such unboundedness and to characterize the asymptotic behavior of energy functionals
for systems of large size.

We shall not, however, directly work with the functional I defined in (1.1). Rather,
we shall first rescale the energy functional. The idea is clear for the special case that
Q= (0, L) , a cube in R" of linear size L > 0: letting u(z) = 4(2) with z = L%
one obtains that I.(u) = BI(a), where

(1.3) I.(u) :ﬁ [Zvurz - %1og(1+ uf?)| da
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€= \/a/ﬂf’l, and € is the unit cube of R". Now, for a general bounded domain (AZ,
one can fix some point Zg € Q and apply the change of variable & — =z = E_l(i‘ — o)
with being the diameter of Q. One again obtains an equivalent variational problem
with the energy functional given by (1.3), in which € is inversely proportional to L
and Q) C R" is a fixed bounded domain whose diameter is independent of L.
Depending on how an underlying physical and biological system is modeled math-
ematically, the set of admissible functions, to be denoted by H(€2, R™), for the energy
functional I. can be defined differently. In this work, we assume that 2 C R™ in the

definition of I. is a bounded domain with a Lipschitz-continuous boundary 0f), and
define

(1.4) H(Q,R™) = Hy (Q,R™),
(1.5) H(Q,R™) = {u € H'(Q,R™) :][ udr =0 } ,
Q

where H(Q,R™) and Hg(Q,R™) are the spaces of vector-valued functions whose
components are in the usual Sobolev spaces of scalar functions H(Q) and H{(Q),
respectively [1, 8. In both cases, H(Q2,R™) is a closed subspace of the Hilbert
space H'(Q,R™) that is equipped with the norm |lul| = +/||ul]2 + ||[Vu|/? for all
u € HY(Q,R™), where | - || denotes the L?(2)-norm.

Our major results are as follows:

(1) For each € > 0, there exists a minimizer of I, : H(2, R™) — R. Moreover, the
minimum energy scales as loge, and both the L? and H! norms of any minimizer of
I. : H(Q,R™) — R are of the order O(1/¢), cf. Theorem 2.1;

(2) The renormalized energy functionals J. : H(€2, R™) — R, defined by

(1.6) J.(v) = L. (g) “loge Ve H(Q,R™),

I-converge to the energy functional J : H(2,R™) — R U {oo} defined by

(1.7) J(v) :]{2 (;V’U| — log |v|> dz, v e H(Q,R™),

cf. Theorem 3.2. Moreover, if v. € H(,R™) for ¢ > 0 is a minimizer of J, :
H(Q,R™) — R U {oo}, then there exists a subsequence of {v.}.so that converges
strongly in H(2,R™) to a minimizer of J : H(Q2,R™) — RU {0}, cf. Theorem 3.3;

(3) In the case of the scalar Dirichlet boundary-value problem, there exists a
unique vy € H}(Q) such that v, is smooth and positive in 2, and that vy and —v
are the only minimizers of J : H}(2) — R U {oo}, cf. Theorem 4.1.

The results in (1) and (2) hold also true if the set of admissible functions is
{u e H}(Q,R™) : fyudr =0}, or if Q is an open cube in R™ with its faces parallel
to the coordinate planes and the corresponding set of admissible functions is {u €
Hﬁer(Q,Rm) : foudr =0}, where Hﬁer(Q,Rm) is the closure in H*(£2,R™) of the
set of all C*°, Q-periodical functions from R™ to R™.

The heuristics behind the first part of our results is well illustrated in our previous
work [13] through the calculation of trial functions with low energy using an ad hoc
ansatz and the calculation of critical points of the energy functional using matched
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asymptotics, with both calculations being done in a one-dimensional setting. Our
results in (1) generalize those in [13] for more complicated domains and include the
optimal lower bound as well as the precise asymptotics of the minimum energy.

Our results do not directly apply to continuum models, such as the Liapunov
functional of the equation (1.2), of the epitaxial growth with a significant attachment-
detachment asymmetry of adatoms. This is because the set of admissible functions
4 of the functional (1.1) is larger than the set of gradient vector fields. However,
the approach developed in this work can be applied to the study of such continuum
models and to obtain similar results. In particular, the large-system-size I'-limit of
the rescaled Liapunov functionals—the functional (1.3) with u replaced by Vh for the
surface height function h that models a finite energy barrier—is precisely Villain’s
model for an infinite energy barrier [21].

Potentially, the positive solution to the scalar Dirichlet boundary-value problem
for the limiting functional can be a good alternative to the distance function in the
reinitialization process of the widely used level-set numerical method [14, 19]. We will
address these issues of application in separate works.

In section 2, we present and prove the results for the energy functionals I, :
H(2,R™) — R. In section 3, we prove the I'-convergence of the renormalized energies
Je : H(,R™) — R to the functional J : H(Q2,R) — RU{co}. Finally, in section 4, we
characterize solutions to the scalar Dirichlet problem of infimizing the limiting energy
defined in (1.7).

2. Energy asymptotics and bounds of energy minimizers. We consider
the energy functionals I, : H(2,R™) — R, defined in (1.3) for a general domain (2,
only for ¢ € (0,1], though many of our results hold true also for any ¢ > 0. For

convenience, we denote [Jul] = /£, [u(z)2dz = (1//|Q])||ul| for all u € L*(£2).

The following is our main result in this section:

THEOREM 2.1. Let Q@ C R™ be a bounded domain with a Lipschitz-continuous
boundary 0. Let H(2,R™) be defined as in (1.4) or (1.5).

(1) For each € € (0,1], there exists u. € H(2,R™) such that
2.1 I (ue) = i I (u).
(2.1) (ue) erbin (u)

(2) Let p. = ming,epqrm) l:(u). There exist constants Cy and Co that depend
only on Q such that

(2.2) C1+1loge < pe < Co+loge Ve € (0,1].

