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Abstract

This work concerns electrostatic properties of an ionic solution with multiple
ionic species of possibly different ionic sizes. Such properties are described by
the minimization of an electrostatic free-energy functional of ionic concentrations.
Bounds are obtained for ionic concentrations with low electrostatic free energies.
Such bounds are used to show that there exists a unique set of equilibrium ionic
concentrations that minimizes the free-energy functional. The equilibrium ionic
concentrations are found to depend sorely on the equilibrium electrostatic potential,
resembling the classical Boltzmann distributions that relate the equilibrium ionic
concentrations to the equilibrium electrostatic potential. Unless all the ionic and
and solvent molecular sizes are assumed to be the same, explicit formulas of such
dependence are, however, not available in general. It is nevertheless proved that
in equilibrium the ionic charge density is a decreasing function of the electrostatic
potential. This determines a variational principle with a convex functional for the
electrostatic potential.

Mathematical Subject Classification: 35J20, 35J60, 49505, 81V55, 92E99.

1 Introduction

The Poisson-Boltzmann theory of continuum electrostatics for an ionic solution with M
ionic species occupying a region €2 in R?® is based on the combination of the Poisson
equation

V-eVip=—p in Q (1.1)
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and the Boltzmann distribution
¢ =ce P in Q, i=1,...,M, (1.2)

cf. [2,9,14,15,18]. Here, v is the electrostatic potential field of the ionic solution, € the
dielectric coefficient that can be position-dependent, p the charge density defined by

M
p=pr+ Y ac (1.3)
=1

with p; a fixed charge density and Zf‘il g;c; the induced or ionic charge density, ¢; the
local concentration of the ¢th ionic species with ¢ its bulk value, ¢; = z;e with z; the
valence of ith ionic species and e the elementary charge, and § the inverse thermal energy.
Inserting (1.2) and (1.3) into (1.1), we obtain the Poisson-Boltzmann equation for the
electrostatic potential v

M
VeV + Y qee ™V = —p, in Q.

=1

The Boltzmann distributions (1.2) are conditions of equilibrium ionic concentrations
of the mean-field electrostatic free-energy functional [3,6, 15, 18]

/{ pY+ B~ ZcZ log(A®c;) —1 Zulcl}dx

where A is the thermal de Broglie wavelength and p; the chemical potential of the ith
ionic species. Here, for a given set of ionic concentrations c¢;, the charge density p is
defined in (1.3) and the potential ¢ is determined by the Poisson equation (1.1) together
with some boundary conditions. Throughout, we denote by logx the natural logarithm
of x > 0.

Despite of its success in many applications, particularly in biomolecular modeling
[5,7,10,19], the classical Poisson-Boltzmann theory is known to have some limitations.
For instance, it does not in general explain the phenomenon of attraction between like-
charged particles in confined geometries [13,16,17]. One of the known drawbacks of
this classical theory is that it does not describe the ionic finite-size or excluded-volume
effect. Presumably, such size effect, particularly when ionic linear sizes are different, is
profound in small systems such as ion channels. As pointed out in [1], equilibrium ionic
concentrations predicted by the classical Poisson-Boltzmann theory without ionic size
effect can be much higher than those predicted by a size-modified Poisson-Boltzmann
theory.



In this work, we generalize the classical Poisson-Boltzmann theory for an ionic solution
to include the ionic size effect with possibly different ionic sizes. Specifically, we study
the mean-field electrostatic free-energy functional

Flc] = /Q {%piﬁ + 37! Z ¢; [log (alc;) — 1] — ZMCZ} dx, (1.4)

where the summation in the 37! term starts from ¢ = 0 and

M

co(r) = ay® [1 - Za?ci(x)] Vo € Q (1.5)

=1

defines the local concentration of solvent molecules. In (1.4) and (1.5) , the parameter
a; > 0 for each i € {1,..., M} represents the linear size of an ion of the ith ionic species
and ag > 0 represents the linear size of a solvent molecule. The charge density p: 2 — R
is given by (1.3). The electrostatic potential ¢ : Q@ — R is determined by the Poisson
equation (1.1), together with a boundary condition which we take to be

) =1y on OS2 (1.6)

for some given function vy : 9 — R. The first term in (1.4) represents the internal
or potential electrostatic energy. The 57! term represents the ideal gas entropy. The
last term in (1.4) accounts for a constant chemical potential in the system. The osmotic
pressure from the mobile ions is omitted, since it is only an additive constant in the
free-energy functional in the present setting.

The special case that all the linear sizes a; (i = 0,..., M) are the same is treated
in [11] for a spatially one-dimensional system and in [1] for a two-species system. Rig-
orous mathematical analysis is also given in [12]. In [4], a two-species system with two
different ionic sizes is considered. The form (1.4) of the size-modified electrostatic free-
energy functional is known to experts. But it does not seem to be previously available
in literature.

It should be pointed out that with a uniform ionic and solvent molecular size a, i.e.,
a = ag=a; = ---= ay, the equilibrium ionic concentrations and electrostatic potential
of the free-energy functionals (1.4) are related by the generalized Boltzmann distributions
(cf. [12] and (4.4))

N 1+ a3 Zi\il C‘Z?Oe*ﬁ‘hw(x)

cj()

VeeQ, j7=1,....M,

where ¢5° = a—3eP1 is the bulk concentration of the jth ionic species. This is true for the
case 1y = 0 in the boundary condition (1.6). For a general case, see (4.4). Such explicit
dependence of each equilibrium concentration on the equilibrium electrostatic potential
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is in general not available, if the sizes of different ions and solvent molecules are not all
the same.

Our main results of this work are as follows:

(1) For any concentrations ¢ = (cq, ..., cpr), there exist concentrations ¢ = (¢q, ..., Cy)
and constants 61,0, € (0,1) such that F[¢] < F[c¢] and 6; < ad¢;(z) < 60y for
ae. v € Q and all © = 0,1,..., M, cf. Theorem 2.1. This result is proved by
constructing concentrations with desired properties, and the construction is based
on the perturbation method that is first used in [12];

(2) The free-energy functional (1.4) has a unique minimizer which is also the unique
equilibrium, cf. Theorem 3.1. This is essentially a consequence of the fact that the
free-energy functional defined in (1.4) is convex;

(3) Each equilibrium concentration depends sorely on the equilibrium electrostatic po-
tential. This can be viewed as generalized, implicit Boltzmann distributions. If all
the ionic and solvent molecular sizes are assumed to be the same, then an explicit
formula can be found for such distributions, cf. (4.4). Otherwise, the dependence of
the equilibrium charge density on the equilibrium electrostatic potential is shown
to be a decreasing function. This in turn establishes a variational principle with a
convex functional for electrostatic potentials. See Theorem 5.1.

The rest of the paper is organized as follows: In Section 2, we introduce some notation
and make some assumptions. We also prove the theorem on the point-wise bounds for
ionic concentrations that have low free energies; In Section 3, we prove the existence
and uniqueness of the minimizer of the free-energy functional (1.4). We also prove that
the free-energy minimizing concentrations are the unique equilibrium concentrations; In
Section 4, we derive the generalized Boltzmann distributions for the case of a uniform
ionic and solvent molecular size; In Section 5, we prove that, in general for a nonuniform
ionic and molecular size, each of the equilibrium ionic concentrations depends sorely on
the equilibrium electrostatic potential. We also obtain the monotonicity of the ionic
charge density as a function of the potential; Finally, in Section 6, we discuss our main
results and draw some conclusions.

