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Abstract

This work concerns electrostatic properties of an ionic solution with multiple

ionic species of possibly different ionic sizes. Such properties are described by

the minimization of an electrostatic free-energy functional of ionic concentrations.

Bounds are obtained for ionic concentrations with low electrostatic free energies.

Such bounds are used to show that there exists a unique set of equilibrium ionic

concentrations that minimizes the free-energy functional. The equilibrium ionic

concentrations are found to depend sorely on the equilibrium electrostatic potential,

resembling the classical Boltzmann distributions that relate the equilibrium ionic

concentrations to the equilibrium electrostatic potential. Unless all the ionic and

and solvent molecular sizes are assumed to be the same, explicit formulas of such

dependence are, however, not available in general. It is nevertheless proved that

in equilibrium the ionic charge density is a decreasing function of the electrostatic

potential. This determines a variational principle with a convex functional for the

electrostatic potential.

Mathematical Subject Classification: 35J20, 35J60, 49S05, 81V55, 92E99.

1 Introduction

The Poisson-Boltzmann theory of continuum electrostatics for an ionic solution with M
ionic species occupying a region Ω in R

3 is based on the combination of the Poisson
equation

∇ · ε∇ψ = −ρ in Ω (1.1)

∗Department of Mathematics and Center for Theoretical Biological Physics, University of Cali-

fornia, San Diego, 9500 Gilman Drive, Mail code: 0112. La Jolla, CA 92093-0112, USA. E-mail:

bli@math.ucsd.edu.

1



and the Boltzmann distribution

ci = c∞i e−βqiψ in Ω, i = 1, . . . ,M, (1.2)

cf. [2, 9, 14, 15, 18]. Here, ψ is the electrostatic potential field of the ionic solution, ε the
dielectric coefficient that can be position-dependent, ρ the charge density defined by

ρ = ρf +
M

∑

i=1

qici (1.3)

with ρf a fixed charge density and
∑M

i=1 qici the induced or ionic charge density, ci the
local concentration of the ith ionic species with c∞i its bulk value, qi = zie with zi the
valence of ith ionic species and e the elementary charge, and β the inverse thermal energy.
Inserting (1.2) and (1.3) into (1.1), we obtain the Poisson-Boltzmann equation for the
electrostatic potential ψ

∇ · ε∇ψ +
M

∑

i=1

qic
∞
i e−βqiψ = −ρf in Ω.

The Boltzmann distributions (1.2) are conditions of equilibrium ionic concentrations
of the mean-field electrostatic free-energy functional [3, 6,15,18]

∫

Ω

{

1

2
ρψ + β−1

M
∑

i=1

ci

[

log(Λ3ci) − 1
]

−
M

∑

i=1

µici

}

dx,

where Λ is the thermal de Broglie wavelength and µi the chemical potential of the ith
ionic species. Here, for a given set of ionic concentrations ci, the charge density ρ is
defined in (1.3) and the potential ψ is determined by the Poisson equation (1.1) together
with some boundary conditions. Throughout, we denote by log x the natural logarithm
of x > 0.

Despite of its success in many applications, particularly in biomolecular modeling
[5, 7, 10, 19], the classical Poisson-Boltzmann theory is known to have some limitations.
For instance, it does not in general explain the phenomenon of attraction between like-
charged particles in confined geometries [13, 16, 17]. One of the known drawbacks of
this classical theory is that it does not describe the ionic finite-size or excluded-volume
effect. Presumably, such size effect, particularly when ionic linear sizes are different, is
profound in small systems such as ion channels. As pointed out in [1], equilibrium ionic
concentrations predicted by the classical Poisson-Boltzmann theory without ionic size
effect can be much higher than those predicted by a size-modified Poisson-Boltzmann
theory.
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In this work, we generalize the classical Poisson-Boltzmann theory for an ionic solution
to include the ionic size effect with possibly different ionic sizes. Specifically, we study
the mean-field electrostatic free-energy functional

F [c] =

∫

Ω

{

1

2
ρψ + β−1

M
∑

i=0

ci

[

log
(

a3
i ci

)

− 1
]

−
M

∑

i=1

µici

}

dx, (1.4)

where the summation in the β−1 term starts from i = 0 and

c0(x) = a−3
0

[

1 −
M

∑

i=1

a3
i ci(x)

]

∀x ∈ Ω (1.5)

defines the local concentration of solvent molecules. In (1.4) and (1.5) , the parameter
ai > 0 for each i ∈ {1, . . . ,M} represents the linear size of an ion of the ith ionic species
and a0 > 0 represents the linear size of a solvent molecule. The charge density ρ : Ω → R

is given by (1.3). The electrostatic potential ψ : Ω → R is determined by the Poisson
equation (1.1), together with a boundary condition which we take to be

ψ = ψ0 on ∂Ω (1.6)

for some given function ψ0 : ∂Ω → R. The first term in (1.4) represents the internal
or potential electrostatic energy. The β−1 term represents the ideal gas entropy. The
last term in (1.4) accounts for a constant chemical potential in the system. The osmotic
pressure from the mobile ions is omitted, since it is only an additive constant in the
free-energy functional in the present setting.

The special case that all the linear sizes ai (i = 0, . . . ,M) are the same is treated
in [11] for a spatially one-dimensional system and in [1] for a two-species system. Rig-
orous mathematical analysis is also given in [12]. In [4], a two-species system with two
different ionic sizes is considered. The form (1.4) of the size-modified electrostatic free-
energy functional is known to experts. But it does not seem to be previously available
in literature.

It should be pointed out that with a uniform ionic and solvent molecular size a, i.e.,
a = a0 = a1 = · · · = aM , the equilibrium ionic concentrations and electrostatic potential
of the free-energy functionals (1.4) are related by the generalized Boltzmann distributions
(cf. [12] and (4.4))

cj(x) =
c∞j e−βqjψ(x)

1 + a3
∑M

i=1 c∞i e−βqiψ(x)
∀x ∈ Ω, j = 1, . . . ,M,

where c∞j = a−3eβµj is the bulk concentration of the jth ionic species. This is true for the
case ψ0 = 0 in the boundary condition (1.6). For a general case, see (4.4). Such explicit
dependence of each equilibrium concentration on the equilibrium electrostatic potential
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is in general not available, if the sizes of different ions and solvent molecules are not all
the same.

Our main results of this work are as follows:
(1) For any concentrations c = (c1, . . . , cM), there exist concentrations ĉ = (ĉ1, . . . , ĉM)

and constants θ1, θ2 ∈ (0, 1) such that F [ĉ] ≤ F [c] and θ1 ≤ a3
i ĉi(x) ≤ θ2 for

a.e. x ∈ Ω and all i = 0, 1, . . . ,M , cf. Theorem 2.1. This result is proved by
constructing concentrations with desired properties, and the construction is based
on the perturbation method that is first used in [12];

(2) The free-energy functional (1.4) has a unique minimizer which is also the unique
equilibrium, cf. Theorem 3.1. This is essentially a consequence of the fact that the
free-energy functional defined in (1.4) is convex;

(3) Each equilibrium concentration depends sorely on the equilibrium electrostatic po-
tential. This can be viewed as generalized, implicit Boltzmann distributions. If all
the ionic and solvent molecular sizes are assumed to be the same, then an explicit
formula can be found for such distributions, cf. (4.4). Otherwise, the dependence of
the equilibrium charge density on the equilibrium electrostatic potential is shown
to be a decreasing function. This in turn establishes a variational principle with a
convex functional for electrostatic potentials. See Theorem 5.1.

The rest of the paper is organized as follows: In Section 2, we introduce some notation
and make some assumptions. We also prove the theorem on the point-wise bounds for
ionic concentrations that have low free energies; In Section 3, we prove the existence
and uniqueness of the minimizer of the free-energy functional (1.4). We also prove that
the free-energy minimizing concentrations are the unique equilibrium concentrations; In
Section 4, we derive the generalized Boltzmann distributions for the case of a uniform
ionic and solvent molecular size; In Section 5, we prove that, in general for a nonuniform
ionic and molecular size, each of the equilibrium ionic concentrations depends sorely on
the equilibrium electrostatic potential. We also obtain the monotonicity of the ionic
charge density as a function of the potential; Finally, in Section 6, we discuss our main
results and draw some conclusions.

2 Bounds on concentrations with low free energies

We make the following assumptions:
(A1) The set Ω ⊆ R

3 is a bounded domain with a C1 boundary ∂Ω;
(A2) Both ρf ∈ L∞(Ω) and ε ∈ L∞(Ω) are given with ε(x) ≥ εmin for all x ∈ Ω for some

constant εmin > 0;
(A3) The integer M ≥ 2, the positive numbers a0, . . . , aM and β, and the real numbers

q1, . . . , qM and µ1, . . . , µM are all given. The numbers q1, . . . , qM are non-zero, and
do not have the same sign (due to the charge neutrality); (Further assumption on
the charge neutrality will be made later, cf. (5.5).)
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(A4) The boundary data ψ0 in (1.6) is the trace of a given function, also denoted by ψ0,
in W 1,∞(Ω).