Moreover, p. —loge increases as ¢ € (0,1] decreases, v := supg.<;(pe — loge) is
finite, and

2.3 li —loge) =v.

(2.3) lim (pe —loge) = v

(3) There exist constants C; >0 (j = 3,4,5,6) and g9 € (0,1], all depending only
on , such that for any minimizer u. € H(Q,R™) of I. : H(2,R™) — R and for all
RS (Oa 60])

Cs Cy
2.4 =2 < e < ,
(24) < fucf < =
(2.5) &% < Vel < %

€ €
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Fic. 2.2.1.

To prove this theorem, we need some preparations. We recall for any compact
set S C R™ that the distance function dist (-, S) : R” — R, defined by
dist(x,S):;IElg\x—y| :2116151|x—y| Vo e R",
is a Lipschitz-continuous function:
(2.6) |dist (x, S) — dist (y, S)| < |z — y| Vz,y € R™.
Moreover, it is differentiable almost everywhere in R™, and
(2.7) |Vdist (z,5)] =1 a.e. ¢ € R",

cf. the proof of Lemma 3.2.34 in [7].

LEMMA 2.1. IfQ € R" is a bounded domain with a Lipschitz-continuous boundary
0f), then there exist constants sg > 0 and Cy > 0, both depending only on Q, such
that

{z € Q:dist (z,00) < s}| < Cps Vs € (0, so).

Proof. Since 9 is Lipschitz-continuous, there exist finitely many Lipschitz-

continuous functions ¢® : Q¥ — R (i = 1,...,m for some integer m > 1) in
local Cartesian coordinates with each Q) = H?;ll[—ag-z),ay)] for some agz) >0

(1<i<mand1<j<n-—1)acubein R*! that satisfy the following properties
(cf. Figure 2.2.1):

(1) For each i with 1 < i < m, the local Cartesian coordinates £(*) = (éi), RN 7(11))
are obtained by rotating and translating the original Cartesian coordinates = =
(T1,...,ZTn);

(2) There exist o, > 0 and 3, > 0 such that for each cube G := QU x
[—an,an] CR™ (1 <i<m),

@ .— ¢ 90 = {(5@)755;’)) eR": ED) € QW £) = 4 (gm)} 7
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where é(i) = (gY), e ,5521), and
U= { (gi),@(g)) eR™: £ ¢ Q) 4 (g@)) <) < g (gm) n ﬂn}c G Na°
U® .= { (gm? 55;‘)) R : £D ¢ Q) ¢ (gm) B < €D < g (g@) }C GO NQ;
(3) The union U™, G covers a neighborhood of the compact set 99, and 9Q =
Ui:llggw, since the distance function dist(-,99Q) :  — R is Lipschitz-continuous and

vanishes only on the boundary 02 which is compact, by properties (2) and (3), there
exists a constant s; = s1(2) > 0 such that

{z € Q:dist (z,00) < s1} C U Ut
i=1
By this and property (3), there exist cubes P() in R*~! with P() C Q) (1 <14 < m)
and a constant sp = so(€2) with 0 < s < s7 that satisfy the following properties:
(4) For each i (1 <14 <m),
{z € Q: dist (z,00) < 50} C U v,
i=1

where
v — {(gu)’gg)) eR": £ ¢ PO) 4 (gu)) — B < €D < (gu))} c U,

(5) Let € Q and 2’ € 99 be such that dist (z,00) = |z — 2’| < s0. If 2 € V¥
for some ¢ (1 <4 <m), then 2’ €T; = G@ N oN.

Fix s € R with 0 < s < sg. Let x € Q be such that dist (z,9Q) < s. By property
(4), we have z € V® for some i with 1 < i < m, cf. Figure 2.1. Let £() = (f("),&(f))
be the local coordinates of z in which &0 € P® C Q. Let the point y € R™
have the local coordinates (£, ¢ (£(®)). Then, by property (2), y € DD c 89, cf.
Figure 2.1. Let z € 99 be such that dist (z,00) = |z — z| < s, cf. Figure 2.1. By

property (5), z € T® = G N 9Q. Thus, there exists (ﬁ(i)ms)) eTW =G Non
such that 7@ € Q@ (3™, i) = (3®, ¢ (7)) are the local coordinates of z, and

(2.8) dist (z,09) = |z — 2| = ‘(5@, g}ﬁ) - (77(“, (D) (ﬁ(i)»‘ <s.
This implies that

(2.9)

Denoting by L; > 0 the Lipschitz constant of the Lipschitz-continuous function ¢ :
QY — R, we have by (2.8) and (2.9) that

[0 (69) €| = 1o~y

<o —z[+ ]y - 2]

< s+ ‘gm — 40

n ‘¢(i) (gm) — 4 (nu)‘

<s+s+1L; ‘5(“ — 7D < (24 Ly)s.
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The arbitrariness of x now implies that

{z € Q:dist (z,00) < s}
C U {( (), ¢ ) £ € OO M (EDY — (24 L)s < €D < g (gu))} ,

Consequently, we have

{z € Q: dist (z,00) < s}

< Z/ V(E9) = (69 (69) - @+ Li)s) | @)

(4)

< COS»

where Cp = 7" (2 + L;)|Q¥| > 0, depending only on Q, and |Q@| is the (n — 1)-
dimensional volume of Q) (1 <i<m). O

LEMMA 2.2. Given a bounded domain 2 C R™ that has a Lipschitz-continuous
boundary 0X), there exists a Lipschitz-continuous function f : Q0 — R such that

f =0 on 09, /fdsz, and —oo</log|f\dac<oo.
Q Q

Proof. Let z9 € Q and p > 0 be such that the ball B := B(z¢,p) = {z € R" :
|z — wo| < p} is completely contained in €2, i.e., B C Q. For any = € (, let d(z) be
the distance from x to the compact set 92 U 0B and define f : Q2 — R by

(2.10) f(z) = { (i(jc)g(m) g i gg,\ "

where v = fQ\B x)dz/ [ d(z)dz > 0. Clearly, f : Q@ — R is continuous, f = 0 on
oQ, and [, f(x)dz = 0.