2 Bounds on concentrations with low free energies

We make the following assumptions:

(A1) The set Q C R? is a bounded domain with a C! boundary 9;

(A2) Both py € L*>(2) and € € L*>(Q) are given with £(z) > &, for all x € 2 for some
constant €,,;,, > 0;

(A3) The integer M > 2, the positive numbers ay, ..., ay and 3, and the real numbers
qi,---,qy and pq, ..., pupr are all given. The numbers ¢y, ..., ¢y are non-zero, and
do not have the same sign (due to the charge neutrality); (Further assumption on
the charge neutrality will be made later, cf. (5.5).)



(A4) The boundary data 1 in (1.6) is the trace of a given function, also denoted by 1y,
in Whe(Q).
We use standard notation for function spaces LP(Q2) and W*P(Q), cf. [8].
Let uw € L'(€). Suppose

d
sup Jo ué da

) (2.1)
0£E€ L= (Q)NHL(Q) 1€l 110

Since L>°(Q) N Hy () is dense in Hj (), we can identify u as an element in H~!(Q), the
dual of H}(Q), with

(6 = [uds v e 17(@) N H}(@)

and we write u € L'(Q) N H1(Q). The H(2)-norm of u is given by (2.1). We define

X = {(cl, ...,enr) € LML RM) iqici S Hl(Q)},

i=1
M

E qiC;

i=1

Clearly, (X, | - ||x) is a Banach space. We also define

Ve = (c1,...,cm) € X.

M
lelx = lleill ) +

=1 H*l(Q)
K = {(cl,...,cM) €eX: ¢ >0 ae. Q,izO,l,...,M}. (2.2)

Clearly, K is a nonempty, convex subset of L>(Q,RM) C X.
Let v € HY(Q) be the weak solution of the boundary-value problem

VeV = — in Q,
VoeVo=—pp (2.3)
’QD() = Q,D() on 0f).
This means that ¢ € Hj, (Q) and
/ eV - Voda = / prv dx Vv € H (). (2.4)
Q Q

It is clear that ¢ € L®(Q).
Let L : HY(Q) — H}(Q) be the linear, self-adjoint, elliptic operator defined as
follows: for any f € H~(Q), the function Lf € H}(Q2) and
/ eVLf-Vvdr = (f,v) Vv € Hy (). (2.5)
Q
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It is easy to verify that f +— +/(f, Lf) defines a norm on H () which is equivalent to
the H=1(Q)-norm, cf. [12].
Let A € R and define S, : [0,00) — R by

Sx(0)=0
{ Sa(u) = u(A + logu) ifu>0. (2.6)

It is easy to see that S) is continuous and bounded below on [0, 00), and is also strictly
convex on (0,00). Moreover, if (cy,...,cy) € K then [, Si(¢;) dr < oo for any A € R

and all 2 =0,1,..., M.
For a given ¢ = (cy,...,cy) € K, the potential ¢ defined by (1.1) and (1.6) can be

written as y
Yp=do+L (Z Qicz) : (2.7)
i=1

Consequently, one verifies that the free-energy functional F' : K — R defined by (1.4)
can be rewritten as

Fle = /Q {% (Z %‘Ci> L (Z q@'Cz) + ﬁ_l Z S_i(ei) + Zgici + fo

where ¢ is defined by (1.5) and

dr, (2.8)

1 A
9125% <Lpf+¢0> +Billoga?_ﬁila?a6310gag_N’w Z:LaMa (29)

r . g
Jo= §Pf¢0 + 37 ag” log ag.
Note that all g1, ..., g, and fo are L*°(€Q)-functions.

We denote by |E| the Lebesgue measure of a Lebesgue measurable set £ C R3.

Theorem 2.1. Let ¢ = (¢1,...,cq) € K and § > 0. Assume there exists iy €
{0,1,..., M} such that |{z € Q:dlciy(x) <a}| > 0 for all « > 0. Then there ex-
ists ¢ = (é1,...,¢m) € K and 01,05 € (0,1) with 0, < 0y such that ||¢ — c||x < 9,
0) < al¢i(x) < 0y for ace. v € Qand alli=0,1,..., M, and F[¢] < F[c].

The bounds established in this theorem allow us to derive rigorously the Euler-
Lagrange equation and hence define equilibrium concentrations for the functional (1.4),
cf. Theorem 3.1.

Our strategy for proving Theorem 2.1 is as follows: given a set of ionic concentrations
c=(c1,...,cp) € K, we construct the set of ionic concentrations ¢ = (¢y,...,¢y) € K
that satisfies all the desired properties. The construction is done by perturbing the given



set of concentrations cy,...,cy in two steps. First, if ¢y(z) is close to 0 at some point
x € Q, then we define ¢;(z) = ¢;(v) — &;(z), with a(x) > 0 small, for those i € {1,..., M}
such that ¢;(x) is away from 0. Second, if ¢;(x) is close to 0 for some j € {1,..., M}, then
we define ¢;(x) = ¢;(x) + &;(z) with &;(x) > 0 small. The concentrations (i, ..., ¢uy)
and (¢1,...,¢y) remain in the set K. Moreover, they are close to the original set of
concentrations (cq, ..., cpr). The change of the potential energy is linear, in leading order,
in @;(z) or &;(z). But the entropic change is very negative. For instance, the entropy
change due to the change from ¢;(x) to ¢;(z) is proportional to S’ (a;(z)) = 1/a;(x)
(cf. (2.6) and (2.8)). Thus the total free-energy change is very negative.

We shall accordingly divide our proof into two major steps. First, we construct
¢ = (¢1,...,¢y) € K so that the corresponding solvent concentration ¢y has a lower
bound away from 0. Second, we use ¢ to construct the desired ¢.

Proof of Theorem 2.1. We first construct ¢ = (¢1,...,¢y) € K such that

M
apco(z) =1 — Za?@-(m) > 7 a.e. T € () (2.10)

=1

for some constant 7 € (0,1), ||¢ — ¢||x < /2, and F[¢] < F[c| with a strict inequality if
Hz € Q:adeo(x) < a}| > 0 for all @ > 0. For convenience, we denote for any o > 0

wola) = {x € Q:aley(z) < al.

If there exists a constant «;; > 0 such that |wy(ay)| = 0, i.e., adco(r) > ay a.e. Q, then
(Cy...,¢n) = (c1,...,cn) € K satisfies all the desired properties with 7y = a4 /(14+a;) €
(0,1). Suppose |wy(a)| > 0 for any o > 0. Let 0 < a < 1/(4M). Let

1 :
Hi(a):{xéwo(a):af’ci(x)zm}, i=1,...,M.

