LAGRANGE INTERPOLATION AND FINITE ELEMENT
SUPERCONVERGENCE

BO LI

ABSTRACT. We consider the finite element approximation of the Laplacian operator
with the homogeneous Dirichlet boundary condition, and study the corresponding
Lagrange interpolation in the context of finite element superconvergence. For d-
dimensional Qx-type elements with d > 1 and k > 1, we prove that the interpolation
points must be the Lobatto points if the Lagrange interpolation and the finite
element solution are superclose in H' norm. For d-dimensional Pj-type elements,
we consider the standard Lagrange interpolation—the Lagrange interpolation with
interpolation points being the principle lattice points of simplicial elements. We
prove for d > 2 and k > d+ 1 that such interpolation and the finite element solution
are not superclose in both H' and L? norms, and that not all such interpolation
points are superconvergence points for the finite element approximation.

1. INTRODUCTION

Consider the boundary value problem

Lu=f in €, 1
{ u=20 on 0f), (1.1)

where 0 C R? is a bounded domain with a Lipschitz continuous boundary 92, d > 1,
f € L*Q), and L : H*(Q) — L*(Q) is a second order, linear, self-adjoint, elliptic
differential operator. Let u € H}(Q) be its unique weak solution, defined by
A(u,v) = (f,v) Vv € HY (),

where A : H}(Q) x H}(2) — R is the bilinear, symmetric, continuous, and coercive
form associated with (1.1), and (-,-) denotes the inner product of L*(Q2). Let {73}
be a family of finite element meshes of the domain €2 with the mesh size h — 0. Fix
an integer k > 1. For each h, let SP(Q) € HY(Q) N C(Q) be the corresponding finite
element space such that SP(Q)|r D Py|r for all T € 75, where Py is the set of all
polynomials of degree < k. Let S1(Q) = SHQ)NHE(Q). Let up, € S7(Q) be the finite
element solution, defined by

A(uh,vh) = (f, Uh) VU}Z € ‘%Z(Q)
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Finally, let I, : C(2) — SP(Q) denote the corresponding Lagrange interpolation
operator. The following estimate

h_lHIhu - Uh||L2(Q) + ||]hu - UhHHl(Q) S Chk (12)

is standard, provided that the weak solution u € H}(Q) N C(€) is smooth enough
and the underlying meshes are quasi-uniform [3,9]. Here and below, we use the letter
C to denote a generic, positive constant that is independent of the mesh size h.

The estimate (1.2) is in general optimal. However, in some cases, it can be im-
proved. This means that I,u and u; can be superclose. More precisely, we say that
the Lagrange interpolation [,u and the finite element solution u; are superclose in
H' norm, if

[ Thu — un ) = o (h*) as h — 0.
We also say that Iyu and uy, are superclose in H' norm by order (at least) o > 0, if
||Ihu—uhHH1(Q) S CthrG. (13)

The following result gives a different expression of the closeness between I,u and wuy,
in H! norm. It is trivially true, and we omit its proof.

Lemma 1.1. If the exact solution u € HL(Q) N C(Q), then
|A(u — Thu,vp)|

||Uh||H1(Q)

Y huw = upllrr) < sup < M| Thu — up| 1 (@),

UhESZ(Q)’ vh7£0

where v > 0 and M > 0 are the two constants in the conditions of coercivity and
continuity, respectively, of the bilinear form A : HY(Q) x H}(Q) — R,

A, v) 29l Yo € Hy(Q)

and
[A(v, w)] < M[ollmollwllme) — Vo,w e Hy(S).

The supercloseness between the Lagrange interpolation and the finite element so-
lution is closely related to the superconvergence of the finite element solution to the
exact solution. In fact, if (1.3) holds true, then one can easily obtain the following
estimate of gradient superconvergence

1 ) 1/2 .
i X IVul) - V| < citee,
2€2Z,(Q)
where Z;,(2) is the set of superconvergence points for the gradient of the Lagrange
interpolation and V is some kind of average of the gradient [8]. In some cases, one
can obtain a higher order estimate

|A(u — Ty, vg)| < CR|ug s Yo, € SHQ) (1.4)

for some o > 0 and p € [1,00). This, together with delicate estimates of a discrete
Green’s function substituting v, in the inequality in (1.4), can lead to pointwise finite
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element superconvergence estimates [1,5,26,28]. By Lemma 1.1, the estimate (1.4)
is equivalent to the supercloseness estimate (1.3), if p = 2.