We show now that f : O — R is Lipschitz-continuous. Fix z,y € Q. If both z
and y are in B or both x and y are in Q \ B, then we have by (2.6) and (2.10) that

(2.11) If(z) = f(y)| < max(1,7)|z —y| < (1+7)|z -yl

Assume now € B but y € Q\ B. Choose § € R so that 0 < 6§ < 1, the ball
By := B(zg,p+96) C £, and

(2.12) 0< 26 <dist (00, B):= inf |2/ —y|.
€00,y €EB

If y € Q\ By, then |z — y| > §. Hence,

(2.13) ()~ ()] < 2 IO,

If y € By \ B, then

d(y) = dist (y,0B) < [z —y|.
Also,

d(z) = dist (z,0B) < |z — y|.
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Thus,
(2.14) [f (@) = f(y)| = vd(x) +d(y) < (1 +7)]z—yl.
Setting

2 _
Lmax<1+%nmxzeﬂ|f(z)|) >0,

6
we obtain from (2.11), (2.13), and (2.14) that
[f(x) = f(y)| < Llz —yl.

Since z,y € Q are arbitrary, the function f : @ — R is Lipschitz-continuous.
We show finally that —oco < [, log|f|dz < oo. Since |f| is bounded from above
on Q,

/log|f\dac=/ log|f|da:+/ log |f] dz
o (20| f(2)|<1} (20| f(2)|21)

g/ log |f] dx < o0.
{zeq:|f(2)|21}

So, we need only to show that

(2.15) /log\f|dx:/ log|f|d:z:+/ log|f|dx > —o0,
Q Bl Q\Bl

where By = B(zg, p+06) C Q is the same ball used before and § > 0 is given in (2.12).
Using (2.10) and (2.12), the polar coordinates, and a change of variables, we
obtain

/B1 log|f|dz = /Blog(’yd(x)) dx + /191\3 log d(x) dx

— 1Bllogy + [ loglp—[o~wol|do+ [ loglp [~ wo] |do
B Bi\B

p p+o
= |B|log7+Sn/ r”*110g|p—r|dr+5n/ " log|p — r|dr
0 P

(2.16) > —00,

where S, is the surface area of the unit ball in R"™.

Observe that for x € Q\ By with d(z) < §, we have by (2.12) that in fact
d(x) = dist (z, 9). Thus, by Lemma 2.1, there exists an integer N > 1 and a constant
Cp > 0 such that |w;j| < Cy6277 (j = N,...), where

wj = {r € Q\ By :27Ut§ < d(x) <2776}
C {x € Q:dist (v,090) < 2776}, j=0,....

Setting Es = {z € Q\ By : d(x) > 6}, we see that Q\ B is the union of the pairwise
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disjoint sets Es and w; (7 =0,...). Therefore, by the fact that 0 < § < 1, we obtain

/ log|f|dx:/ log d(z dx+Z/ log d(z
Q\ B1 720 w;j

J
> |2\ Bi|logé + Z |w;| log (2 (JH)é) + Z lw;| log (2*(j+1)6)
=0 j=N+1
> |2\ Bi|logé + |\ Bi|log (2—<N+1>5)

+ Coé i 277 log (2*(3‘“)6)
j=N+1

— |2\ B |log (2—<N+1)52) +Co6 Y 277 logs — (j + 1) log 2]
j=N+1
(2.17) > —o0.

Finally, (2.15) follows from (2.16) and (2.17). O
We are now ready to prove our main result in this section.

Proof of Theorem 2.1.
(1) Fix € € (0,1]. Recall the Poincaré inequality [1, 6, 8]

(2.18) [ull < ColVull Vu € H(Q,R™),

where Cy > 0 is a constant depending only on 2. Since (1/s)log(1+s) — 0 as s — oo,
there exists R. = R.(92) > 0 such that

(2.19) log(1+3s) < —5 Vs > Re.

By (2.19) and (2.18), we have

52][ 1
I.(u) = =4 |Vu*dz — = log(1 + |u|?) dz
=5 0 | 219 Jizeo:jup<r.) ( "

1

- — log(1 4+ |u|?) dz
2|Q| {zeQ: \u|2>R }

| \/

— |VulPde — — log(1+ R.) dx
][ 2|Q| {2€Q:[ul2<R.} :

|u|?dx

4Co|9| {z€:|ul2>R.}
2

€ 9 1 g2 9
= |Vul*dx — ilog(l + R.) — 102 |ul*dx
Q 0/Q
2
1
(2.20) > EZ [Vuldz - Slog(1+R.)  Vu e H(Q,R™),
Q

Set pe = infyenrm) le(u). By (2.20), pre > —oo. Let {u;}52; be an infimizing
sequence of I : H(,R™) — R. It follows from (2.20) and (2.18) that {u;}32,
is bounded in H(Q2,R™). Thus, up to a subsequence, u; — u. in H'(Q,R™) and



UNBOUNDED ORDER PARAMETERS 25

u; — ue in L*(Q,R™) as j — oo for some u. € H'(Q,R™), where the symbol
— and — denote the weak and strong convergence, respectively. We have in fact
ue € H(Q,R™), since H(Q2,R™) is a closed subspace, hence a weakly closed subset, of
HY(Q,R™).