Let © € wo(e). Then there exists some j = j(x) € {1,..., M} such that alc;(x) >
1/(2M). In fact, if this were not true, then alc;(z) < 1/(2M) for all i = 1,..., M.
Hence, adco(z) = 1 — .M ade;(x) > 1/2 > a. This would mean that = ¢ wy(a), a
contradiction. Therefore, we have wy(a) = UM, H;(a).

Since |wo(a)| > 0, we have |H; («)] > 0 for some j; (1 < j; < M). If |H;(a) \
Hj ()] = 0 for all j # ji, then we have wo(a) = Ki(a) U Hj,(a) for some K;(a) C
wo(@) with |Ky(a)| = 0. Otherwise, |H;,(a) \ Hj, (a)] > 0 for some j, # ji. In case
(o @)\ [Hi, (0)UHL, (@)]] = 0, we have wy(a) = Ka(a)UH, (@) U[H, (@) \ H, (@)] for some
Ks(a) C wo(a) with |Ky(a)] = 0. By induction, we see that there exist m € {1,..., M},
Km(a) € wo(a) with |K,,(a)] = 0, and mutually disjoint sets Kj,(a),..., K;, (a) C
wo(a) such that Kj, (o) € Hj(a) and |Kj(a)] > 0 for ¢ = 1,...,m, and wy(a) =
K(a) U[UR, K, (a)]. By relabeling, we may assume that j; =i for i = 1,...,m.
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Define now

~ ci(x) — ozai_SXKi(a)(x) VeeQ, i=1,...,m, (2.11)
¢i(x) VeeQ, i=m-+1,...,M, '

co(x) = ay ll—ZacZ ] Vo €,

where yg denotes the characteristic function of the set E. It is easy to see that ¢ =
(€1,...,¢n) € K. Moreover,

agto(z) = agco(r) + AXwo(a)(¥) > Vx € Q. (2.12)

This implies (2.10) with 7 = a € (0,1). Clearly,

ZHQ cillLro <0¢Za 3 Ky (a

Moreover,

'az’_SXKz‘(a)

M m
iCi — Z qiC;i S o Z gia; °| K (e)
i=1 H i=1

Therefore, ||¢ — ¢||x < /2, provided that « > 0 is small enough.

If z € Kj(a) € Hj(a) for some j with 1 < j < m, then ¢;(z) > 1/(2Ma?), and
¢j(x) > 1/(4Ma3) since 0 < a < 1/(4M). By the Mean-Value Theorem and the fact
that S”(u) = logu for any w > 0, there exists n;(z) with ¢;(z) < n;(z) < ¢j(x) such
that

S_1(¢(x))=S-1 (¢;(x)) = [¢;(x) — ¢;(x)]logn;(x) < —aa;*log¢;(x) < aa;*log (4Ma)) .

By the same argument, using (2.12) and the definition of wy(a)) which together imply
that ajcy(z) < 2« for any z € wp(a), we obtain

L2(Q)

S 1 (eo(w)) — S_1 (co(x)) < aay®log(2ay ) Vo € wy(a).

Consequently, we have by (2.8), the embedding L*(Q)) — H~'(Q), and the Holder in-
equality that

Fld - F /(Zqzq_azqza Yo ) (Zqzcz_az%a Xk )dx

1 —
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m

+ﬁ-12/w(a)[s_< &) — S_y(c;)] da

=0

% /(ZW‘ XK(Q>L<ZQiai3XKi(a)> dx
—of (Zw X ) (Z%) dx+a2|ra *gill o i)

+ B alog (2a5%a) lwo ()| + B e [Z a; ?log (4Maf)] |lwo ()]

i=1
M m

L (Z q) S lailar i)
i=1 L>o(Q) j=1

< Ca? 147 X K

12(9)
+ (ﬁ_laloga + C’oz) lwo ()]

< Ca(l+1loga) ) |Ki(a)

i=1
where C' > 0 is a generic constant independent of . Thus, Fl¢] < Fle| for a > 0

sufficiently small, and F[¢] < F[c] if |wo(a)| = Y72, [Kj(a)] > 0 for all a > 0.
We now construct ¢ = (¢4, ...,¢y) € K that satisfies

ati(z) >0, ae x€Q, i=0,1,...,M, (2.13)

for some constant 6, € (0,1), ||¢ — ¢||x < /2, and F[A] < Fle] with a strict inequality
if there exists j € {1,..., M} such that [{z € Q : alc;(x) < 7}| > 0 for all ¥ > 0.
All these imply that ¢ € K satisfies all the desired properties with 0, = 6y € (0,1) and
O =1—0y€(0,1).

If there exists 7, € (0,1) such that a’c;(x) > 7 for ae. v € Qand alli =1,..., M,
then ¢ = ¢, with 0 < a < 7»/2 additionally, satisfies all the desired properties with 0y = «
(cf. (2.11) and (2.12)). Assume otherwise there exists jo € {1,..., M} such that |[{z € Q:
a3 ¢jo(z) <~} > 0 for all v > 0. This means by (2.11) that \{a: € Q:adcy(r) <y} >0
for all v > 0.

Define

oi(y) ={zeQidlg(x) <y} Vy>0, j=1,...,M,
Jo={je{l,.... M} :|o;(v)| >0 Vy >0},
Jo=1{1,...,M}\ Jp.

We have Jy # () since jg € Jy. If J; # (0, then there exists v; > 0 such that

ajci(z) > m a.e. v €8, Vje . (2.14)
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Define for 0 < vy < min(vyy, 71/M) (cf. (2.10) for the definition of 77) and 1 <i < M

Ci =Sy if i € J,
() = | G@) T4 X0 (@) PIEY weq (2.15)
¢i(x) iftieJ;
M
o) = ay*® [1 - Zaf’éz(m)] Vo € Q.
i=1
Notice by (2.10) that
apéo(z) = ageo(x ’YZXm )>1m —yM >0 a.e. T € (. (2.16)

i€Jo

Thus, ¢ = (¢1,...,¢u) € K. Moreover, (2.14)—(2.16) imply (2.13) with 6y = min(yy, v, 71—

M). Applying the same argument used above, we obtain that ||¢ —¢||x < §/2 for v > 0
small enough.

We have now by the Mean-Value Theorem and the definition of o;(7) for j € Jy that

Z/Q [S_1(é:) — S_a(e)] da = /‘( | [S_1(¢&) — S_1(&)] da

1€Jo

<Y va; log (2va;?) |os(7)].

1€Jo
Similarly, we obtain by (2.10) and (2.16) that
[ [5-100) = Sl do < —ag*y log (g% —230) 3 ().
Q ieJo
Consequently, we have for v > 0 small enough that

F[é] — / (Z q;C; + fYZ a qZXO'l v)) (Z qici + 7y Z CL QZXUz(’Y >

i€Jo i€Jo

_%/ (ZqicZ) (quc) v+ a; / gidz

i€Jg

+ 6" zeZJO/m 1(&)] dx + B~ / S_1(¢y)] dz
M
L (Z %@) Z ‘%’a 3|O']
L2(9) =

> 4 X
L (Q) i€Jo
+9> a0 gill o) + 87 a; log (2va;%) o))

i€Jp
i€Jo 1€Jo

2
< Ov?
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— 87 ag? log (ag® (11 — yM)) Z |loi ()]

i€Jo
< Cy(1+10g7y) Y o).

i€Jg

where C' > 0 is a generic constant independent of . Since Jy # (), this is strictly negative
if v > 0 is sufficiently small. The case that J; = () can be treated similarly. Q.E.D.