We use standard notation for function spaces Lp(Ω) and W k,p(Ω), cf. [8].
Let u ∈ L1(Ω). Suppose

sup
06=ξ∈L∞(Ω)∩H1

0
(Ω)

∫

Ω
uξ dx

‖ξ‖H1(Ω)

< ∞. (2.1)

Since L∞(Ω)∩H1
0 (Ω) is dense in H1

0 (Ω), we can identify u as an element in H−1(Ω), the
dual of H1

0 (Ω), with

〈u, ξ〉 =

∫

Ω

uξdx ∀ξ ∈ L∞(Ω) ∩ H1
0 (Ω),

and we write u ∈ L1(Ω) ∩ H−1(Ω). The H−1(Ω)-norm of u is given by (2.1). We define

X =

{

(c1, . . . , cM) ∈ L1(Ω, RM) :
M

∑

i=1

qici ∈ H−1(Ω)

}

,

‖c‖X =
M

∑

i=1

‖ci‖L1(Ω) +

∥

∥

∥

∥

∥

M
∑

i=1

qici

∥

∥

∥

∥

∥

H−1(Ω)

∀c = (c1, . . . , cM) ∈ X.

Clearly, (X, ‖ · ‖X) is a Banach space. We also define

K =

{

(c1, . . . , cM) ∈ X : ci ≥ 0 a.e. Ω, i = 0, 1, . . . ,M

}

. (2.2)

Clearly, K is a nonempty, convex subset of L∞(Ω, RM) ⊂ X.
Let ψ̂0 ∈ H1(Ω) be the weak solution of the boundary-value problem

{

∇ · ε∇ψ̂0 = −ρf in Ω,

ψ̂0 = ψ0 on ∂Ω.
(2.3)

This means that ψ̂0 ∈ H1
ψ0

(Ω) and

∫

Ω

ε∇ψ̂0 · ∇v dx =

∫

Ω

ρfv dx ∀v ∈ H1
0 (Ω). (2.4)

It is clear that ψ̂0 ∈ L∞(Ω).
Let L : H−1(Ω) → H1

0 (Ω) be the linear, self-adjoint, elliptic operator defined as
follows: for any f ∈ H−1(Ω), the function Lf ∈ H1

0 (Ω) and
∫

Ω

ε∇Lf · ∇v dx = 〈f, v〉 ∀v ∈ H1
0 (Ω). (2.5)
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It is easy to verify that f 7→
√

〈f, Lf〉 defines a norm on H−1(Ω) which is equivalent to
the H−1(Ω)-norm, cf. [12].

Let λ ∈ R and define Sλ : [0,∞) → R by

{

Sλ(0) = 0

Sλ(u) = u(λ + log u) if u > 0.
(2.6)

It is easy to see that Sλ is continuous and bounded below on [0,∞), and is also strictly
convex on (0,∞). Moreover, if (c1, . . . , cM) ∈ K then

∫

Ω
Sλ(ci) dx < ∞ for any λ ∈ R

and all i = 0, 1, . . . ,M .
For a given c = (c1, . . . , cM) ∈ K, the potential ψ defined by (1.1) and (1.6) can be

written as

ψ = ψ̂0 + L

(

M
∑

i=1

qici

)

. (2.7)

Consequently, one verifies that the free-energy functional F : K → R defined by (1.4)
can be rewritten as

F [c] =

∫

Ω

{

1

2

(

M
∑

i=1

qici

)

L

(

M
∑

i=1

qici

)

+ β−1

M
∑

i=0

S−1(ci) +
M

∑

i=1

gici + f0

]

dx, (2.8)

where c0 is defined by (1.5) and

gi =
1

2
qi

(

Lρf + ψ̂0

)

+ β−1 log a3
i − β−1a3

i a
−3
0 log a3

0 − µi, i = 1, . . . ,M, (2.9)

f0 =
1

2
ρf ψ̂0 + β−1a−3

0 log a3
0.

Note that all g1, . . . , gM , and f0 are L∞(Ω)-functions.

We denote by |E| the Lebesgue measure of a Lebesgue measurable set E ⊆ R
3.

Theorem 2.1. Let c = (c1, . . . , cM) ∈ K and δ > 0. Assume there exists i0 ∈
{0, 1, . . . ,M} such that

∣

∣

{

x ∈ Ω : a3
i0
ci0(x) < α

}
∣

∣ > 0 for all α > 0. Then there ex-
ists ĉ = (ĉ1, . . . , ĉM) ∈ K and θ1, θ2 ∈ (0, 1) with θ1 < θ2 such that ‖ĉ − c‖X < δ,
θ1 ≤ a3

i ĉi(x) ≤ θ2 for a.e. x ∈ Ω and all i = 0, 1, . . . ,M , and F [ĉ] < F [c].

The bounds established in this theorem allow us to derive rigorously the Euler-
Lagrange equation and hence define equilibrium concentrations for the functional (1.4),
cf. Theorem 3.1.

Our strategy for proving Theorem 2.1 is as follows: given a set of ionic concentrations
c = (c1, . . . , cM) ∈ K, we construct the set of ionic concentrations ĉ = (ĉ1, . . . , ĉM) ∈ K
that satisfies all the desired properties. The construction is done by perturbing the given
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set of concentrations c1, . . . , cM in two steps. First, if c0(x) is close to 0 at some point
x ∈ Ω, then we define c̄i(x) = ci(x)− ᾱi(x), with ᾱ(x) > 0 small, for those i ∈ {1, . . . ,M}
such that ci(x) is away from 0. Second, if c̄j(x) is close to 0 for some j ∈ {1, . . . ,M}, then
we define ĉj(x) = c̄j(x) + α̂j(x) with α̂j(x) > 0 small. The concentrations (c̄1, . . . , c̄M)
and (ĉ1, . . . , ĉM) remain in the set K. Moreover, they are close to the original set of
concentrations (c1, . . . , cM). The change of the potential energy is linear, in leading order,
in ᾱi(x) or α̂j(x). But the entropic change is very negative. For instance, the entropy
change due to the change from c̄j(x) to ĉj(x) is proportional to S ′

−1(α̂j(x)) = 1/α̂j(x)
(cf. (2.6) and (2.8)). Thus the total free-energy change is very negative.

We shall accordingly divide our proof into two major steps. First, we construct
c̄ = (c̄1, . . . , c̄M) ∈ K so that the corresponding solvent concentration c̄0 has a lower
bound away from 0. Second, we use c̄ to construct the desired ĉ.

Proof of Theorem 2.1. We first construct c̄ = (c̄1, . . . , c̄M) ∈ K such that

a3
0c̄0(x) := 1 −

M
∑

i=1

a3
i c̄i(x) ≥ τ1 a.e. x ∈ Ω (2.10)

for some constant τ1 ∈ (0, 1), ‖c̄ − c‖X < δ/2, and F [c̄] ≤ F [c] with a strict inequality if
|{x ∈ Ω : a3

0c0(x) < α}| > 0 for all α > 0. For convenience, we denote for any α > 0

ω0(α) = {x ∈ Ω : a3
0c0(x) < α}.

If there exists a constant α1 > 0 such that |ω0(α1)| = 0, i.e., a3
0c0(x) ≥ α1 a.e. Ω, then

(c̄1, . . . , c̄M) = (c1, . . . , cM) ∈ K satisfies all the desired properties with τ1 = α1/(1+α1) ∈
(0, 1). Suppose |ω0(α)| > 0 for any α > 0. Let 0 < α < 1/(4M). Let

Hi(α) =

{

x ∈ ω0(α) : a3
i ci(x) ≥

1

2M

}

, i = 1, . . . ,M.

Let x ∈ ω0(α). Then there exists some j = j(x) ∈ {1, . . . ,M} such that a3
jcj(x) ≥

1/(2M). In fact, if this were not true, then a3
i ci(x) < 1/(2M) for all i = 1, . . . ,M .

Hence, a3
0c0(x) = 1 −

∑M
i=1 a3

i ci(x) > 1/2 > α. This would mean that x 6∈ ω0(α), a
contradiction. Therefore, we have ω0(α) = ∪M

i=1Hi(α).
Since |ω0(α)| > 0, we have |Hj1(α)| > 0 for some j1 (1 ≤ j1 ≤ M). If |Hj(α) \

Hj1(α)| = 0 for all j 6= j1, then we have ω0(α) = K̃1(α) ∪ Hj1(α) for some K̃1(α) ⊂
ω0(α) with |K̃1(α)| = 0. Otherwise, |Hj2(α) \ Hj1(α)| > 0 for some j2 6= j1. In case
|ω0(α)\[Hj1(α)∪Hj2(α)]| = 0, we have ω0(α) = K̃2(α)∪Hj1(α)∪[Hj2(α)\Hj1(α)] for some
K̃2(α) ⊂ ω0(α) with |K̃2(α)| = 0. By induction, we see that there exist m ∈ {1, . . . ,M},
K̃m(α) ⊂ ω0(α) with |K̃m(α)| = 0, and mutually disjoint sets Kj1(α), . . . , Kjm

(α) ⊆
ω0(α) such that Kji

(α) ⊆ Hji
(α) and |Kji

(α)| > 0 for i = 1, . . . ,m, and ω0(α) =
K̃m(α) ∪ [∪m

i=1Kji
(α)] . By relabeling, we may assume that ji = i for i = 1, . . . ,m.
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Define now

c̄j(x) =

{

ci(x) − αa−3
i χKi(α)(x) ∀x ∈ Ω, i = 1, . . . ,m,

ci(x) ∀x ∈ Ω, i = m + 1, . . . ,M,
(2.11)

c̄0(x) = a−3
0

[

1 −
M

∑

i=1

a3
i c̄i(x)

]

∀x ∈ Ω,

where χE denotes the characteristic function of the set E. It is easy to see that c̄ =
(c̄1, . . . , c̄M) ∈ K. Moreover,

a3
0c̄0(x) = a3

0c0(x) + αχω0(α)(x) ≥ α ∀x ∈ Ω. (2.12)

This implies (2.10) with τ1 = α ∈ (0, 1). Clearly,

M
∑

i=1

‖c̄i − ci‖L1(Ω) ≤ α
m

∑

i=1

a−3
i |Ki(α)|.