For each j > 1, |Vu;|? +|Vuc|?> > 2Vu; - Vu, in Q, where the matrix dot-product
is defined by A-B= Z:’Lil Z?:l A”B” for all A = (A”),B = (Bij) e Rmxn, Thus,
by the weak convergence u; — u. in H*(Q,R™), we have

(2.21)
liminf][ |Vu;|*dz > lim inf [2][ Vu; - Vu. dz —][ |Vu€|2dx} :][ |Vu.|?dz.
i—ee Jo j—oo Q Q Q

By the fact that log(1 4 s) < s for all s > 0 and the Cauchy—Schwarz inequality, we
imply from the strong convergence u; — u. in L2(, R™) that

|uj|2—|us|2> ‘
lo 1+ ———— | dx
Jé g( 1+ [ucf?

’][ g(1 + [uy]?) — log(1 + |ucP)] da

12 _ 2 12 _ 2
Q AR al 1+ [ul
(222) < (flusll + NluelDllw; — uell =0 as j — oo.

This and (2.21) thus imply that

2 1
e = liminf I, (u;) 2][ [82|Vu€|2 _ 5log(l + |u5|2)] doe = I.(uc) > fie,
Jj—0o0 Q

leading to (2.1).
(2) Let u. € H(2,R™) be a minimizer of I, : H(£2,R™) — R. The first variation
of I. at u. then vanishes:

oLL(u)(0) = f

<€2Vu5 -Vov —
Q

UV _ m
1+u2>dx—0 Yo € H(Q,R™).

€

Choosing v = u,, we obtain that
(2.23) ][ |Vu|* < 1
. ; "< -
This and the Poincaré inequality (2.18) imply that
02
2 0
(2.24) Flup <22

Since the function —log(-) is convex, Jensen’s inequality and (2.24) then imply that

1 1
pe = Lue) = ~5f 0g(1 + fuc) do > ~31og(1 + Jucl?)

1 C
(2.25) > —3 log (1 + 0) = —ilog (62 + Cg) +loge > C1 + loge,

where O = —(1/2)log(1 + C?).
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Let f : Q — R be the Lipschitz-continuous function constructed in Lemma 2.2.

Let e; = (1,0,...,0) € R™ be the unit vector along the z;-axis. Define 4. = (f/£)es.
Clearly, 4. € H(2,R™). Moreover,

2
20 < La)—f (397 - giog (140 | o < ot roge

= f <§Vf|2 ~log |f|> dz

is finite by Lemma 2.2. Now, (2.2) follows from (2.25) and (2.26).
Recall for each e € (0,1] that the renormalized energy functional, defined in (1.6),

where

is
Je(v) = I, (g) —loge

1 1
(2.27) :][ {2|Vv2 ~3 log (e + [v]*) | dz Yv € H(Q,R™),
Q

in which the variable v is scaled from the variable v/e of the energy I.. It follows
from (1) that for each € € (0,1] there exists a minimizer of J. : H(Q2,R™) — R and
the minimum value of J. over H(2,R™) is
(2.28) Ve 1= ueHn(lslzr,lRM) Je(v) = pe — loge.
Consequently, by (2.2), {ve }o<e<1 is bounded. Moreover, for each fixed v € H(2, R™),
we have by (2.27) that J.(v) increases as € € (0, 1] decreases. Therefore, v. increases
as € € (0,1] decreases. This and the boundedness of {v.}p<c<1 imply that v € R as
defined in (2) of Theorem 2.1 is finite and that (2.3) holds true.

(3) Let again u. € H(2,R™) be a minimizer of I, : H(Q,R™) — R. By (2.24)
and (2.23), the upper bound in (2.4) and that in (2.5) hold true with Cy = Cj and
Cs = 1, respectively, for all € € (0,1]. By (2.2) and Jensen’s inequality, we obtain

1 1
Ca+loge > e = () = —3 f log (14 [ucf?) do = ~3 log (14 Jucl)
Q

leading to the lower bound in (2.4) for all € € (0,e~¢2/v/2] with C3 = e=2/4/2 > 0.
It, together with the Poincaré inequality (2.18), also implies the lower bound in (2.5)
for € in the same range with C5 = CyCs > 0. Finally, letting £g = min(1,e~2/1/2) €
(0, 1], we obtain all the desired inequalities in (2.4) and (2.5) for all € € (0, &¢]. 0

Remark 2.1. In the case that Q = II7";(a;,b;) with —co < a; < b; < o©
(i =1,...,n) and the set of admissible functions is {u € Hper (2, R™) : foudzr =0},
the upper bound (2.26) can be obtained by replacing f by sin(27z;/(b1 — aq)).

3. Renormalized energies and their I'-limit. We consider in this section the
convergence of the renormalized energy functionals J. : H(Q,R™) — R, defined in
(2.27), to the energy functional J : H(2,R™) — RU {—o00, o0}, defined in (1.7).

THEOREM 3.1. Let Q C R™ and H(Q,R™) be the same as in Theorem 2.1. We
have

(3.1) —oo < inf  J(v) < oo.
veH(Q,R™)
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Moreover, there exists v € H(2,R™) such that

3.2 J(v) = inf  J(w).
(32 @)=, _nf )

THEOREM 3.2. Let Q C R"™ and H(2,R™) be the same as in Theorem 2.1. Let
{€;}52, be a decreasing sequence in (0,1] such that lim; .« €; = 0. Then, the sequence
of functionals J.; : H(Q,R™) — R (j = 1,...) T'-converge with respect to the weak
topology of H(Y,R™) to the functional J : H(Q,R™) — R U {oo}, i.e., the following
hold true:

(1) If v; — v in H(Q,R™), then

(3.3) liminf J., (v;) > J(v);
J—00

(2) For any w € H(QL,R™), there exist w; € H(Q,R™) (j = 1,...) such that
w; — w in H(Q,R™) and

lim J., (w;) = J(w).
J—00 )

THEOREM 3.3. Let Q C R"™ and H(2,R™) be the same as in Theorem 2.1. Let
{ej}52 be a decreasing sequence in (0,1] such that lim; . &; = 0. For each integer
J =1, let v; € H(Q,R™) be a minimizer of Jo; : H(Q,R™) — R. Then, there
is a subsequence {v;,}3%; of {v;}52, and v € H(Q,R™) that satisfy the following
properties:

(1) Asi— o0, v;, — v (strong convergence) in H(Q,R™);

9) Jw)= min J(w);
( ) (U) u;G??(lglr,lRm) (w)
3) li i Je. = i J(w).
() fm  min ) Je (@)= i I @)

COROLLARY 3.1. Let Q C R™ and H(Q2,R™) be the same as in Theorem 2.1.