3 Free-energy minimization

We recall for a given ¢ = (¢y,...,cp) € K with K defined in (2.2) the functions ¢y, Qﬂo,
and ¢g; (i = 1,..., M) are defined by (1.5), (2.3), and (2.9), respectively, and that the
functional F': K — R is given in (2.8).

Theorem 3.1. There exists a unique ¢ = (c1,...,cp) € K such that
Flc| = min Fld]. (3.1)

This minimizer is also the unique local minimizer of ' : K — R, defined by ¢ € K and

Flc| = min  F[d] (3.2)

deK,||d—c||x <8

for some & > 0. Moreover, it is characterized by the following two conditions:
(1) Bounds. There exist constants 61,6, € (0,1) such that

0, < adei(z) < 6, ae xeQ, 1=0,1,..., M; (3.3)

(2) Equilibrium conditions.

3 R
(ﬂ) log (a300) — log (G?Ci) =f [%‘ (Qﬁ - % + %) - Mz‘]

Qo

ae Q, i=1,..., M, (3.4)
where 1 is the corresponding equilibrium electrostatic potential given by (2.7).

The existence and uniqueness of a global minimizer, which is also the unique equi-
librium defined by conditions (1) and (2) in the theorem, can be proved by the direct
method in the calculus of variations, using the fact that the functional F': K — R is a
convex functional defined on the convex set K. This proof is similar to that in [12]. For
completeness we shall give a brief proof. But, first, to see the convexity of F' : K — R, we
notice that S_1(¢;) is a strict convex function of ¢; for each i € {1,..., M}. Therefore, we
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need only to check the convexity of S_;(co) as a function of ¢1, ..., cp. By the definition
of ¢y (cf. (1.5)), it suffices to show the convexity of the function

h(uy, ... up) := (1 - iaiuk> [log (1 - iaiuk) - 1] (3.5)

k=1 k=1
in the domain of (uy,...,uy) defined by u; > 0,...,up > 0, and 2211 ajuy, < 1. (Here
and below, A := B means that A is defined by B.) In fact, simple calculations lead to
ala?
Ou,Ou;h(u) = e — i,j=1,...,M.
1= ke agun
Therefore, for any vy,...,vy € R,

M)
By, 0 h(u)viv; = ) S (3.6)
M J (Zz 1™ >

M 3 —
ij=1 1 - Zk:l Uk
Hence the function h = h(uq, ..., uy) is convex.

Proof of Theorem 3.1. It follows from the definition (2.8) that there exist positive
numbers C and t as well as a real number Cy such that

M
E qiC;
i=1

Let z = inf.cx Fc|. Since S_; : [0,00) — R is bounded below, z is finite.
Let %) = <c§k),...,c§\]f[)> € K (k=1,2,...) be such that limy_ ., F' [c(k)] =z It

follows from (3.7) that {fQ S_y (cgk)> d:r} is bounded for each ¢ € {1,..., M}. Since S_;

is convex, and super-linear, i.e., S_;(u)/u — o0 as u — o0, there is a subsequence of
{c(k)}, not relabeled, that converges weakly in L*(€2) to some ¢; € L' () fori =1,..., M

(3

(cf. e.g., Lemma 3.3 in [12]). It is clear that all ¢; > 0 a.e. in Q for i = 0,1,..., M with
co defined by (1.5). Moreover, the convexity of S_¢(¢;) (i = 1,..., M) and that of S_;(co)
with respect to (c1,...,cy) lead to

2

M
Flc] > Cy —i—ﬁ_lZ/ S_i(c;)dx + Cy Ve = (c1,...,em) € K. (3.7)
i=1 /9

H-1(Q)

/ S_i(¢;)dx <liminf [ S, (cgk)> dr < 00, 1=0,1,..., M. (3.8)
Q

k—o0 Q

By (3.7), {Zf\il qic(k)} is bounded in the Hilbert space H~*(€2). It thus has a subse-

i

quence, again not relabeled, converging weakly to some G € H~1(Q). One easily verifies
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that G = M, gic; € HY(). Hence ¢ = (c1,...,cn) € K. By (3.8) and the fact
that the norm of a Banach space is sequentially weakly lower semi-continuous, we have
z =liminfy_o F [¢¥)] > Flc] > z, leading to (3.1).

The uniqueness of a minimizer follows from the strict convexity of F': K — R.

Let ¢ = (¢1,...,¢n) € K be a local minimizer of F': K — R. Then dy := Ac+ (1 —
A)¢ € K for any A € (0,1) and [|dy — ¢||lx — 0 as A — 0, where ¢ € K is the (global)
minimizer of F': K — R. Since ¢ is a local minimizer and F' : K — R is convex, we have

Fl¢] < Fldy] = FlAe+ (1 = N)¢] < AF[c] + (1 — N Flel,

leading to F[¢] < Fy[c¢]. Thus ¢ € K is also a global minimizer of F' : K — R. The
uniqueness now implies that ¢ = c.

By Theorem 2.1, the minimizer ¢ € K satisfies (3.3). Fix ¢ with 1 < i < M. Let
d; € L*>*(Q). Then it follows from (3.3) that (¢1,...,¢1,¢ + td;, i1, ..., cp) € K for
t € R with [t| sufficiently small. Hence

Fley, ... cio1, ¢+ tdi, cig, .o o) < Fd],

if |t is small enough. Consequently,

d

- F[Cl,...,CZ‘_hCZ‘+tdi,Ci+1,...,CM] =0 \V/dz ELOO(Q)
dt|,_,

This, together with a series of calculations, leads to (3.4).

Assume now ¢ = (cy,...,cy) € K satisfies both (3.3) and (3.4). We show that ¢ is a
minimizer of F' : K — R. By Theorem 2.1, we need only to show that F'[c] < F[d] for any
d = (dy,...,dy) € K such that v; < add;(z) < 7 for ae. z € Q,4=0,1,..., M, and
some constants 1,72 € (0,1). In fact, setting e = (e1,...,ey) =d—c € XNLZ®(Q,RM),
we have by the convexity of S_; : [0,00) — R that

S_l(di) — S_l(Ci) Z (dz — Ci)S/_1<Ci) = €; IOg C; a.e. Q, 1= 1, Ce 7]\4.

Notice that S_1(cy) = S_4 (agS (1 - aick)> is a convex function of (cy,...,cn),
cf. (3.5) and (3.6). Hence, with do = ag®(1 — S_0", addy), we have

al 9S_1(co) M ra\?
Sfl(do) - S,1<C0> 2 Z(dl — Cl)% = — Z <a—l> €; log Cop.
i=1 ¢ i=1 N0

Consequently, it follows from (2.8), (2.7), (2.9), and (3.4) that

it [ () (£
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M

+ﬁ*1 Z [S—l(dz> — S_l(Ci)] —+ Zgzez} dx

=0

M 3
a;
¢ L (Z %’%‘) + 6 oge; — 67 <a_> log co + g
=1

0

v

e;dx

| ﬂo Lﬂf
Qi (1/1— 5 +T>

3
+ﬁ—1 log (a?ci) — ﬁ—l <&> log (agco) — Mz‘] e;dx

J
J

M
=1
M
=1

Qo

=0.