In this work, we study the supercloseness between the Lagrange interpolation and
the finite element solution. Our main results are as follows.

1. For d-dimensional Q-type (tensor product) elements with d > 1 and k > 1, the
interpolation points must be the Lobatto points if the Lagrange interpolation
and the finite element solution are superclose in H* norm, cf. Theorem 2.1.

2. For d-dimensional Py-type (simplicial) elements with d > 2 and k& > d + 1, the
standard Lagrange interpolation—the Lagrange interpolation with its interpo-
lation points being the principle lattice points of simplicial elements—and the
finite element solution are not superclose in H! norm, cf. Theorem 4.1.

3. For d-dimensional Pg-type elements with d > 2 and k£ > d + 1, not all the
standard Lagrange interpolation points are superconvergence points for the finite
element solution, cf. Corollary 4.1.

For d-dimensional Qj-type elements with d > 1 and & > 2, the finite element
solution is superconvergent by one order to the exact solution at the Lobatto points
[4,10,16,18,24,25]. This implies that the Lagrange interpolation associated with the
Lobatto points and the finite element solution are superclose by one order in H! norm.
Here, we prove the converse under the assumption that they are only superclose, but
not necessary superclose by any order, in H! norm.

For simplicial finite elements, the Lagrange interpolation points can not be ar-
bitrarily distributed in general. With good meshes, the standard Lagrange inter-
polation and the finite element solution are in fact superclose in H' norm by one
order for two-dimensional P; and P, elements and for three-dimensional P; ele-
ment [1,5-7,12-14,17,19,21,22,26-30]. Recently, similar results have been obtained
for any d-dimensional, linear, simplicial finite elements with a uniform mesh [2]. But,
it is still open in general whether or not such supercloseness remains for d-dimensional
Pi-type elements with d > 3 and 2 < k < d.

The proof of those known results relies on lucky cancellation of inter-element bound-

ary integrals in delicate estimates of the integral form A(u — Iu,vy,) for v, € SH(Q).
However, such cancellation seems to be impossible if there exists an element-wise,

bubble-like test function v, € SP(2) that vanishes on the boundary of each element.
Such a function exists if and only if there exists an interior node in each of the sim-
plicial elements. This turns out to be true if and only if £ > d + 1 for d-dimensional
Pi-type elements. Constructing a bubble-like test function to avoid any possible
cancellation was the original approach in our early work [20] to show the the non-
supercloseness for two-dimensional P; element. Here, we extend such an approach
to a general case which is more complicated due to the higher space dimension and
higher polynomial degree.

In proving the non-supercloseness of the Lagrange interpolation to the finite element
solution for the general d-dimensional Py-type finite elements with k > d+1, we choose
the underlying domain to be the unit d-dimensional simplex. This allows us to have a
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polynomial of degree exactly k+ 1 as the solution of the underlying Poisson equation
with the homogeneous Dirichlet boundary condition. In addition, we construct a
special family of quasi-uniform finite element meshes consisting of enough elements
that are scaled translations of the unit simplex. Such meshes are uniform for d = 2
but non-uniform for d > 3. Calculations based on such meshes are much simplified.
With our approach, it is possible to consider a uniform family of finite element meshes
of the d-dimensional unit cube, and construct similar but more complicated solutions.
Undoubtedly, however, the calculations will be more involved.

In Section 2, we study the optimal Lagrange interpolation points for Q-type ele-
ments. In Section 3, we construct a quasi-uniform family of simplicial finite element
meshes of a d-dimensional domain for d > 2. With such meshes, we study in Section
4 the standard Lagrange interpolation for Py-type elements. Finally, in Section 5, we
prove some auxiliary lemmas.

2. OPTIMAL LAGRANGE INTERPOLATION POINTS FOR Qk—TYPE FINITE
ELEMENTS

Consider the boundary value problem

{—Au:f in €2,

u=10 on 0, (2.1)

where f € L%(Q) and Q = II¢ _, (ayn, b)) C R? is a d-dimensional rectangular paral-

m

lelepiped with d > 1 and —oco < a,, < b, < oo for all m = 1,--- ,d. The associated
bilinear form A : H}(2) x H}(2) — R is defined by

A(v,w) = (Vov, V) Yo, w € Hy ().

It is symmetric, continuous, and coercive. The weak solution u € HJ () of the
boundary value problem (2.1) is defined by

A(u,v) = (f,v) Vv € Hy(S2).