(1) Let {;}32, be a decreasing sequence in (0,1] such that lim;_, e; = 0. For
each integer j > 1, let u; € H(,R™) be a minimizer of I., : H(2,R™) — R. Then,
there is a subsequence {ej,uj, }72, of {e;ju;}52, and v € H(Q,R™) that satisfy the
following properties: (i) As i — oo, €;,u;, — v (strong convergence) in H(Q,R™);

d (ii) J(v) = i J(w).
ond () J0) = _minJ(w)

(2) We have
li i T —1 = i I —1 = i J(w).
P (ue,?(lg}m) < (u) 0g5> 0221 (ue,ggg;}w,) < (u) og&:) weTR™) (w)

We need several lemmas to prove our results.

LEMMA 3.1. Let E C R™ be Lebesgue measurable with 0 < |E| < co. Suppose
g; — g in LY(E) and { [, log|g;| dm};il is bounded. Then, log|g| € L*(E) and

(3.4) lim inf (/ loggj|d:1:> > 7/ log |g| dz.
J—00 E E
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Proof. By the fact that logs < (1/e)s for all s > 0, we have for each integer j > 1
that

/\log\gjllde/ loglgj\dw—/ log |g; | dx
E {weE:|g; (x)|>1} (v E:|g; ()| <1}

=2/ loglgjldw—/ log |g;| dx
{c€Big, (2)|>1} E

2
(3.5) <2 [ 1l ~ [ 1oglg;|
€JE E

Since both { [}, |g;] dz}32, and { [} 1og|g;| dx}32, are bounded, we thus have
(3.6) sup/ |log|g;| | dx < oo.
Jj21JE

Since g; — g in L'(E), there exists a subsequence {g;,}72; of {g;}52, such that
gj; () — g(z) as i — oo for a.e. z € E. Consequently, by Fatou’s Lemma and (3.6),

dr < oo.

(3:1) 0< [ loglgl| de = [ timint |1og|g; | do < limint [ 1051,
E E 1— 00 1— 00 E

This implies that log |g| € L*(E), and, in particular, |[{z € E : g(z) =0} = 0.
For any o € (0,1), we denote S, = {z € E : 0 < |g(z)|] < o} and m, = |S,|.
Since | log|g|| > |logo| on S, for any o € (0,1), we have by (3.7) that

lo
(3.8) my = / dx </ | g|g|| z < /|log|g\|dx—>0 as o — 0T,
loga Ilog |

Thus, by (3.7), (3.8), and the absolute continuity of Lebesgue integrals, we obtain

(3.9) ‘/ log |g| dx
So

S/ | log|g||dz — 0 as o — 0.
So

Now, for each integer j > 1, we have by the fact that —log(-) is convex and
Jensen’s inequality that

—/ log|g;| dz = —ma][ log|g;| dx > —m, log <][ |9;] dm)
S S S

o o o

(3.10) > mg logm, —m, log (max |gi||L1(E)> )
i>1

in which max;>1 ||gi|[1(z) > 0, since g; — g in L'(E) as i — oo and ||g|[11(g) # 0.
Thus, by (3.10) and (3.8),

lim inf ( / log |g;] da:) > m, logm, —m, log <m>alx ||gi|L1(E)>
So vz

Jj—o0

(3.11) —0 as o — 0.
Let 6 > 0. By (3.9) and (3.11), there exits o¢ € (0,1) such that

(3.12) lim inf (—/ log|gj|dac> > —/ log |g| dx — 6.

70 a0
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Denoting Ty = {x € E : |g(x)| > 0o}, we have by the fact that log(1 + s) < s for any

s > 0 that
’/ log |gj|d55—/ log |g| dx g/ 10g@ dx
o To To ]
S/ log (1+ ‘MD dx S/ de
TO |g| TO 0’0
1 .

It follows from (3.12) and (3.13) that

lim inf <—/ log|gj|dx) > —/ log |g| dx — 6,
j—00 E B

which implies (3.4) by the arbitrariness of § > 0. ad

LEMMA 3.2. Let E C R™ be Lebesgue measurable with 0 < |E| < oo and h €
LY(E). Let {e;}52, be a decreasing sequence in (0,1] such that ¢; — 0 as j — oo.
Then,

(3.14) lim / 1og,/e§.+|h|2dx:/ log || dz.
J—>JE E

Proof. Suppose first that [, log|h|dz = —oc. Set

(j-:/log./az—l— hi2de  j=1,....
J 5 J |‘

Then, {¢; 521 Is a decreasing sequence. Thus, either lim; . (; = —oo, leading to
(3.14) in this case; or lim;_, (; exists and is finite. Suppose the latter were true.
Then, {¢;}32, would be bounded from below. By the fact that logs < (1/e)s for any
s > 0, we have for any j > 1 that

1 1
(3.15) §j§/10g\/1+|h|2dx§f/ \/1+|h|2dx§f/ 1+ |h|)dr < 0.
E €JE €

(
E
Thus, the sequence {(;}72, is also bounded from above. In addition, /5? + |h|? — |h]
in L'(E) as j — co. Therefore, by Lemma 3.1, [, log|h|dz would be finite, leading
to a contradiction in this case.