Hence F[c] < Fld]. Q.E.D.

4 Generalized Boltzmann distributions for the case
of a uniform ionic size

Let ¢ = (c1,...,cp) € K be the unique minimizer of the free-energy functional F': K —
R, cf. (2.2) for the definition of K and (1.4) and (2.8) for that of F. Let ¢ be the corre-
sponding, equilibrium electrostatic potential, which is the weak solution to the Poisson
equation (1.1) and the boundary condition (1.6). By Theorem 3.1, ¢4, ..., ¢y satisfy the
Euler-Lagrange equations (3.4). We seek the dependence of each of the concentration
components ¢; on the potential v, i.e., the possible generalized Boltzmann distribution

C; = C; (w)
Consider first the case that all the linear sizes of the ions and solvent molecules are
the same, say, they are equal to @ > 0: a9 = a; = --- = ap; = a. In this case, we have

from (2.9) that

1 “ .

The Euler-Lagrange equation (3.4) then leads to
ci = coagc;-x’e_ﬁqi(w_%/HL”f/z) ae. Q, i=1,...,M, (4.1)

where
& = a 3P (4.2)

1

is the chemical potential of the ith ionic species (i = 1,..., M). Multiplying both sides of
the equation in (4.1) by @® and then summing the resulting equation over alli = 1,..., M,

14



we obtain

1—d’co=a COZCL ¢ Pai(V—o/2+Lp;/2) a.e. Q,

where we used the definition of ¢y (cf. (1.5)). Hence,
a3

14 Zf\il a36$06*5Q¢(¢*2@0/2+LPf/2)

cop = a.e. (). (4.3)

This and (4.1) imply the following generalized Boltzmann distributions:

(0P [(z)—tpo(x)/2+Lps (x) /2]

ci(x) = ae.x€Q i=1,...,M. (4.4)

L+ M adeee (@) ~do(x)/2+Lps (x)/2]

Notice that the electrostatic potential in the generalized Boltzmann distributions is mod-
ified via the “potentials” ¢ (cf. (2.3)) and Lp; (cf. (2.5)) through the boundary condition
(1.6) and the fixed charge density py, respectively. This modification is essentially due
to the inhomogeneous Dirichlet boundary data ¢y (cf. (1.6)): if ¢ = 0 on 02, then
Yo = Lpy.

By the generalized Boltzmann distributions (4.4), we can derive an expression of the
minimum electrostatic free energy using only the equilibrium electrostatic potential .
By (4.3), (4.2), and the fact that a® 3™ ¢; = 1 (cf. (1.5)), we have for a.e. x € Q that

M
ﬂ 1261 log acz _1 Z,uzcz
1=0
M M
-1 <Z ci) (log a® — 1) + B eglog ey + 71 Z c;loge; — Z (i C;
i=0

i=1 i=1

= [ 1q3 (log a® — 1) + 87 e [loga — log (1 + Za —Bai(v— ¢0/2+Lpf/2)>]
M
-1 00 7/)0 Lpf
i [log ¢ — Bq; -
Y
M A M
—log (1 + a3C;?06—5Qj(¢—¢0/2+LPf/2))] — Z i Ci
i=1

J=1

=p"ta3 (log a® — 1) + ﬂ_lco loga™

_ ﬁ co log (1 + Z adcXePuv— 1/’0/2+Lpf/2))

=1
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M M M
-5 (Z Ci) log (1 + Z a?’cz?oe_ﬁqj'w_”bo/HLpf/m) - Z HiC;
i=1

i—1 j=1

M b L
—1—571201' lloga3+5ﬂi—5% <¢—70+ﬁ>]
i=1

M
_ _ﬁflaf?) _ ﬁflafS 10g (1 4 Z a3ciooeﬁ%(¢1[)0/2+[4)f/2))

i=1

, |
do L

The minimum free energy is therefore

v .
1 Yo | Lps
Flc| = —pY — iCi — 5 T 5
& /Q[zpw <2q) <¢ oy
M ~
—p7 a3 — g ta 3 log (1 + Zagcfoe_ﬂ%w_%/%j;pfm)] dz.
i=1

By (1.3), (2.3), (2.4), (2.5), and the fact that both ¥ —1 and Lpy vanish on the boundary
0f), we have

fl - () (-3 1) o
z/ﬂlépw—(p—pf)@—%ﬂL%)
:%/ﬂp(zﬁo—w)dx—%/Qprfder/pr(w—%)dx

—|—%/prLpfdx+%/QPf1&0d$
:%/ngl/J-V(@/AJO—@D)dx—%/QEV@D-VLpfd:U+/Q€VL,0f-V<¢—z@0>dx

1 N 1 -
+—/5V¢0‘VLpfdx+—/pfwoda:
2 Q 2 Q

dx

:%/ﬂgV@b-V(@Zo—gb)d:p—f—%LsVLpf-V(@D—@Eo)dx-i—%/g)pf@/;od:v
—5 [ 290 v (bo—v)dos g [ Lop (v =) do+ [ prinda

1 . 1 - ) 1 p
:5/Qavzp~v(zpo—¢>dx+§/gaw0.v<¢—¢O)dx+§/prwodx
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i dx. (4.5)

=5 [orinde=3 [ |9 (i)

Inserting this into the previous expression of F'[c], we obtain the minimum free energy

min F[d] = F|c] :/Q {%pf@@() - g ‘V <¢ - ?&0> ’2

deK
M ~
1+ log (1 + Z a3cfoe_5qi(w_¢°/2+Lpf/2))] } dr. (4.6)

=1

—ﬂ_la_?’

The generalized Boltzmann distributions (4.4) and the Poisson equation (1.1) yield
the generalized Poisson-Boltzmann equation

M .0 _ﬁqi(w—zﬁo/2+Lpf/2>
o 6 Jqfl 6 / =—p; inQ (4.7)
1 + Zi:l a3€_ﬁQi<w—¢o/2+Lpf/2>

This equation can be viewed as the Euler-Lagrange equation of the functional I : H. 11bo Q) —
R U {+o0} defined by

M
I[(b] :/ [%8|v¢|2 . pf(b_i_ﬁflaf?; IOg (1 + Za3C;>O€—5CIi(¢—T/;O/2+LPf/2)>] dx, (48)
@ i=1

where
Hy () ={¢ € H(Q: ¢ =10 on 0} .