Moreover,

∥

∥

∥

∥

M
∑

i=1

qic̄i −
M

∑

i=1

qici

∥

∥

∥

∥

H−1(Ω)

≤ α

∥

∥

∥

∥

m
∑

i=1

qia
−3
i χKi(α)

∥

∥

∥

∥

L2(Ω)

≤ α

√

√

√

√

m
∑

i=1

q2
i a

−6
i |Kj(α)|.

Therefore, ‖c̄ − c‖X < δ/2, provided that α > 0 is small enough.
If x ∈ Kj(α) ⊆ Hj(α) for some j with 1 ≤ j ≤ m, then cj(x) ≥ 1/(2Ma3

j), and
c̄j(x) ≥ 1/(4Ma3

j) since 0 < α < 1/(4M). By the Mean-Value Theorem and the fact
that S ′

−1(u) = log u for any u > 0, there exists ηj(x) with c̄j(x) ≤ ηj(x) ≤ cj(x) such
that

S−1 (c̄j(x))−S−1 (cj(x)) = [c̄j(x) − cj(x)] log ηj(x) ≤ −αa−3
j log c̄j(x) ≤ αa−3

j log
(

4Ma3
j

)

.

By the same argument, using (2.12) and the definition of ω0(α) which together imply
that a3

0c̄0(x) ≤ 2α for any x ∈ ω0(α), we obtain

S−1 (c̄0(x)) − S−1 (c0(x)) ≤ αa−3
0 log(2a−3

0 α) ∀x ∈ ω0(α).

Consequently, we have by (2.8), the embedding L2(Ω) →֒ H−1(Ω), and the Hölder in-
equality that

F [c̄] − F [c] =
1

2

∫

Ω

(

M
∑

i=1

qici − α
m

∑

i=1

qia
−3
i χKi(α)

)

L

(

M
∑

i=1

qici − α
m

∑

i=1

qia
−3
i χKj(α)

)

dx

−
1

2

∫

Ω

(

M
∑

i=1

qici

)

L

(

M
∑

i=1

qici

)

dx − α

m
∑

i=1

∫

Ki(α)

a−3
i gidx
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+ β−1

m
∑

i=0

∫

ω0(α)

[S−1(c̄i) − S−1(ci)] dx

≤
1

2
α2

∫

Ω

(

m
∑

i=1

qia
−3
i χKi(α)

)

L

(

m
∑

i=1

qia
−3
i χKi(α)

)

dx

− α

∫

Ω

(

m
∑

i=1

qia
−3
i χKi(α)

)

L

(

M
∑

i=1

qici

)

dx + α
m

∑

i=1

‖a−3
i gi‖L∞(Ω)|Ki(α)|

+ β−1α log
(

2a−3
0 α

)

|ω0(α)| + β−1α

[

m
∑

i=1

a−3
i log

(

4Ma3
i

)

]

|ω0(α)|

≤ Cα2

∥

∥

∥

∥

∥

m
∑

i=1

qia
−3
i χKi(α)

∥

∥

∥

∥

∥

2

L2(Ω)

+ α

∥

∥

∥

∥

L

( M
∑

i=1

qici

)∥

∥

∥

∥

L∞(Ω)

m
∑

i=1

|qi|a
−3
i |Ki(α)|

+
(

β−1α log α + Cα
)

|ω0(α)|

≤ Cα(1 + log α)
m

∑

i=1

|Ki(α)|,

where C > 0 is a generic constant independent of α. Thus, F [c̄] ≤ F [c] for α > 0
sufficiently small, and F [c̄] < F [c] if |ω0(α)| =

∑m
j=1 |Kj(α)| > 0 for all α > 0.

We now construct ĉ = (ĉ1, . . . , ĉM) ∈ K that satisfies

a3
i ĉi(x) ≥ θ0 a.e. x ∈ Ω, i = 0, 1, . . . ,M, (2.13)

for some constant θ0 ∈ (0, 1), ‖ĉ − c̄‖X < δ/2, and F [ĉ] ≤ F [c̄] with a strict inequality
if there exists j ∈ {1, . . . ,M} such that |{x ∈ Ω : a3

jcj(x) < γ}| > 0 for all γ > 0.
All these imply that ĉ ∈ K satisfies all the desired properties with θ1 = θ0 ∈ (0, 1) and
θ2 = 1 − θ0 ∈ (0, 1).

If there exists τ2 ∈ (0, 1) such that a3
i ci(x) ≥ τ2 for a.e. x ∈ Ω and all i = 1, . . . ,M ,

then ĉ = c̄, with 0 < α < τ2/2 additionally, satisfies all the desired properties with θ0 = α
(cf. (2.11) and (2.12)). Assume otherwise there exists j0 ∈ {1, . . . ,M} such that |{x ∈ Ω :
a3

j0
cj0(x) < γ}| > 0 for all γ > 0. This means by (2.11) that |{x ∈ Ω : a3

j0
c̄j0(x) < γ}| > 0

for all γ > 0.
Define

σj(γ) = {x ∈ Ω : a3
j c̄j(x) < γ} ∀γ > 0, j = 1, . . . ,M,

J0 = {j ∈ {1, . . . ,M} : |σj(γ)| > 0 ∀γ > 0},

J1 = {1, . . . ,M} \ J0.

We have J0 6= ∅ since j0 ∈ J0. If J1 6= ∅, then there exists γ1 > 0 such that

a3
j c̄j(x) ≥ γ1 a.e. x ∈ Ω, ∀j ∈ J1. (2.14)
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Define for 0 < γ < min(γ1, τ1/M) (cf. (2.10) for the definition of τ1) and 1 ≤ i ≤ M

ĉi(x) =

{

c̄i(x) + γa−3
i χσi(γ)(x) if i ∈ J0

c̄i(x) if i ∈ J1

∀x ∈ Ω. (2.15)

ĉ0(x) = a−3
0

[

1 −
M

∑

i=1

a3
i ĉi(x)

]

∀x ∈ Ω.

Notice by (2.10) that

a3
0ĉ0(x) = a3

0c̄0(x) − γ
∑

i∈J0

χσi(γ)(x) ≥ τ1 − γM > 0 a.e. x ∈ Ω. (2.16)

Thus, ĉ = (ĉ1, . . . , ĉM) ∈ K. Moreover, (2.14)–(2.16) imply (2.13) with θ0 = min(γ1, γ, τ1−
γM). Applying the same argument used above, we obtain that ‖ĉ− c̄‖X < δ/2 for γ > 0
small enough.

We have now by the Mean-Value Theorem and the definition of σj(γ) for j ∈ J0 that

M
∑

i=1

∫

Ω

[S−1(ĉi) − S−1(c̄i)] dx =
∑

i∈J0

∫

σi(γ)

[S−1(ĉi) − S−1(c̄i)] dx

≤
∑

i∈J0

γa−3
i log

(

2γa−3
i

)

|σj(γ)|.

Similarly, we obtain by (2.10) and (2.16) that
∫

Ω

[S−1(ĉ0) − S−1(c̄0)] dx ≤ −a−3
0 γ log

(

a−3
0 (τ1 − γM)

)

∑

i∈J0

|σi(γ)|.

Consequently, we have for γ > 0 small enough that

F [ĉ] − F [c̄] =
1

2

∫

Ω

(

M
∑

i=1

qic̄i + γ
∑

i∈J0

a−3
i qiχσi(γ)

)

L

(

M
∑

i=1

qic̄i + γ
∑

i∈J0

a−3
i qiχσi(γ)

)

dx

−
1

2

∫

Ω

(

M
∑

i=1

qic̄i

)

L

(

M
∑

i=1

qic̄i

)

dx + γ
∑

i∈J0

a−3
i

∫

σi(γ)

gidx

+ β−1
∑

i∈J0

∫

σi(γ)

[S−1(ĉi) − S−1(c̄i)] dx + β−1

∫

Ω

[S−1(ĉ0) − S−1(c̄0)] dx

≤ Cγ2

∥

∥

∥

∥

∥

∑

i∈J0

qia
−3
i χσi(γ)

∥

∥

∥

∥

∥

2

L2(Ω)

+ γ

∥

∥

∥

∥

∥

L

(

M
∑

i=1

qic̄i

)∥

∥

∥

∥

∥

L∞(Ω)

∑

i∈J0

|qi|a
−3
i |σj(γ)|

+ γ
∑

i∈J0

a−3
i ‖gi‖L∞(Ω) + γβ−1

∑

i∈J0

a−3
i log

(

2γa−3
i

)

|σi(γ)|
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− γβ−1a−3
0 log

(

a−3
0 (τ1 − γM)

)

∑

i∈J0

|σi(γ)|

≤ Cγ(1 + log γ)
∑

i∈J0

|σi(γ)|,

where C > 0 is a generic constant independent of γ. Since J0 6= ∅, this is strictly negative
if γ > 0 is sufficiently small. The case that J1 = ∅ can be treated similarly. Q.E.D.