Suppose now that [}, log || dz > —oco. Replacing g; by h in (3.5), we obtain that
log || € L'(E). By (3.15), log \/1 + |h|? € L' (E). Since for each j > 1,

log|h| <logy/ef + |h]2 <log/1+ > ae. E,

we thus obtain (3.14) in this case by Lebesgue’s Dominated Convergence Theo-
rem. 0

Proof of Theorem 3.1. Let 7 = inf ey rm) J(v). Let f : @ — R be the Lipschitz-
continuous function constructed in Lemma 2.2. Define ¢ : @ — R™ by © = fe;, where
e1 = (1,0,...,0) € R™. Then, v € H(Q,R™) and J(0) < co. Thus, 7 < 0.
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Since (1/s)logs — 0 as s — oo, there exists R = R(2) > 1 such that

s
. < — >
(3.16) log s < 202 Vs > R,

where Cy > 0 is the constant in the Poincaré inequality (2.18). Consequently, by
(3.16) and the Poincaré inequality (2.18),

> |Vol2de — — log |v| dx
2]1 \Q| (ze:|v]>1}
Vulfde — — log (|v|?) dx
][ | l 2|Q| {ze:1<|v|2<R} (| ‘ )
log (|v|?) dx
2|Q| (zeQ: \v|2>R} (1)
> |VoPde — —— logRdx — ———= |v|da
][ 2|Q| {zeQ:1<v |2<R} 41QIC8 Jiveoiv2> Ry
> 5]{2 |Vo|2dx — 4—62][ |v|?dx — logR
1
> 7][ |Vo|?de — = logR Yo e H(Q,R™).
4], 2
(3.17)

This implies that 7 > —oo. Hence, (3.1) is proved.

Let {v;}32; be an infimizing sequence of J : H(Q, R™) — RU{oo}. It follows from
(3.17) and (2.18) that {v;}32; is bounded in H(£2, R™). Thus, up to a subsequence,
v; — v in H'(Q,R™) and v; — v in L*(Q,R™) as j — oo for some v € H*(Q,R™).
We have v € H(2,R™), since H(2,R™) is weakly closed in H(Q,R™).

As in the proof of Theorem 2.1, cf. (2.21), we have

(3.18) liminf][ |V, [*dx 2][ |Vo|2dz.
Q Q

Jj—oo

Since {J(v;)}72; and {||v;[|}32; are both bounded, the sequence

o0 1 o0
{ [roetotac}  ={ [ FIveiac - 050}
Q j=1 Q j=1

is bounded. Thus, by Lemma 3.1, log [v] € L'(2) and

(3.19) lim inf (—][ log v, d:lc> > —][ log |v| dx.
j—oo Q Q

Now, (3.2) follows from (3.18), (3.19), and the fact that {v;}32, is an infimizing
sequence of J : H(Q,R™) — R U {oo}. 0

Remark 3.1. In the case that Q = II7(a;,b;) with —co < a; < b; < o0
(i =1,...,n) and the set of admissible functions is {u € Hper (2, R™) : foudzr =0},
we can still prove that 7 < oo by the same argument with f replaced by sin(27x1 /(b —

a1>).



UNBOUNDED ORDER PARAMETERS 31

Proof of Theorem 3.2.

(1) Suppose v; — v in H(Q2, R™). We may assume that liminf; . J;, (v;) < o0,
otherwise (3.3) holds true trivially.

Notice that for each integer j > 1,

1 1
(320) Jgj (’Uj) 2]{2 [2|Uj2 — 5 log (1 —+ |’Uj|2) dr = Il(Uj).

Thus, by (2.20) with ¢ = 1, the sequence {J.,(v;)}32, is bounded from below. Let
{vj,}52, be a subsequence of {v;}32, such that v;, — v in L*(2,R™) as i — oo and

(3.21) liminf J;, (v;) = 11220 Je;. (v5,) < o0

Jj—00

Then, the sequence {Jgji (vji)}oi

i

> 1
{/ log \/€3, + |vj, de} = {/ =|Vo,,
2 ' i=1 Q2
is bounded. Moreover, /e% 4 |vj,[* — |v] in L?(Q) as i — oo, since

2
2 .
|2+ a2 = ol =3+ o [0l = 200l /23, + s 2 < €2+ oy, =0 Vi L.

Consequently, it follows from Lemma 3.1 that log [v| € L*(Q) and

(3.22) lim inf (—][ log /e + |v-i2dx> > —][ log |v| dz.
1— 00 Q Ji J Q

As before, we also have

L8 bounded, from both above and below. Hence,

o0

2dy — |Q‘J5j’i ('Uji)}

=1

(3.23) lim inf ][ |Vv;2de > ][ |Vo|*dz,
i—e Jo Q
cf. (2.21) and (3.18). Now, (3.3) follows from (3.21)-(3.23).

(2) Let w € H(Q,R™) and w; = w for all integers j > 1. The assertion of this
part follows from Lemma 3.2. ]

Proof of Theorem 3.3. For each integer j > 1, €;jv; is a minimizer of I, :
H(L,R™) — R. Thus, by (3) of Theorem 2.1, {v;}32; is bounded in H(£2,R™).
Hence, it has a subsequence {vj,}72, such that v;, — v in H(Q,R™), v;, — v in
L*(Q,R™), and vj,(z) — v(z) for a.e. z €  as i — oo for some v € H(Q,R™).

Since vj, is a minimizer of J; : H(Q,R™) — R, we have for any w’" € H(2, R™)
that

iji (w/) > iji (Uji) = u;eér(l}anM) JEJ’i (w) Vi > 1.