3

Setting g¢o = 0 and ¢j° = @™, we obtain by direct calculations and the Cauchy-Schwarz

inequality that

d2 M ; s
dTﬁglog 1+ i:la P
2
(Sl aapere o) (14 S, atere o) — (S, afgeresoe)
2
(1 +3 GBC;.)O@*/B(]m)
2
a®3? {(Zf\io ql.zcz‘?oe—ﬁqm) (Zz’]\io cfoe—ﬁqaﬁ) _ <Z£‘i0 qi\/cgoe—ﬁqm\/cgoe—ﬁqm) ]

2
<1 + Zf\il a3c§°e*ﬂqi¢>

>0 VoeR

The inequality is in fact strict, since gy, ..., qy do not have the same sign. Therefore,
the log term in (4.8) is strictly convex. Hence, the functional I : Hj () — R U {400}
is strictly convex.
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We summarize our discussions in the following theorem which can be proved by the
same argument used in [12]. (Notice that it is unnecessary to assume that yqo, B(u) €

L*(2) in the definition of the set K in the proof of Theorem 2.1 and Theorem 2.2 in [12].)
See also the proof of Theorem 5.1 which treats the general case:

Theorem 4.1. Assume ag =ay; =--- = ay = a > 0. Then the following hold true:

(1) The functional I - Hj, () — RU {+o0} is conver and admits a unique minimizer
Y € Hy, () which is also the unique weak solution of (4.7);

(2) If we define ¢;(x) by (4.4) for alli=1,..., M, then (c1,...,ca) € K is the unique
set of equilibrium ionic concentrations and v is the unique equilibrium electrostatic
potential, as described in Theorem 3.1;

(3) The minimum electrostatic free energy is given by (4.6).

5 Implicit Boltzmann distributions for the case of a
nonuniform ionic size

We now consider a general ionic system with possibly nonuniform sizes of ions and solvent
molecules. We shall show that the Euler-Lagrange equations (3.4) determine the relations
¢ =ci(¥) (i=1,..., M) for the equilibrium ionic concentrations ¢y, ..., ¢y as functions
of the equilibrium electrostatic potential 1. These relations can be viewed as implicit
Boltzmann distributions.

Let

M
DM:{(ul,...,uM)E]RM:ul>O,...,uM>O, and Zaf’ui<1}.
i=1

Clearly, Dy € T[,(0,a;®) . Denote for any u = (uy,...,uy) € Dy

M
uy = agy”® (1 — Z a?uj> . (5.1)
j=1

Deﬁnef:(fl,...,fM):DMﬁRM by

3

filu) = (&) log (aguo) —log (aju;) Vu = (u1,...,up) € Dy, i=1,..., M. (5.2)
Qo

Lemma 5.1. The mapping f : Dy — RM s a C, bijective mapping.

Proof. Clearly, f : Dy — RM is a O mapping. By simple calculations, we have

; 3,3
Ofi L 8% %5 i 4. M
- 3 ’ Z7J_ ’c ’
Ou, aguy Uy
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where §;; = 1if i = j and 6;; = 0 if i # j. Denote p = (a},...,a3;)" € RM. Denote also
by W the diagonal M x M matrix with the diagonal entries 1/uy, ..., 1/uy;. The inverse
W=t of W is the diagonal matrix with the diagonal entries ui,...,uy. The gradient
matrix V f(u) for any u = (uy, ..., uy) € Dy is then the M x M matrix

M
R of; 1 1
Vf(u) = af =-W-— p®p=—W(IM+ 5 Wlp@p),
Uy i j=1 apUp apUp

where I); denotes the M x M identity matrix. Consequently, the Jacobian of the mapping

f at uis
Wlp .p) _ D7 (1 +

ul.--uM

M
A 1
=(—DMdetW (1 § Sau .
det Vf(u) = (—1)" det ( + 3o 2 aluz> £0

Here we have used the fact that for any v,w € RM,
det(Iyy +v@w) =14 v-w.

This can be directly verified. Since the Jacobian of f at any v € D), is non-zero, the
mapping f : Dy — RM is injective.

Let m; e R (i = 1,...,M). We show that there exists u = (uq,...,up) € Dy such
that f;(u) =r; (i =1,...,M). To do so, let us denote t; = —1+loga? fori = 0,1,..., M
and define z : Dy — R by

M M
Z(U)ZZStZ(uZ)+Zrlul Vu:(ul,...,uM)em,
1=0 =1

where D), is the closure of Dy in RM and ug is defined by (5.1). Notice for u; > 0
(0 < i < M) that S, (u;) = wflog(adu;) — 1], cf. (2.6). It is easy to see that z is

continuous on the compact set Dj;, and hence it attains its minimum in D,;. Moreover,
z is clearly smooth on Dj;, and by simple calculations

0 A
azzri—fi(u) Vu:(ul,...,uM)GDM,2':1,...,M.
U;

Therefore, it suffices to show that the minimum of z : Dy; — R is in fact attained at
some u € Dy, at which we have 0z/0u; =0 fori=1,..., M.

In the rest of the proof, we use the idea similar to that used in the proof of Theo-
rem 2.1. Fix u = (uy,...,up) € Dy. Assume that ug = 0, i.e., Zf\il atu; = 1. Let o
be the set of indices ¢ with 1 < ¢ < M such that u; > 0. Clearly, ¢ is non-empty. Let
ap = Mminge, u;. Let 0 < o < ap/2 and define 4; = u; — « for each i € o and w; = w;
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for each i ¢ o. Clearly, 4 = (uy, ..., uy) € Dy but ZM alt; < 1. By the Mean-Value

i=1"1
Theorem, there exists & € [u; — a, u;] for each i € o such that

2(a) = 2(w) = ) {(wi — ) [log (a}(u; — @) = 1] = u; [log (afu;) — 1]}

€0

+ T [log (afig) — 1]

=) (—a)log (a}&) + aay” (Z a?) llog (Of 2% ) . 1]

i€o €0 JjEOT
< log [ %% =3 3 |1 1 3) —1
_—az og 5 + aag Zai og a + log Zaj —
i€o i€o jE€oT
-3 3 -3 3 3 G?O‘O
:az ag”a; log o+ ag”a; |log Zaj —1| —log 5
1€0 Visla
<0,

if o € (0, p/2) is small enough. This means that the minimum of z is not attained at

any point u € Dy, with uy = 0.
Now let us consider u € Dy with ug > 0 but u; = 0 for some i (1 < i < M).
Denote by 7 the non-empty set of indices ¢ such that 1 < ¢ < M and u; = 0. Let

-1
Yo = ag (Zf\il af’) ug and 0 < 7y < 7y9/2. Define @; =« for i € 7 and @; = u; for i &€ 7.
Clearly 4 = (U, ...,up) € Dy. Moreover, by the Mean-Value Theorem, there exists

o € litg, uo] = [uo — 5™ (Lie, @) 7 10] € [uo/2, 0], where g = ag® (1= S0, o),
such that

g [log (@gﬁo) - 1} — U [log (aguo) — 1] = (T — up) log (agno)

< vap° (Z a; ) log (aguo) -

1ET

Consequently,

z(a) — z(u) = Z’y [log (af”y) — 1] + g [log (agﬁo) — 1} — g [log (aguo) — 1}

1ET
<~ Z (log7 +loga? — 1) + vag® (Z af’) log (a%uo)
TET 1ET
=7y Z [log’y +logal — 1+ ay?allog (aguo)]
€T
< 0,

20



if v € (0,70/2) is small enough. This means that the minimum of z is not attained at
any point u € Dy with w; = 0 for some ¢ (1 < i < M). Therefore, the minimum of »
is attained at some u = (u1,...,up) € Dar. Consequently, 0z/0u; = r; — fi(u) = 0 for

all i = 1,..., M. This implies that f : Dy; — RM is surjective. Therefore, it is bijective.
Q.E.D.