3 Free-energy minimization

We recall for a given c = (c1, . . . , cM) ∈ K with K defined in (2.2) the functions c0, ψ̂0,
and gi (i = 1, . . . ,M) are defined by (1.5), (2.3), and (2.9), respectively, and that the
functional F : K → R is given in (2.8).

Theorem 3.1. There exists a unique c = (c1, . . . , cM) ∈ K such that

F [c] = min
d∈K

F [d]. (3.1)

This minimizer is also the unique local minimizer of F : K → R, defined by c ∈ K and

F [c] = min
d∈K,‖d−c‖X<δ

F [d] (3.2)

for some δ > 0. Moreover, it is characterized by the following two conditions:
(1) Bounds. There exist constants θ1, θ2 ∈ (0, 1) such that

θ1 ≤ a3
i ci(x) ≤ θ2 a.e. x ∈ Ω, i = 0, 1, . . . ,M ; (3.3)

(2) Equilibrium conditions.

(

ai

a0

)3

log
(

a3
0c0

)

− log
(

a3
i ci

)

= β

[

qi

(

ψ −
ψ̂0

2
+

Lρf

2

)

− µi

]

a.e. Ω, i = 1, . . . ,M, (3.4)

where ψ is the corresponding equilibrium electrostatic potential given by (2.7).

The existence and uniqueness of a global minimizer, which is also the unique equi-
librium defined by conditions (1) and (2) in the theorem, can be proved by the direct
method in the calculus of variations, using the fact that the functional F : K → R is a
convex functional defined on the convex set K. This proof is similar to that in [12]. For
completeness we shall give a brief proof. But, first, to see the convexity of F : K → R, we
notice that S−1(ci) is a strict convex function of ci for each i ∈ {1, . . . ,M}. Therefore, we
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need only to check the convexity of S−1(c0) as a function of c1, . . . , cM . By the definition
of c0 (cf. (1.5)), it suffices to show the convexity of the function

h(u1, . . . , uM) :=

(

1 −
M

∑

k=1

a3
kuk

) [

log

(

1 −
M

∑

k=1

a3
kuk

)

− 1

]

(3.5)

in the domain of (u1, . . . , uM) defined by u1 > 0, . . . , uM > 0, and
∑M

k=1 a3
kuk < 1. (Here

and below, A := B means that A is defined by B.) In fact, simple calculations lead to

∂ui
∂uj

h(u) =
a3

i a
3
j

1 −
∑M

k=1 a3
kuk

, i, j = 1, . . . ,M.

Therefore, for any v1, . . . , vM ∈ R,

M
∑

i,j=1

∂ui
∂uj

h(u)vivj =

(

∑M
i=1 a3

i vi

)2

1 −
∑M

k=1 a3
kuk

≥ 0. (3.6)

Hence the function h = h(u1, . . . , uM) is convex.

Proof of Theorem 3.1. It follows from the definition (2.8) that there exist positive
numbers C1 and t as well as a real number C2 such that

F [c] ≥ C1

∥

∥

∥

∥

∥

M
∑

i=1

qici

∥

∥

∥

∥

∥

2

H−1(Ω)

+ β−1

M
∑

i=1

∫

Ω

S−t(ci)dx + C2 ∀c = (c1, . . . , cM) ∈ K. (3.7)

Let z = infc∈K F [c]. Since S−t : [0,∞) → R is bounded below, z is finite.

Let c(k) =
(

c
(k)
1 , . . . , c

(k)
M

)

∈ K (k = 1, 2, . . . ) be such that limk→∞ F
[

c(k)
]

= z. It

follows from (3.7) that
{

∫

Ω
S−t

(

c
(k)
i

)

dx
}

is bounded for each i ∈ {1, . . . ,M}. Since S−t

is convex, and super-linear, i.e., S−t(u)/u → ∞ as u → ∞, there is a subsequence of
{

c
(k)
i

}

, not relabeled, that converges weakly in L1(Ω) to some ci ∈ L1(Ω) for i = 1, . . . ,M

(cf. e.g., Lemma 3.3 in [12]). It is clear that all ci ≥ 0 a.e. in Ω for i = 0, 1, . . . ,M with
c0 defined by (1.5). Moreover, the convexity of S−t(ci) (i = 1, . . . ,M) and that of S−t(c0)
with respect to (c1, . . . , cM) lead to

∫

Ω

S−t (ci) dx ≤ lim inf
k→∞

∫

Ω

S−t

(

c
(k)
i

)

dx < ∞, i = 0, 1, . . . ,M. (3.8)

By (3.7),
{

∑M
i=1 qic

(k)
i

}

is bounded in the Hilbert space H−1(Ω). It thus has a subse-

quence, again not relabeled, converging weakly to some G ∈ H−1(Ω). One easily verifies
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that G =
∑M

i=1 qici ∈ H−1(Ω). Hence c = (c1, . . . , cM) ∈ K. By (3.8) and the fact
that the norm of a Banach space is sequentially weakly lower semi-continuous, we have
z = lim infk→∞ F

[

c(k)
]

≥ F [c] ≥ z, leading to (3.1).
The uniqueness of a minimizer follows from the strict convexity of F : K → R.
Let ĉ = (ĉ1, . . . , ĉM) ∈ K be a local minimizer of F : K → R. Then dλ := λc + (1 −

λ)ĉ ∈ K for any λ ∈ (0, 1) and ‖dλ − ĉ‖X → 0 as λ → 0, where c ∈ K is the (global)
minimizer of F : K → R. Since ĉ is a local minimizer and F : K → R is convex, we have

F [ĉ] ≤ F [dλ] = F [λc + (1 − λ)ĉ] ≤ λF [c] + (1 − λ)F [ĉ],

leading to F [ĉ] ≤ F0[c]. Thus ĉ ∈ K is also a global minimizer of F : K → R. The
uniqueness now implies that ĉ = c.

By Theorem 2.1, the minimizer c ∈ K satisfies (3.3). Fix i with 1 ≤ i ≤ M . Let
di ∈ L∞(Ω). Then it follows from (3.3) that (c1, . . . , ci−1, ci + tdi, ci+1, . . . , cM) ∈ K for
t ∈ R with |t| sufficiently small. Hence

F [c1, . . . , ci−1, ci + tdi, ci+1, . . . , cM ] ≤ F [c],

if |t| is small enough. Consequently,

d

dt

∣

∣

∣

∣

t=0

F [c1, . . . , ci−1, ci + tdi, ci+1, . . . , cM ] = 0 ∀di ∈ L∞(Ω).

This, together with a series of calculations, leads to (3.4).
Assume now c = (c1, . . . , cM) ∈ K satisfies both (3.3) and (3.4). We show that c is a

minimizer of F : K → R. By Theorem 2.1, we need only to show that F [c] ≤ F [d] for any
d = (d1, . . . , dM) ∈ K such that γ1 ≤ a3

i di(x) ≤ γ2 for a.e. x ∈ Ω, i = 0, 1, . . . ,M , and
some constants γ1, γ2 ∈ (0, 1). In fact, setting e = (e1, . . . , eM) = d−c ∈ X∩L∞(Ω, RM),
we have by the convexity of S−1 : [0,∞) → R that

S−1(di) − S−1(ci) ≥ (di − ci)S
′
−1(ci) = ei log ci a.e. Ω, i = 1, . . . ,M.

Notice that S−1(c0) = S−1

(

a−3
0

(

1 −
∑M

k=1 a3
kck

))

is a convex function of (c1, . . . , cM),

cf. (3.5) and (3.6). Hence, with d0 = a−3
0 (1 −

∑M
k=1 a3

kdk), we have

S−1(d0) − S−1(c0) ≥
M

∑

i=1

(di − ci)
∂S−1(c0)

∂ci

= −
M

∑

i=1

(

ai

a0

)3

ei log c0.

Consequently, it follows from (2.8), (2.7), (2.9), and (3.4) that

F [d] − F [c] =

∫

Ω

{

1

2

(

M
∑

i=1

qiei

)

L

(

M
∑

i=1

qiei

)

+

(

M
∑

i=1

qiei

)

L

(

M
∑

i=1

qici

)
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+β−1

M
∑

i=0

[S−1(di) − S−1(ci)] +
M

∑

i=1

giei

}

dx

≥
M

∑

i=1

∫

Ω

[

qiL

(

M
∑

j=1

qjcj

)

+ β−1 log ci − β−1

(

ai

a0

)3

log c0 + gi

]

eidx

=
M

∑

i=1

∫

Ω

[

qi

(

ψ −
ψ̂0

2
+

Lρf

2

)

+β−1 log
(

a3
i ci

)

− β−1

(

ai

a0

)3

log
(

a3
0c0

)

− µi

]

eidx

= 0.

Hence F [c] ≤ F [d]. Q.E.D.

4 Generalized Boltzmann distributions for the case

of a uniform ionic size

Let c = (c1, . . . , cM) ∈ K be the unique minimizer of the free-energy functional F : K →
R, cf. (2.2) for the definition of K and (1.4) and (2.8) for that of F . Let ψ be the corre-
sponding, equilibrium electrostatic potential, which is the weak solution to the Poisson
equation (1.1) and the boundary condition (1.6). By Theorem 3.1, c1, . . . , cM satisfy the
Euler-Lagrange equations (3.4). We seek the dependence of each of the concentration
components ci on the potential ψ, i.e., the possible generalized Boltzmann distribution
ci = ci(ψ).