Consequently, we have by Lemma 3.2 and (1) of Theorem 3.2 that

(3.24) J(w') = lim J., (w') >limsup J; (vj,) > liminf J_, (v;,) > J(v).

This proves (2). Setting w’ = v in (3.24), we obtain that

(3.25) fm omin e, (w) = lim e, (i) =J(v) = min J(v),
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proving (3).
Notice that the sequence

o 1
10g,/6?_+v-52d:c} —{/ =|Vv,,
{\/('2 Ji Ji i1 Q2 Ji

is bounded. Moreover, , /Ei + |vj;? = Jv] in L?(2) as i — oo. Consequently, we have
by Lemma 3.1 that log |v| € L'(Q) and

imi _ 2 |2 >
(3.26) h}ggf( /Qlog./aﬁ+|fuﬁ| d:c) > /Qlog|v|dx.

Since v;, — v in H(Q,R™) as i — oo, we also have (cf. (2.21))

o0

2dx — |Q\J€ji (fuji)}

i=1

(3.27) liminf][ |Vv,, |*dx z][ |Vo|2dz.
i— Jo Q
Now, it follows from (3.25)—(3.27) that

0= lim J., (vj,) — J(v)

1
2dx —][ |VU|2da?]
Q2

+ |lim inf <—][ log /€2 + |vj, 2dx> - <—][ log |v d;v)}
imint (—f 106/ 1o [ 1og

)

1
> {lim inf + =V,
] 2

11— 00

>0

which, together with (3.26) and (3.27), implies that

liminf][ |Vvj, [2dz 2][ |Vo|de.
i—oo Jo Q

Thus,

liminf/ |V, — Vol?dz = liminf/ (IVv;,[> + |Vu|* — 2Vj, - Vo) dz = 0.
oo Q 11— 00 Q

17—

This and the Poincaré inequality (2.18) imply the strong convergence of a subsequence
of {v;,}22, to v in H(2,R™). Thus (1) is proved. 0

Proof of Corollary 3.1. Notice for any integer j > 1 that u; is a minimizer of I, :
H(Q2,R™) — R if and only if that v; := eju; is a minimizer of J., : H(Q,R™) — R.
Thus, (1) follows from (1) and (2) of Theorem 3.3; (3) follows from (2) of Theorem 2.1
and (3) of Theorem 3.3. ad

4. The scalar Dirichlet boundary-value problem. If the order parame-
ter is a scalar function that satisfies the homogeneous Dirichlet boundary condi-
tion, then the solution of the corresponding limiting variational problem of infimizing
J: H}(2) = RU {oo} can be well characterized. In what follows, we denote

H(Q)={veH)Q): v(z)>0aezeQ}.

As usual, we also denote by C2°(2) the set of all C*°(£2)-functions that are compactly
supported in .
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THEOREM 4.1. Let Q C R™ be a bounded domain with a Lipschitz-continuous
boundary 02. Then, there exists vy € H () that satisfies the following properties:

(1) The function vy is the unique minimizer of J : Hy(2) — RU{cc}. Moreover,
vy € C™(Q), vy >0 in 0,

1
(4.1) Avy +—=0 in ,
Ut
and
(4.2) ][ Vo, |*de = 1;
Q
e two functions vy and v_ = —vy are the unique minimizers o :
2) The t 2] + and + th ' inAms J

HY Q) — R U {oo}.

To prove this theorem, we need the following result.

LEMMA 4.1. Let Q C R™ be the same as in Theorem 4.1. Let ¢ € (0,1]. There
exists vey € Hi(Q) such that

(4.3) Je(Veq) = wGI’}I-l(iJrn(Q) Je(w) = wEHIEIi[}IEQ) Jo(w).

Moreover, Avey <0 in Q in the sense of distributions, i.e.,

(4.4) / Vet - Vodr >0 Yo € C°(2) with ¢ >0 in Q,
Q
and
2 vy
4.5 dr = 4 —"—dx.
(1.5 fiwvesttie = { e

Proof. Setting & = inf ¢, (o) J-(w), we have by Theorem 2.1 that

—00 < i 1, —loge = 1 J. <& < J.(0) = —loge < 0.
o< Dmo «(w) —log lin <(w) <& < J(0) ge < o0

Let {w;}22; C H1 () be an infimizing sequence of J. : H, () — R. Since
1 o, 1 , .
Je(wj) 2 1 | 5IVwy|” — 5 log (L +|w?) | do = Li(wy) V5 >1,
Q

we see from (2.20) with R”™ = R and ¢ = 1, and the Poincaré inequality, that the
sequence {w;}52, is bounded in H'(Q). Thus, it has a subsequence {wj,}72; such
that w;, — vey in H'(Q) and w;, — vey in L*(Q) as i — oo for some v.y € H'().
We have in fact vy € H4(2), since H4 () is convex and strongly closed, and hence
weakly closed, in H!(€). Noting that € > 0 is fixed, by the same argument in the
proof of Theorem 2.1, cf. (2.21) and (2.22), we obtain that J.(vet) = &..

For any w € H}(Q), we have |w| € H4(Q) and J.(Jw|) = J-(w), cf. Lemmas 7.6
and 7.7 in [8]. Thus,

min Jo(w) < & = Jo(vey) < Je(w]) = Jo(w)  Vw € Hi(Q).
wEH(Q)

This leads to (4.3).
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Since vey is a minimizer of J. : H}(Q) — R, the first variation of J. at vey
vanishes, i.e.,

(4.6) 67 (ves ) () = /Q (wa+ Vg — 521::;%> dr =0 Ve HY(Q).
This, together with the fact that v.; > 0 a.e. Q and that C°(Q) C Hg (), implies
(4.4). Finally, setting ¢ = v.4 in (4.6), we obtain (4.5). O

Proof of Theorem 4.1.