Let g = (g1,...,9u) : RM — Dy be the inverse mapping of f: Dy — RM.
This means that f;(uy,...,upy) =1 (i = 1,..., M) if and only if g;(r,...,7m) = w
(t=1,...,M). Define for each i € {1,... M}

Bi(¢) = 9 (B¢ — pa), - - -, Blaued — par)) Vo€ R (5.3)

This means that

(—') log (a3B(6)) — log (a?Bi(0)) = B (a6 — 1), i=1.....M,  (5.4)

M
%@%:%SF—E:@%W)>O Vo € R.
j=1

Clearly, each B; : R — (0,a;?) is a C* function. It follows from (3.4) and Lemma 5.1
that, if ¢ is the “modified” equilibrium potential, i.e., ¢ = b — 1@0/2 + Lpy/2 at some
point x € €, then B;(¢) is the corresponding equilibrium concentration of the ith ionic
species. If the potential ¢ vanishes at some spatial point, then the corresponding induced
charge density should also vanish at such a point. Therefore, we shall assume that the
following neutrality condition holds true:

M
The neutrality condition: Z ¢;Bi(0) = 0. (5.5)
i=1
Define
M ¢
Vi) = -3 a / Bi(€)de Vo ER. (5.6)
i=1 70

Clearly, V : R — R is a C* function. Moreover, V' : R — R, given by V'(¢) =
- Zf\il ¢:Bi(¢) (¢ € R) is a bounded function, since each B; : R — (0,a;*) is bounded
(1<i< M)

Lemma 5.2. The function V : R — R is strictly convex. Moreover,

>0 ifp >0,
Vi(g)q =0 if¢=0,
<0 ifp <0,

V(e) > V(0) =0 for all ¢ € R with ¢ # 0, and V(+oo) = 0.
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Proof. We show that V”(¢) > 0 for all ¢ € R. Taking the derivative with respect to ¢
on both sides of the equation (5.4), we get

()3 (2) B - 5 -

7j=1

leading to

Bo(¢)

Multiplying both sides of this equation by (a;/ag)® and summing the result over all
1=1,..., M, we get

B(6) = —Ba.Bi(0) - (_) Bi(9)

5 (j—g)gB;w)] . (5.7

J=1

> (5) mior=-3: () s - lf (2 B [M (5) s
Consequently,
D G — n (%) @B

Jj=1

This and (5.7) lead to

V'(¢) = — Z ¢:B}(¢)

M
=8 @Bi(o) +
=1

o[t @] [+ 2 (2) 5] - o[k (2) ano)]
Bo(o) + S, (=) Bio) |

Setting gy = 0 and applying the Cauchy-Schwarz inequality, we get

lf (—) G Bi(®)

2

_ iqm (ﬁ>3 5|

< _éqf&w) Bo<¢)+§;(;‘—;)63i<¢> :
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This is in fact a strict inequality, since ¢, ...,qy do not have the same sign, which
implies that (a;/ag)?/q; is not a constant for all 4 = 1,..., M. Therefore, V"(¢) > 0 for
all € R. Hence V : R — R is strictly convex.

Notice from (5.6) that V/(¢) = — M, ¢:B;(¢) for all ¢ € R. The fact that V’(0) = 0
follows then from the neutrality condition (5.5). Since V"(¢) > 0 for all ¢ € R, V' is an
increasing function. Therefore, V'(¢) < V'(0) = 0 for ¢ < 0 and V'(¢) > V'(0) = 0 for
¢ > 0. Since V' < 0 on (—00,0), we have V(¢) > V(0) = 0 for all ¢ < 0. Similarly, since
V' > 0 on (0,00), we have V(¢) > V(0) = 0 for all ¢ > 0. Therefore, V(¢) > 0 for all
¢ # 0. Finally, for any ¢ > 1, there exists £ = £(¢) € [1, ¢] such that

V() =V(1) =V()@—-1)=V'(1)(¢—1) —o0  as¢— oo
Hence V(0c0) = oco. Similarly, V(—o0) = co. Q.E.D.

The following is our main result for an ionic solution with nonuniform ionic and
solvent molecular sizes:

Theorem 5.1. (1) The unique minimizer ¢ = (cy,...,cp) € K of the free-energy
functional F': K — R and the corresponding equilibrium potential 1 are related by

bo L
—Bi<w—%+%) ae Q i=1,... M. (5.9)

The minimum electrostatic free enerqgy is given by

min F[d] = F[d = /Q Bpﬂﬁo - ’V (w - @Zo)

deK

I
+ 37 ag? / [10g (1—Za3B< v +L§f>> 1
+i(“§’—%) <¢—@+ 5 >]da:. (5.10)

i=1

(2) The functional J : Hj () — RU {+oo}, defined by

bo L
J(p] = /Q[|V¢|2—pf¢+v<¢—w §f>

admits a unique minimaizer 1/; € Hl})o (Q). This function 1/; 1s also the unique weak
solution to the boundary-value problem of the implicit Poisson-Boltzmann equation

dr V¢ e HL (),

b L
V-eVep—-V' (gb—%—ir%) = —ps in ). (5.11)

and the boundary condition ¢ = by on OS2.
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(3) Let ¢ € Hj, (Q) be the same as in Part (2). Define & :Q — R (i =1,..., M) by
(5.9) with¢; (i =1,..., M) and ¢ replaced by ¢; (i =1,..., M) and ¥, respectively.
Thené;, =c¢; (i=1,...,M) and = a.e. on, i.e., ¢, ..., Cu are the equilibrium
concentrations and 15 18 the equilibrium electrostatic potential.

The relations (5.9) are the implicit Boltzmann distributions of the equilibrium ionic

concentrations cy, . .., ¢y expressed in terms of functions of the equilibrium electrostatic
potential ¥. In the case that all the ionic and solvent molecular sizes are the same, say,
a; =---=ay = a, then f;(uy,...,up) =log(up/u;) (i =1,..., M), cf. (5.2). One easily
finds that the inverse mapping § = (g1, ..., gum) is given by
73 —r;
a e
Gi (11, .oy ) = —————, 1=1,..., M.
gz( 1 M) 1"’2;\11677"7

This, together with (5.3) and (5.9), yield the generalized Boltzmann distributions (4.4)
for the case of a uniform ionic and solvent molecular size.

Part (2) of Theorem 5.1 is a variational principle for the equilibrium electrostatic
potential.

Proof of Theorem 5.1. (1) The implicit Boltzmann distributions (5.9) follow from
Theorem 3.1 (cf. (3.4)) and the definition of §; and B;(¢) with ¢ = v — 1o/2 + Lps/2
a.e. Q(i=1,...,M),cf (5.3) and (5.4).