Consider first the case that all the linear sizes of the ions and solvent molecules are
the same, say, they are equal to a > 0: a0 = a1 = · · · = aM = a. In this case, we have
from (2.9) that

gi =
1

2
qi

(

Lρf + ψ̂0

)

− µi, i = 1, . . . ,M.

The Euler-Lagrange equation (3.4) then leads to

ci = c0a
3c∞i e−βqi(ψ−ψ̂0/2+Lρf /2) a.e. Ω, i = 1, . . . ,M, (4.1)

where
c∞i = a−3eβµi (4.2)

is the chemical potential of the ith ionic species (i = 1, . . . ,M). Multiplying both sides of
the equation in (4.1) by a3 and then summing the resulting equation over all i = 1, . . . ,M ,
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we obtain

1 − a3c0 = a3c0

M
∑

i=1

a3c∞i e−βqi(ψ−ψ̂0/2+Lρf /2) a.e. Ω,

where we used the definition of c0 (cf. (1.5)). Hence,

c0 =
a−3

1 +
∑M

i=1 a3c∞i e−βqi(ψ−ψ̂0/2+Lρf /2)
a.e. Ω. (4.3)

This and (4.1) imply the following generalized Boltzmann distributions:

ci(x) =
c∞i e−βqi[ψ(x)−ψ̂0(x)/2+Lρf (x)/2]

1 +
∑M

j=1 a3c∞j e−βqj[ψ(x)−ψ̂0(x)/2+Lρf (x)/2]
a.e. x ∈ Ω, i = 1, . . . ,M. (4.4)

Notice that the electrostatic potential in the generalized Boltzmann distributions is mod-
ified via the “potentials” ψ̂0 (cf. (2.3)) and Lρf (cf. (2.5)) through the boundary condition
(1.6) and the fixed charge density ρf , respectively. This modification is essentially due
to the inhomogeneous Dirichlet boundary data ψ0 (cf. (1.6)): if ψ0 = 0 on ∂Ω, then
ψ̂0 = Lρf .

By the generalized Boltzmann distributions (4.4), we can derive an expression of the
minimum electrostatic free energy using only the equilibrium electrostatic potential ψ.
By (4.3), (4.2), and the fact that a3

∑M
i=0 ci = 1 (cf. (1.5)), we have for a.e. x ∈ Ω that

β−1

M
∑

i=0

ci

[

log
(

a3ci

)

− 1
]

−
M

∑

i=1

µici

= β−1

(

M
∑

i=0

ci

)

(

log a3 − 1
)

+ β−1c0 log c0 + β−1

M
∑

i=1

ci log ci −
M

∑

i=1

µici

= β−1a−3
(

log a3 − 1
)

+ β−1c0

[

log a−3 − log

(

1 +
M

∑

i=1

a3c∞i e−βqi(ψ−ψ̂0/2+Lρf /2)

)]

+ β−1

M
∑

i=1

ci

[

log c∞i − βqi

(

ψ −
ψ̂0

2
+

Lρf

2

)

− log

(

1 +
M

∑

j=1

a3c∞j e−βqj(ψ−ψ̂0/2+Lρf /2)

)]

−
M

∑

i=1

µici

= β−1a−3
(

log a3 − 1
)

+ β−1c0 log a−3

− β−1c0 log

(

1 +
M

∑

i=1

a3c∞i e−βqi(ψ−ψ̂0/2+Lρf /2)

)
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+ β−1

M
∑

i=1

ci

[

log a−3 + βµi − βqi

(

ψ −
ψ̂0

2
+

Lρf

2

)]

− β−1

(

M
∑

i=1

ci

)

log

(

1 +
M

∑

j=1

a3c∞j e−βqj(ψ−ψ̂0/2+Lρf /2)

)

−
M

∑

i=1

µici

= −β−1a−3 − β−1a−3 log

(

1 +
M

∑

i=1

a3c∞i e−βqi(ψ−ψ̂0/2+Lρf /2)

)

−

(

M
∑

i=1

qici

) (

ψ −
ψ̂0

2
+

Lρf

2

)

.

The minimum free energy is therefore

F [c] =

∫

Ω

[

1

2
ρψ −

(

M
∑

i=1

qici

) (

ψ −
ψ̂0

2
+

Lρf

2

)

−β−1a−3 − β−1a−3 log

(

1 +
M

∑

i=1

a3c∞i e−βqi(ψ−ψ̂0/2+Lρf /2)

)]

dx.

By (1.3), (2.3), (2.4), (2.5), and the fact that both ψ−ψ̂0 and Lρf vanish on the boundary
∂Ω, we have

∫

Ω

[

1

2
ρψ −

(

M
∑

i=1

qici

) (

ψ −
ψ̂0

2
+

Lρf

2

)]

dx

=

∫

Ω

[

1

2
ρψ − (ρ − ρf )

(

ψ −
ψ̂0

2
+

Lρf

2

)]

dx

=
1

2

∫

Ω

ρ
(

ψ̂0 − ψ
)

dx −
1

2

∫

Ω

ρLρf dx +

∫

Ω

ρf

(

ψ − ψ̂0

)

dx

+
1

2

∫

Ω

ρfLρf dx +
1

2

∫

Ω

ρf ψ̂0 dx

=
1

2

∫

Ω

ε∇ψ · ∇
(

ψ̂0 − ψ
)

dx −
1

2

∫

Ω

ε∇ψ · ∇Lρf dx +

∫

Ω

ε∇Lρf · ∇
(

ψ − ψ̂0

)

dx

+
1

2

∫

Ω

ε∇ψ̂0 · ∇Lρf dx +
1

2

∫

Ω

ρf ψ̂0 dx

=
1

2

∫

Ω

ε∇ψ · ∇
(

ψ̂0 − ψ
)

dx +
1

2

∫

Ω

ε∇Lρf · ∇
(

ψ − ψ̂0

)

dx +
1

2

∫

Ω

ρf ψ̂0 dx

=
1

2

∫

Ω

ε∇ψ · ∇
(

ψ̂0 − ψ
)

dx +
1

2

∫

Ω

Lρf

(

ψ − ψ̂0

)

dx +
1

2

∫

Ω

ρf ψ̂0 dx

=
1

2

∫

Ω

ε∇ψ · ∇
(

ψ̂0 − ψ
)

dx +
1

2

∫

Ω

ε∇ψ̂0 · ∇
(

ψ − ψ̂0

)

dx +
1

2

∫

Ω

ρf ψ̂0 dx
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=
1

2

∫

Ω

ρf ψ̂0 dx −
1

2

∫

Ω

∣

∣

∣
∇

(

ψ − ψ̂0

)∣

∣

∣

2

dx. (4.5)

Inserting this into the previous expression of F [c], we obtain the minimum free energy

min
d∈K

F [d] = F [c] =

∫

Ω

{

1

2
ρf ψ̂0 −

ε

2

∣

∣

∣
∇

(

ψ − ψ̂0

)∣

∣

∣

2

−β−1a−3

[

1 + log

(

1 +
M

∑

i=1

a3c∞i e−βqi(ψ−ψ̂0/2+Lρf /2)

)]}

dx. (4.6)

The generalized Boltzmann distributions (4.4) and the Poisson equation (1.1) yield
the generalized Poisson-Boltzmann equation

∇ · ε∇ψ +

∑M
i=1 qic

∞
i e−βqi(ψ−ψ̂0/2+Lρf /2)

1 +
∑M

i=1 a3e−βqi(ψ−ψ̂0/2+Lρf /2)
= −ρf in Ω. (4.7)

This equation can be viewed as the Euler-Lagrange equation of the functional I : H1
ψ0

(Ω) →
R ∪ {+∞} defined by

I[φ] =

∫

Ω

[

1

2
ε|∇φ|2 − ρfφ + β−1a−3 log

(

1 +
M

∑

i=1

a3c∞i e−βqi(φ−ψ̂0/2+Lρf /2)

)]

dx, (4.8)

where
H1

ψ0
(Ω) =

{

φ ∈ H1(Ω : φ = ψ0 on ∂Ω
}

.

Setting q0 = 0 and c∞0 = a−3, we obtain by direct calculations and the Cauchy-Schwarz
inequality that

d2

dφ2
log

(

1 +
M

∑

i=1

a3c∞i e−βqiφ

)

=

(

∑M
i=1 a3β2q2

i c
∞
i e−βqiφ

) (

1 +
∑M

i=1 a3c∞i e−βqiφ
)

−
(

∑M
i=1 a3βqic

∞
i e−βqiφ

)2

(

1 +
∑M

i=1 a3c∞i e−βqiφ
)2

=

a6β2

[

(

∑M
i=0 q2

i c
∞
i e−βqiφ

)(

∑M
i=0 c∞i e−βqiφ

)

−
(

∑M
i=0 qi

√

c∞i e−βqiφ
√

c∞i e−βqiφ
)2

]

(

1 +
∑M

i=1 a3c∞i e−βqiφ
)2

≥ 0 ∀φ ∈ R.