(1) By Lemma 4.1, there exists v; € H(§2) for each integer j > 1 such that

(4.7) Jiyj(vj) = we%in(ﬁ) Jiyj(w) = HI?}%Q) Jiyj(w),
(4.8) Av; <0 in

in the sense of distributions, cf. (4.4), and

By (4.7) and Theorem 3.3, there exists a subbequence {vj, 3321 of {v;}52, such that
vj, — vy (strong convergence) in H*(Q) and vj,(z) — vi(z) ae. z € Q as i — 0o
for some vy € HE () that is a minimizer of J : H} (2) — R U {oo}. Since H, () is
weakly closed in HY(Q), vy € H. (). Moreover, since H4 (Q) C H}(Q), vy is also
a minimizer of J : H4(2) — RU {oo}. The fact that vy is the unique minimizer of
J:Hi(Q) - RU{oo} follows from the strict convexity of J : H4(©2) — RU {oo}.

Let 4 = essinfq vy, Since vy € H4(2), v+ > 0 a.e. Q. Thus, ny > 0. If 4 >0,
then there exists ¢; € C>(Q) for each integer j > 1 such that ming¢; > 74/2
(j =1,...) and ¢; — vy in H(Q) as j — oo. The trace of vy, which is the
limit of {¢;}52, in L*(95), would then be positive a.e. Q. This contradicts the
fact that v, € HE(Q). Thus, essinfovy = 0. Since vy > 0 is a minimizer of
J : Hi(Q) — RU{cx}, logvy € LY(2). Thus, we also have that vy (x) > 0 a.e.
z € Q. In particular, vy is not a constant in 2. Since v;, — vy in H'(Q2) as i — oo,
we obtain by (4.8) that Avy > 0 in  in the sense of distributions. Applying the
Strong Maximum Principle to L = A and u = v in Theorem 8.19 in [8], we see that
essinfp vy > 0 for any ball B CC Q. (Here and below, the notation w CC € means
w C Q.) For any open set ' C R™ with ' CC Q, we can cover { by finitely many
balls B; CC €, where ¢ = 1,..., N for some integer N > 1, so that essinfp, vy > 0
for all ¢ (1 <i < N). Thus, 6’ := essinfg: v4 > 0, and hence 1/v; € L>(Q).

Let ¢ € C2°(Q) with supp ¢ C € and consider ¢(6) := J(v4 + d¢p) for § € R. If
|6] supgy || < &, then vy + dp > 0 a.e. in ', and

1
a0 = f [2|w+ T 6pl? —log oy + 6«:@ da
Q

1
2]{2 §|Vv+ + bpPdz — @ logvy dz — log(m +bp)dx

o\ |Q|
Since v, is a minimizer of J : H}(Q) — R U {oo}, ¢(6) is minimized at § = 0. Thus,
¢’'(0) = 0. This leads to

1
(4.10) Avy +—=0 in
U4
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in the sense of distributions.

Let Q" C R™ be an open set such that Q” cC Q' cC Q. Denoting H*(D) =
W*2(D) the usual Sobolev space for an open set D C R™ and an integer k > 1 [1, 8],
we claim:

() For any integer k > 1, there exists an open set Q) C R™ such that ” CC

Q, CC Q and vy € HFH(Qy).

Let f:=1/vy € L>®(Y). By (4.10), vy € H'(Q') is a weak solution of Avy = f

in Q) ie.,

(4.11) Vuy -Vepdr = / feodx Vo € O ().
o o

By the regularity theory of elliptic boundary-value problems, cf. Theorem 8.8 in [8],
we have v, € H?(Q4) for any open set Q3 C R™ such that Q” cC Q; cc Q. Thus,
the statement (x) is true for k = 1.

Suppose the statement () is also true for a general k > 1. Then, 9Ff € H' ()
for any partial derivative 0¥ of order k. Replacing ¢ in (4.11) by 9% for any ¢ €
C°(Q4), one easily verifies that

Vorv, -Vpde = [ O fyde Yy € C°(),
Qk Qk

ie., OFv, € H'(Qy) satisfies AdFvy = OFf in Q in the sense of distributions.
Therefore, by the same regularity result, there exists an open set Q41 C R™ with
Q' CC Qi1 CC Qi CC Q' such that O%v, € H2(Qx41). By suitably enlarging 41
if necessary, we see that v, € H**2(Q4 ). Hence, the statement (x) is true for k+ 1.
Thus, it is true for any integer k > 1.

By the statement (x), vy € C°°(Q”). It then follows from the arbitrariness of
Q" and @ that vy € C°°(Q), and that v4 > 0 in €, since esssupg v > 0 for any
) CcC Q. Moreover, (4.1) follows from (4.10) and the arbitrariness of ' CC Q. Using
the fact that vj, — vy in H'(Q) and that vj,(z) — vy(x) > 0 a.e. 2, and applying
Lebesgue’s Dominated Convergence Theorem, we obtain (4.2) from (4.9).

(2) Clearly, both v, and v_ are minimizers of J : H}(2) — R U {oc}, cf. the
proof of Lemma 4.1. Assume now @ € H} () is a minimizer of J : H}(Q) — RU{cc}.
Then, |9] € H4(Q) is a minimizer of J : Hy(£2) — RU {oo}. By (1), we must have
that |0] = vy a.e. Q. Thus, |9] € C*°(Q) and ¥ > 0 in Q. Consequently, we have for
any ball B CC Q that ¢(x) > 0 for all z € B or 9(z) < 0 for all z € B. Therefore,
for any domain w CC 2, 0(x) has the same sign for each € @. This implies that
(x) = vy (z) for all z € Q or O(x) = v_(z) for all z € Q. 0

Acknowledgments. The author thanks the referees for helpful comments.
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