To prove (5 10) we use the equilibrium conditions (3.4) and the fact that ZZ 0 e =
1 to get

M M
g Z ¢; [log (ale;) — 1] — Z HiCi
=1

i=0
M 3
= 371 [log (agco) — 1} + 47t Z:ci [(Z—;) log (agco) — 1]

=1

M
Yo Lpy
- <; qz'@') (@D 5 T
- S do  Lp
- S s - () (- 2+ 22

=0

M M
= 3 ay%log (1 — Z a?c¢> — B tay? [1 — Z (ai — af) cl-]

(Be)(-5)
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By the same argument as in obtaining (4.5), we have

bl () (=305 o= o3l

2
} dx
Combining the above two equations, together with (5.9), we obtain (5.10).
(2) Since V' > 0 by Lemma 5.2, we have by applying Poincaré’s inequality that

J(#] > C3||¢H§{1(Q) + Cy Vo € HI}JO(Q%

where C3 > 0 and Cy € R are two constants. This and the fact that ¢y € H, ()
imply that the infimum of J over HQ}JO(Q) is finite. Moreover, it allows us to extract from
an infimizing sequence {¢;} of J : Hj, (Q) — R U {400} a subsequence, not relabeled,

that converges weakly in H'() to some ¢ € Hj, (Q) and almost everywhere to ¥ on

Q. These and Fatou’s lemma imply that liminf,_o J[¢] > J[¢]. Hence the functional
J: Hj, (Q) — RU{+oc} has a minimizer. The uniqueness of this minimizer follows from
the strict convexity of the functional J : Hj () — R U {+o0}.

Notice that V/ = — "M ¢;B; is a bounded function, since By(s) € (0,a;%) for any
s € Rand all « = 1,...,M. The Mean-Value Theorem then implies that, for any
¢ € CP() and t € R with t # 0,

V(i +td — o/2+ Lps/2) — V() — /2 + Lpy/2)
t

< ||9llz= (@) T?G%RXW/(SH in €.

Therefore, by the Lebesgue Dominated Convergence Theorem,

lim/ V() 416 — /24 Lps/2) = V(i — /2 + Lps/2) .
Q

t—0 t

- [v (d—@+ >¢d

Consequently, we have by a usual argument that Ve qulj()(Q) satisfies

J

for all ¢ € C°(Q). Since V' is bounded, (5.12) holds true for all ¢ € Hj(£2). This means

exactly that 1 is the claimed weak solution.

Conversely, let us assume that ¢ € Hj, (Q) is a weak solution of (5.11), i.e., (5.12)
holds true with ¢ replaced by ¢ for all ¢ € H;(2). This and the convexity of V imply
that for any ¢ € H}(Q) there exists £ € H'(Q) such that

Ava¢—p@+wﬂ<¢—%L+%?>4dx:o (5.12)

Jo+ o] — J[d] = ZJ\VW W@m2mz0
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Therefore, ¢ is a minimizer of .J : H 40 (Q2) = RU{+00}. The uniqueness of weak solution
follows from that of the minimizer.

(3) By the standard regularity theory [8], we have that the weak solution ¢ € C'().
Thus, there exists a compact set Y C R such that

(5((11(?/; — 1&0/2 + Lps/2) — ), - - 7ﬁ(QI<1; — 1&0/2 + Lps/2) — 1)) €Y a.e. (1.

Now the image of Y under the mapping § : RM — D, is also compact. Therefore, by

(5.3) and (5.9), (¢4, ..., ¢ ) lies in a compact subset of Dy, a.e. Q. Hence (3.3) holds true

with ¢ replacing ¢; (with ¢y defined in a similar way) for some constants 6;,60, € (0,1).
By (5.6) and (5.9) (with ¢; and ¢ replaced by & and 1), respectively), we have

<1; % %> Zq@ z<~ % Lpf) Z%C@ in 2.

Therefore, 1) € H,, (Q) is the weak solution of

M

i=1

Moreover, the definition & = B;(¢) —1bo/2+ Lps/2) (i =1,..., M), (5.3), and (5.4) imply
that

g 310 3¢0) — 3¢ _1; Los) _ P
g(aoco) log(aicl) Blg | ¢ 5 1bi a.e. Q, 1=1,..., M.

Therefore, the two conditions in Theorem 3.1 ((1) bounds and (2) equilibrium conditions)
are satisfied for (¢;,...,¢y) and ¢. Hence ¢,...,¢y are the unique equilibrium ionic
concentrations and v is the unique equilibrium electrostatic potential. Q.E.D.

6 Conclusions

We have studied a continuum free-energy functional of the electrostatics for an ionic
solution. We include the ionic finite-size effect in the functional by simply adding the
excluded volumes of the ions and solvent molecules in the entropy term. Our detailed
mathematical analysis shows that the resulting theory is qualitatively similar to the clas-
sical Poisson-Boltzmann theory of the electrostatics for ionic solutions without including
the finite-size effect.

The upper bound for equilibrium ionic concentrations with the finite-size effect in-
cluded can be much smaller than that without the finite-size effect included. Lower
bounds for equilibrium ionic concentrations, however, always exist, with or without the
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finite-size effect included in an underlying free-energy functional. (For the case without
finite-size effect, see [12].) This implies that, in any small region of the ionic solution,
there is always certain amount of concentrations of each of the ionic species, in contrast
to the reality where positives ions accumulate near a fixed, negatively charged object in
an ionic solution. Although one can argue that the precise value of any of these bounds
is still unknown, the simply size-modified Poisson-Boltzmann theory of continuum elec-
trostatics, as developed in this work, does not seem to qualitatively capture molecular
details.

Of much interest is the result that even no explicit, generalized Boltzmann distribu-
tions are available in general, there exist always implicit Boltzmann distributions that
relate equilibrium ionic concentrations with the equilibrium electrostatic potential. More-
over, the induced charge density is an increasing function of the potential. This property
resembles that for the classical Poisson-Boltzmann theory. It provides a variational prin-
ciple for the electrostatic potential: the potential minimizes a convex functional. The
convexity is an important property.

In the case that explicit, generalized Boltzmann distributions are available, one needs
only to solve the generalized Poisson-Boltzmann equation to get the potential, and then
to get the equilibrium concentrations using the explicit, generalized Boltzmann distri-
butions. Otherwise, to get the potential, one needs to solve a constrained optimization
problem: minimizing a convex functional constrained by a linear, inhomogeneous, par-
tial differential equation, together with some boundary conditions. How to accurately
and very efficiently solve such a minimization problem is of much practical interest. A
possible alternative strategy can be to first obtain the numerical values of the functions
B; : R — (0,a;?) (i = 1,..., M), defined by (5.4), and then use them to solve numeri-
cally the implicit Poisson-Boltzmann equation (5.11) to get the equilibrium potential 1),
and to get the equilibrium concentrations cy, ..., cy by (5.9). This needs more studies.

By Lemma 5.2 and the Taylor expansion, we have the small potential expansion

V'(¢) =~ V'(0)+ V"(0)¢  if |¢] < 1.

This and (5.11) lead to a generalized Debye-Hiickel approximation

vovo v (o= ) < we 1)
Notice that by (5.8)
2
v 8|t alaB(0)]
") — 21.00) —
V(O)—H;quz(O) ST im0

Solving once the system (5.4) for ¢ = 0, we can get the value of V”(0). Therefore, (6.1)
can be practically useful.
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