The inequality is in fact strict, since q1, . . . , qM do not have the same sign. Therefore,
the log term in (4.8) is strictly convex. Hence, the functional I : H1

ψ0
(Ω) → R ∪ {+∞}

is strictly convex.
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We summarize our discussions in the following theorem which can be proved by the
same argument used in [12]. (Notice that it is unnecessary to assume that χΩs

B(u) ∈
L2(Ω) in the definition of the set K in the proof of Theorem 2.1 and Theorem 2.2 in [12].)
See also the proof of Theorem 5.1 which treats the general case:

Theorem 4.1. Assume a0 = a1 = · · · = aM = a > 0. Then the following hold true:
(1) The functional I : H1

ψ0
(Ω) → R ∪ {+∞} is convex and admits a unique minimizer

ψ ∈ H1
ψ0

(Ω) which is also the unique weak solution of (4.7);
(2) If we define ci(x) by (4.4) for all i = 1, . . . ,M , then (c1, . . . , cM) ∈ K is the unique

set of equilibrium ionic concentrations and ψ is the unique equilibrium electrostatic
potential, as described in Theorem 3.1;

(3) The minimum electrostatic free energy is given by (4.6).

5 Implicit Boltzmann distributions for the case of a

nonuniform ionic size

We now consider a general ionic system with possibly nonuniform sizes of ions and solvent
molecules. We shall show that the Euler-Lagrange equations (3.4) determine the relations
ci = ci(ψ) (i = 1, . . . ,M) for the equilibrium ionic concentrations c1, . . . , cM as functions
of the equilibrium electrostatic potential ψ. These relations can be viewed as implicit
Boltzmann distributions.

Let

DM =

{

(u1, . . . , uM) ∈ R
M : u1 > 0, . . . , uM > 0, and

M
∑

i=1

a3
i ui < 1

}

.

Clearly, DM ⊂
∏M

i=1(0, a
−3
i ) . Denote for any u = (u1, . . . , uM) ∈ DM

u0 = a−3
0

(

1 −
M

∑

j=1

a3
juj

)

. (5.1)

Define f̂ = (f̂1, . . . , f̂M) : DM → R
M by

f̂i(u) =

(

ai

a0

)3

log
(

a3
0u0

)

−log
(

a3
i ui

)

∀u = (u1, . . . , uM) ∈ DM , i = 1, . . . ,M. (5.2)

Lemma 5.1. The mapping f̂ : DM → R
M is a C∞, bijective mapping.

Proof. Clearly, f̂ : DM → R
M is a C∞ mapping. By simple calculations, we have

∂f̂i

∂uj

= −
a3

i a
3
j

a3
0u0

−
δij

ui

, i, j = 1, . . . ,M,
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where δij = 1 if i = j and δij = 0 if i 6= j. Denote p = (a3
1, . . . , a

3
M)T ∈ R

M . Denote also
by W the diagonal M ×M matrix with the diagonal entries 1/u1, . . . , 1/uM . The inverse
W−1 of W is the diagonal matrix with the diagonal entries u1, . . . , uM . The gradient
matrix ∇f̂(u) for any u = (u1, . . . , uM) ∈ DM is then the M × M matrix

∇f̂(u) =

[

∂f̂i

∂uj

]M

i,j=1

= −W −
1

a3
0u0

p ⊗ p = −W

(

IM +
1

a3
0u0

W−1p ⊗ p

)

,

where IM denotes the M×M identity matrix. Consequently, the Jacobian of the mapping
f̂ at u is

det∇f̂(u) = (−1)M det W

(

1 +
1

a3
0u0

W−1p · p

)

=
(−1)M

u1 · · ·uM

(

1 +
1

a3
0u0

M
∑

i=1

a6
i ui

)

6= 0.

Here we have used the fact that for any v, w ∈ R
M ,

det(IM + v ⊗ w) = 1 + v · w.

This can be directly verified. Since the Jacobian of f̂ at any u ∈ DM is non-zero, the
mapping f̂ : DM → R

M is injective.
Let ri ∈ R (i = 1, . . . ,M). We show that there exists u = (u1, . . . , uM) ∈ DM such

that f̂i(u) = ri (i = 1, . . . ,M). To do so, let us denote ti = −1+log a3
i for i = 0, 1, . . . ,M

and define z : DM → R by

z(u) =
M

∑

i=0

Sti(ui) +
M

∑

i=1

riui ∀u = (u1, . . . , uM) ∈ DM ,

where DM is the closure of DM in R
M and u0 is defined by (5.1). Notice for ui > 0

(0 ≤ i ≤ M) that Sti(ui) = ui[log(a3
i ui) − 1], cf. (2.6). It is easy to see that z is

continuous on the compact set DM , and hence it attains its minimum in DM . Moreover,
z is clearly smooth on DM , and by simple calculations

∂z

∂ui

= ri − f̂i(u) ∀u = (u1, . . . , uM) ∈ DM , i = 1, . . . ,M.

Therefore, it suffices to show that the minimum of z : DM → R is in fact attained at
some u ∈ DM at which we have ∂z/∂ui = 0 for i = 1, . . . ,M .

In the rest of the proof, we use the idea similar to that used in the proof of Theo-
rem 2.1. Fix u = (u1, . . . , uM) ∈ DM . Assume that u0 = 0, i.e.,

∑M
i=1 a3

i ui = 1. Let σ
be the set of indices i with 1 ≤ i ≤ M such that ui > 0. Clearly, σ is non-empty. Let
α0 = mini∈σ ui. Let 0 < α < α0/2 and define ūi = ui − α for each i ∈ σ and ūi = ui
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for each i 6∈ σ. Clearly, ū = (ū1, . . . , ūM) ∈ DM but
∑M

i=1 a3
i ūi < 1. By the Mean-Value

Theorem, there exists ξ ∈ [ui − α, ui] for each i ∈ σ such that

z(ū) − z(u) =
∑

i∈σ

{

(ui − α)
[

log
(

a3
i (ui − α)

)

− 1
]

− ui

[

log
(

a3
i ui

)

− 1
]}

+ ū0

[

log
(

a3
0ū0

)

− 1
]

=
∑

i∈σ

(−α) log
(

a3
i ξi

)

+ αa−3
0

(

∑

i∈σ

a3
i

) [

log

(

α
∑

j∈σ

a3
j

)

− 1

]

≤ −α
∑

i∈σ

log

(

a3
i α0

2

)

+ αa−3
0

(

∑

i∈σ

a3
i

) [

log α + log

(

∑

j∈σ

a3
j

)

− 1

]

= α
∑

i∈σ

{

a−3
0 a3

i log α + a−3
0 a3

i

[

log

(

∑

j∈σ

a3
j

)

− 1

]

− log

(

a3
i α0

2

)

}

< 0,

if α ∈ (0, α0/2) is small enough. This means that the minimum of z is not attained at
any point u ∈ DM with u0 = 0.

Now let us consider u ∈ DM with u0 > 0 but ui = 0 for some i (1 ≤ i ≤ M).
Denote by τ the non-empty set of indices i such that 1 ≤ i ≤ M and ui = 0. Let

γ0 = a3
0

(

∑M
i=1 a3

i

)−1

u0 and 0 < γ < γ0/2. Define ûi = γ for i ∈ τ and ûi = ui for i 6∈ τ .

Clearly û = (û1, . . . , ûM) ∈ DM . Moreover, by the Mean-Value Theorem, there exists

η0 ∈ [û0, u0] =
[

u0 − a−3
0

(
∑

i∈τ a3
i

)

γ, u0

]

⊆ [u0/2, u0], where û0 = a−3
0

(

1 −
∑M

i=1 a3
i ûi

)

,

such that

û0

[

log
(

a3
0û0

)

− 1
]

− u0

[

log
(

a3
0u0

)

− 1
]

= (û0 − u0) log
(

a3
0η0

)

≤ γa−3
0

(

∑

i∈τ

a3
i

)

log
(

a3
0u0

)

.

Consequently,

z(û) − z(u) =
∑

i∈τ

γ
[

log
(

a3
i γ

)

− 1
]

+ û0

[

log
(

a3
0û0

)

− 1
]

− u0

[

log
(

a3
0u0

)

− 1
]

≤ γ
∑

i∈τ

(

log γ + log a3
i − 1

)

+ γa−3
0

(

∑

i∈τ

a3
i

)

log
(

a3
0u0

)

= γ
∑

i∈τ

[

log γ + log a3
i − 1 + a−3

0 a3
i log

(

a3
0u0

)]

< 0,
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if γ ∈ (0, γ0/2) is small enough. This means that the minimum of z is not attained at
any point u ∈ DM with ui = 0 for some i (1 ≤ i ≤ M). Therefore, the minimum of z
is attained at some u = (u1, . . . , uM) ∈ DM . Consequently, ∂z/∂ui = ri − f̂i(u) = 0 for
all i = 1, . . . ,M . This implies that f̂ : DM → R

M is surjective. Therefore, it is bijective.
Q.E.D.

Let ĝ = (ĝ1, . . . , ĝM) : R
M → DM be the inverse mapping of f̂ : DM → R

M .
This means that f̂i(u1, . . . , uM) = ri (i = 1, . . . ,M) if and only if ĝi(r1, . . . , rM) = ui

(i = 1, . . . ,M). Define for each i ∈ {1, . . . ,M}

Bi(φ) = ĝi (β(q1φ − µ1), . . . , β(qMφ − µM)) ∀φ ∈ R. (5.3)

This means that
(

ai

a0

)3

log
(

a3
0B0(φ)

)

− log
(

a3
i Bi(φ)

)

= β (qiφ − µi) , i = 1, . . . ,M, (5.4)

where

B0(φ) := a−3
0

[

1 −
M

∑

j=1

a3
jBj(φ)

]

> 0 ∀φ ∈ R.

Clearly, each Bi : R → (0, a−3
i ) is a C∞ function. It follows from (3.4) and Lemma 5.1

that, if φ is the “modified” equilibrium potential, i.e., φ = ψ − ψ̂0/2 + Lρf/2 at some
point x ∈ Ω, then Bi(φ) is the corresponding equilibrium concentration of the ith ionic
species. If the potential φ vanishes at some spatial point, then the corresponding induced
charge density should also vanish at such a point. Therefore, we shall assume that the
following neutrality condition holds true:

The neutrality condition:
M

∑

i=1

qiBi(0) = 0. (5.5)

Define

V (φ) = −
M

∑

i=1

qi

∫ φ

0

Bi(ξ) dξ ∀φ ∈ R. (5.6)

Clearly, V : R → R is a C∞ function. Moreover, V ′ : R → R, given by V ′(φ) =
−

∑M
i=1 qiBi(φ) (φ ∈ R) is a bounded function, since each Bi : R → (0, a−3

i ) is bounded
(1 ≤ i ≤ M).

Lemma 5.2. The function V : R → R is strictly convex. Moreover,

V ′(φ)











> 0 if φ > 0,

= 0 if φ = 0,

< 0 if φ < 0,

V (φ) > V (0) = 0 for all φ ∈ R with φ 6= 0, and V (±∞) = ∞.
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Proof. We show that V ′′(φ) > 0 for all φ ∈ R. Taking the derivative with respect to φ
on both sides of the equation (5.4), we get

−

(

ai

a0

)3 M
∑

j=1

(

aj

a0

)3 B′
j(φ)

B0(φ)
−

B′
i(φ)

Bi(φ)
= βqi,

leading to

B′
i(φ) = −βqiBi(φ) −

(

ai

a0

)3
Bi(φ)

B0(φ)

[

M
∑

j=1

(

aj

a0

)3

B′
j(φ)

]

. (5.7)

Multiplying both sides of this equation by (ai/a0)
3 and summing the result over all

i = 1, . . . ,M , we get

M
∑

i=1

(

ai

a0

)3

B′
i(φ) = −

M
∑

i=1

(

ai

a0

)3

βqiBi(φ) −

[

M
∑

i=1

(

ai

a0

)6
Bi(φ)

B0(φ)

][

M
∑

j=1

(

aj

a0

)3

B′
j(φ)

]

.

Consequently,

M
∑

j=1

(

aj

a0

)3

B′
j(φ) =

−βB0(φ)
∑M

i=1

(

ai

a0

)3

qiBi(φ)

B0(φ) +
∑M

i=1

(

ai

a0

)6

Bi(φ)
.

This and (5.7) lead to

V ′′(φ) = −
M

∑

i=1

qiB
′
i(φ)

= β

M
∑

i=1

q2
i Bi(φ) +

[

M
∑

i=1

(

ai

a0

)3

qi
Bi(φ)

B0(φ)

][

M
∑

j=1

(

aj

a0

)3

B′
j(φ)

]

=

β
[

∑M
i=1 q2

i Bi(φ)
]

[

B0(φ) +
∑M

i=1

(

ai

a0

)6

Bi(φ)

]

− β

[

∑M
i=1

(

ai

a0

)3

qiBi(φ)

]2

B0(φ) +
∑M

i=1

(

ai

a0

)6

Bi(φ)
.

(5.8)

Setting q0 = 0 and applying the Cauchy-Schwarz inequality, we get

[

M
∑

i=1

(

ai

a0

)3

qiBi(φ)

]2

=

[

M
∑

i=0

qi

√

Bi(φ) ·

(

ai

a0

)3
√

Bi(φ)

]2

≤

[

M
∑

i=1

q2
i Bi(φ)

][

B0(φ) +
M

∑

i=1

(

ai

a0

)6

Bi(φ)

]

.
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This is in fact a strict inequality, since q1, . . . , qM do not have the same sign, which
implies that (ai/a0)

3/qi is not a constant for all i = 1, . . . ,M . Therefore, V ′′(φ) > 0 for
all φ ∈ R. Hence V : R → R is strictly convex.

Notice from (5.6) that V ′(φ) = −
∑M

i=1 qiBi(φ) for all φ ∈ R. The fact that V ′(0) = 0
follows then from the neutrality condition (5.5). Since V ′′(φ) > 0 for all φ ∈ R, V ′ is an
increasing function. Therefore, V ′(φ) < V ′(0) = 0 for φ < 0 and V ′(φ) > V ′(0) = 0 for
φ > 0. Since V ′ < 0 on (−∞, 0), we have V (φ) > V (0) = 0 for all φ < 0. Similarly, since
V ′ > 0 on (0,∞), we have V (φ) > V (0) = 0 for all φ > 0. Therefore, V (φ) > 0 for all
φ 6= 0. Finally, for any φ > 1, there exists ξ = ξ(φ) ∈ [1, φ] such that

V (φ) − V (1) = V ′(ξ)(φ − 1) ≥ V ′(1)(φ − 1) → ∞ as φ → ∞.

Hence V (∞) = ∞. Similarly, V (−∞) = ∞. Q.E.D.

The following is our main result for an ionic solution with nonuniform ionic and
solvent molecular sizes:

Theorem 5.1. (1) The unique minimizer c = (c1, . . . , cM) ∈ K of the free-energy
functional F : K → R and the corresponding equilibrium potential ψ are related by

ci = Bi

(

ψ −
ψ̂0

2
+

Lρf

2

)

a.e. Ω, i = 1, . . . ,M. (5.9)

The minimum electrostatic free energy is given by

min
d∈K

F [d] = F [c] =

∫

Ω

[

1

2
ρf ψ̂0 −

ε

2

∣

∣

∣
∇

(

ψ − ψ̂0

)∣

∣

∣

2
]

dx

+ β−1a−3
0

∫

Ω

[

log

(

1 −
M

∑

i=1

a3
i Bi

(

ψ −
ψ̂0

2
+

Lρf

2

))

− 1

+
M

∑

i=1

(

a3
i − a3

0

)

Bi

(

ψ −
ψ̂0

2
+

Lρf

2

)]

dx. (5.10)

(2) The functional J : H1
ψ0

(Ω) → R ∪ {+∞}, defined by

J [φ] =

∫

Ω

[

1

2
|∇φ|2 − ρfφ + V

(

φ −
ψ̂0

2
+

Lρf

2

)]

dx ∀φ ∈ H1
ψ0

(Ω),

admits a unique minimizer ψ̃ ∈ H1
ψ0

(Ω). This function ψ̃ is also the unique weak
solution to the boundary-value problem of the implicit Poisson-Boltzmann equation

∇ · ε∇φ − V ′

(

φ −
ψ̂0

2
+

Lρf

2

)

= −ρf in Ω. (5.11)

and the boundary condition φ = ψ0 on ∂Ω.
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(3) Let ψ̃ ∈ H1
ψ0

(Ω) be the same as in Part (2). Define c̃i : Ω → R (i = 1, . . . ,M) by

(5.9) with ci (i = 1, . . . ,M) and ψ replaced by c̃i (i = 1, . . . ,M) and ψ̃, respectively.
Then c̃i = ci (i = 1, . . . ,M) and ψ̃ = ψ a.e. on Ω, i.e., c̃1, . . . , c̃M are the equilibrium
concentrations and ψ̃ is the equilibrium electrostatic potential.

The relations (5.9) are the implicit Boltzmann distributions of the equilibrium ionic
concentrations c1, . . . , cM expressed in terms of functions of the equilibrium electrostatic
potential ψ. In the case that all the ionic and solvent molecular sizes are the same, say,
a1 = · · · = aM = a, then f̂i(u1, . . . , uM) = log(u0/ui) (i = 1, . . . ,M), cf. (5.2). One easily
finds that the inverse mapping ĝ = (ĝ1, . . . , ĝM) is given by

ĝi(r1, . . . , rM) =
a−3e−ri

1 +
∑M

j=1 e−rj

, i = 1, . . . ,M.

This, together with (5.3) and (5.9), yield the generalized Boltzmann distributions (4.4)
for the case of a uniform ionic and solvent molecular size.

Part (2) of Theorem 5.1 is a variational principle for the equilibrium electrostatic
potential.

Proof of Theorem 5.1. (1) The implicit Boltzmann distributions (5.9) follow from
Theorem 3.1 (cf. (3.4)) and the definition of ĝi and Bi(φ) with φ = ψ − ψ̂0/2 + Lρf/2
a.e. Ω (i = 1, . . . ,M), cf. (5.3) and (5.4).

To prove (5.10), we use the equilibrium conditions (3.4) and the fact that
∑M

i=0 a3
i ci =

1 to get

β−1

M
∑

i=0

ci

[

log
(

a3
i ci

)

− 1
]

−
M

∑

i=1

µici

= β−1c0

[

log
(

a3
0c0

)

− 1
]

+ β−1

M
∑

i=1

ci

[

(

ai

a0

)3

log
(

a3
0c0

)

− 1

]

−

(

M
∑

i=1

qici

) (

ψ −
ψ̂0

2
+

Lρf

2

)

= −β−1

M
∑

i=0

ci + β−1a−3
0 log

(

a3
0c0

)

−

(

M
∑

i=1

qici

) (

ψ −
ψ̂0

2
+

Lρf

2

)

= β−1a−3
0 log

(

1 −
M

∑

i=1

a3
i ci

)

− β−1a−3
0

[

1 −
M

∑

i=1

(

a3
i − a3

0

)

ci

]

−

(

M
∑

i=1

qici

) (

ψ −
ψ̂0

2
+

Lρf

2

)

.
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By the same argument as in obtaining (4.5), we have

∫

Ω

[

1

2
ρψ −

(

M
∑

i=1

qici

) (

ψ −
ψ̂0

2
+

Lρf

2

)]

dx =

∫

Ω

[

1

2
ρf ψ̂0 −

ε

2

∣

∣

∣
∇

(

ψ − ψ̂0

)∣

∣

∣

2
]

dx.

Combining the above two equations, together with (5.9), we obtain (5.10).
(2) Since V ≥ 0 by Lemma 5.2, we have by applying Poincaré’s inequality that

J [φ] ≥ C3‖φ‖
2
H1(Ω) + C4 ∀φ ∈ H1

ψ0
(Ω),

where C3 > 0 and C4 ∈ R are two constants. This and the fact that ψ0 ∈ H1
ψ0

(Ω)
imply that the infimum of J over H1

ψ0
(Ω) is finite. Moreover, it allows us to extract from

an infimizing sequence {ψk} of J : H1
ψ0

(Ω) → R ∪ {+∞} a subsequence, not relabeled,

that converges weakly in H1(Ω) to some ψ̃ ∈ H1
ψ0

(Ω) and almost everywhere to ψ̃ on

Ω. These and Fatou’s lemma imply that lim infk→∞ J [ψk] ≥ J [ψ̃]. Hence the functional
J : H1

ψ0
(Ω) → R∪{+∞} has a minimizer. The uniqueness of this minimizer follows from

the strict convexity of the functional J : H1
ψ0

(Ω) → R ∪ {+∞}.

Notice that V ′ = −
∑M

i=1 qiBi is a bounded function, since Bi(s) ∈ (0, a−3
i ) for any

s ∈ R and all i = 1, . . . ,M . The Mean-Value Theorem then implies that, for any
φ ∈ C∞

c (Ω) and t ∈ R with t 6= 0,
∣

∣

∣

∣

∣

V (ψ̃ + tφ − ψ̂0/2 + Lρf/2) − V (ψ̃ − ψ̂0/2 + Lρf/2)

t

∣

∣

∣

∣

∣

≤ ‖φ‖L∞(Ω) max
s∈R

|V ′(s)| in Ω.

Therefore, by the Lebesgue Dominated Convergence Theorem,

lim
t→0

∫

Ω

V (ψ̃ + tφ − ψ̂0/2 + Lρf/2) − V (ψ̃ − ψ̂0/2 + Lρf/2)

t
dx

=

∫

Ω

V ′

(

ψ̃ −
ψ̂0

2
+

Lρf

2

)

φ dx.

Consequently, we have by a usual argument that ψ̃ ∈ H1
ψ0

(Ω) satisfies

∫

Ω

[

ε∇ψ̃ · ∇φ − ρfφ + V ′

(

ψ̃ −
ψ̂0

2
+

Lρf

2

)

φ

]

dx = 0 (5.12)

for all φ ∈ C∞
c (Ω). Since V ′ is bounded, (5.12) holds true for all φ ∈ H1

0 (Ω). This means
exactly that ψ̃ is the claimed weak solution.

Conversely, let us assume that φ̃ ∈ H1
ψ0

(Ω) is a weak solution of (5.11), i.e., (5.12)

holds true with ψ̃ replaced by φ̃ for all φ ∈ H1
0 (Ω). This and the convexity of V imply

that for any φ ∈ H1
0 (Ω) there exists ξ ∈ H1(Ω) such that

J [φ̃ + φ] − J [φ̃] =

∫

Ω

[

ε

2
|∇φ|2 +

1

2
V ′′(ξ)φ2

]

dx ≥ 0.
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Therefore, φ̃ is a minimizer of J : H1
ψ0

(Ω) → R∪{+∞}. The uniqueness of weak solution
follows from that of the minimizer.

(3) By the standard regularity theory [8], we have that the weak solution ψ̃ ∈ C(Ω).
Thus, there exists a compact set Y ⊂ R

M such that

(β(q1(ψ̃ − ψ̂0/2 + Lρf/2) − µ1), . . . , β(q1(ψ̃ − ψ̂0/2 + Lρf/2) − µ1)) ∈ Y a.e. Ω.

Now the image of Y under the mapping ĝ : R
M → DM is also compact. Therefore, by

(5.3) and (5.9), (c̃1, . . . , c̃M) lies in a compact subset of DM a.e. Ω. Hence (3.3) holds true
with c̃i replacing ci (with c̃0 defined in a similar way) for some constants θ1, θ2 ∈ (0, 1).

By (5.6) and (5.9) (with ci and ψ replaced by c̃i and ψ̃, respectively), we have

V ′

(

ψ̃ −
ψ̂0

2
+

Lρf

2

)

= −
M

∑

i=1

qiBi

(

ψ̃ −
ψ̂0

2
+

Lρf

2

)

= −
M

∑

i=1

qic̃i in Ω.

Therefore, ψ̃ ∈ H1
ψ0

(Ω) is the weak solution of

−∇ · ε∇ψ̃ = ρf +
M

∑

i=1

qic̃i in Ω.

Moreover, the definition c̃i = Bi(ψ̃− ψ̂0/2+Lρf/2) (i = 1, . . . ,M), (5.3), and (5.4) imply
that

(

ai

a0

)3

log
(

a3
0c̃0

)

− log
(

a3
i c̃i

)

= β

[

qi

(

ψ̃ −
ψ̂0

2
+

Lρf

2

)

− µi

]

a.e. Ω, i = 1, . . . ,M.

Therefore, the two conditions in Theorem 3.1 ((1) bounds and (2) equilibrium conditions)
are satisfied for (c̃1, . . . , c̃M) and ψ̃. Hence c̃1, . . . , c̃M are the unique equilibrium ionic
concentrations and ψ̃ is the unique equilibrium electrostatic potential. Q.E.D.

6 Conclusions

We have studied a continuum free-energy functional of the electrostatics for an ionic
solution. We include the ionic finite-size effect in the functional by simply adding the
excluded volumes of the ions and solvent molecules in the entropy term. Our detailed
mathematical analysis shows that the resulting theory is qualitatively similar to the clas-
sical Poisson-Boltzmann theory of the electrostatics for ionic solutions without including
the finite-size effect.

The upper bound for equilibrium ionic concentrations with the finite-size effect in-
cluded can be much smaller than that without the finite-size effect included. Lower
bounds for equilibrium ionic concentrations, however, always exist, with or without the
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finite-size effect included in an underlying free-energy functional. (For the case without
finite-size effect, see [12].) This implies that, in any small region of the ionic solution,
there is always certain amount of concentrations of each of the ionic species, in contrast
to the reality where positives ions accumulate near a fixed, negatively charged object in
an ionic solution. Although one can argue that the precise value of any of these bounds
is still unknown, the simply size-modified Poisson-Boltzmann theory of continuum elec-
trostatics, as developed in this work, does not seem to qualitatively capture molecular
details.

Of much interest is the result that even no explicit, generalized Boltzmann distribu-
tions are available in general, there exist always implicit Boltzmann distributions that
relate equilibrium ionic concentrations with the equilibrium electrostatic potential. More-
over, the induced charge density is an increasing function of the potential. This property
resembles that for the classical Poisson-Boltzmann theory. It provides a variational prin-
ciple for the electrostatic potential: the potential minimizes a convex functional. The
convexity is an important property.

In the case that explicit, generalized Boltzmann distributions are available, one needs
only to solve the generalized Poisson-Boltzmann equation to get the potential, and then
to get the equilibrium concentrations using the explicit, generalized Boltzmann distri-
butions. Otherwise, to get the potential, one needs to solve a constrained optimization
problem: minimizing a convex functional constrained by a linear, inhomogeneous, par-
tial differential equation, together with some boundary conditions. How to accurately
and very efficiently solve such a minimization problem is of much practical interest. A
possible alternative strategy can be to first obtain the numerical values of the functions
Bi : R → (0, a−3

i ) (i = 1, . . . ,M), defined by (5.4), and then use them to solve numeri-
cally the implicit Poisson-Boltzmann equation (5.11) to get the equilibrium potential ψ,
and to get the equilibrium concentrations c1, . . . , cM by (5.9). This needs more studies.

By Lemma 5.2 and the Taylor expansion, we have the small potential expansion

V ′(φ) ≈ V ′(0) + V ′′(0)φ if |φ| ≪ 1.

This and (5.11) lead to a generalized Debye-Hückel approximation

∇ · ε∇φ − V ′′(0)

(

φ −
ψ̂0

2
+

Lρf

2

)

= −ρf in Ω. (6.1)

Notice that by (5.8)

V ′′(0) = β

M
∑

i=1

q2
i Bi(0) −

β
[

∑M
i=1 ai

3qiBi(0)
]2

∑M
i=0 a6

i Bi(0)
.

Solving once the system (5.4) for φ = 0, we can get the value of V ′′(0). Therefore, (6.1)
can be practically useful.
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