Let {7, } be a family of quasi-uniform rectangular meshes covering 2 with the mesh
size h — 0. We denote a typical mesh by

d
Th: {H[Im’jm_l,xm,jm] jm: 17-.. 7nm7m:17.'_ 7d}7

m=1
where Z, . = A + Jmhm o G = 0, Ny, By = (b, — @) /M, My > 1 18 an
integer for each m = 1,--- ,d, and h = maxj<;,<qhy,. For an integer £ > 1, let
Sh(Q) c HY(Q) denote the Qx-type finite element space corresponding to the mesh
Th, i.€., the restriction SP(Q)|g is exactly Qg|g for each element R € 73,, where

Qr = span {x{* -+ x5 : oy, - -+, aq are nonnegative integers, oy + - -+ ag = k}.
Let S1(Q) = SP(Q) N HY(Q2). The finite element solution uy, € SP(Q) is defined by

Alun,on) = (fron) Vo € SHQ).
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For each integer m with 1 < m < d, let 55}3), e ,ffr]f) be k4 1 distinct real numbers
satisfying
—1=£0 <. W =1,

We call all the points (5?1), e C(lid)) (i = 0,--- ,k,m = 1,--- ,d) the reference
interpolation points. We define the Lagrange interpolation points on each element
Hd [xm7jm_l’ xmyjm} € Th (1 S jm S Ny 1 S m S d) by

m=1

O hmfr(é) + T jin—1 T T
m,Jm 2 )

Finally, we denote by I, : C(2) — SE(Q) the Lagrange interpolation operator asso-
ciated with these interpolation points.

Recall that the Jacobi polynomials pY (n=0,1,---) are orthogonal polynomials
on the interval [—1, 1] with the weight p(¢) = 1 — &2, normalized by P}Ll’l)(l) =n+1
[23]. The Rodrigues’ formula for PMY s

PV = g e () (0= €]

For each n > 1, P,El’” has exactly n distinct roots in (—1, 1), called Lobatto points
(associated with n). Recall also that the Legendre polynomials are orthogonal poly-
nomials on the interval [—1, 1] with the weight p(§) = 1 [23]. They are given by

Ln(f) - 2n1n! (%)n [(1 - 52)11] ) n=0,1,---.

It is easy to show that {L](£)}>2, is also a sequence of orthogonal polynomials on
[—1,1] with the weight p(§) = 1 — 2. Consequently, P and L), differ only by
a nonzero constant. For n > 2, the Lobatto points associated with n — 1 are thus
the roots of L/ (&) in (—1,1). However, for convenience, we shall call in what follows
all the n — 1 distinct roots of L/ (£) in (—1,1), together with +1, the Lobatto points
of order n. (In fact, £1 are often included in a Lobatto quadrature [11].) We call a
point in R? a d-dimensional Lobatto point of order n, if each of its d coordinates is a
one-dimensional Lobatto point of order n. Obviously, there are (n+1)? d-dimensional
Lobatto points of order n.

Together with what is known, the following result implies for @Q;-type finite ele-
ments with £ > 2 that the Lagrange interpolation is superclose to the finite element
solution in H' norm if and only if all the interpolation points are the Lobatto points.

Theorem 2.1. Suppose that
[T = wnlley = o(hY)  ash— 0, (2:2)
whenever the solution u € H} () is smooth enough. Then, all the reference interpo-

lation points ( YI), e ,féid)) (0<ip <k, m=1,---,d) must be the d-dimensional
Lobatto points of order k.
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Proof. For k = 1, the reference interpolation points are always Lobatto points by our
definition. So, we assume that k > 2. We shall show for each m (1 < m < d) that

57(3), e ,gﬁ’f) are indeed the k£ 4+ 1 one-dimensional Lobatto points of order k.
Fix an index m with 1 < m < d. Define u € H}(2) by
A, + b, ko1 d _
u(z) = <1’m - 5 ) H(xz —a)(z; —by), x= (1, ,14) €

=1

Note that u depends on m. Define accordingly f(z) = —Au(z) for all x € Q.
Obviously, f € L*(2), and u € C*(Q) solves the boundary value problem (2.1).
For each integer s: 0 < s < k — 2, define v : [as, by] — R by

200 — T —1 — Tnoi
?_}s(xm) :¢S( m m,Im 1 7n7]m>7

I,
VSEm S [xm,jmflvmem]? Jm = 17 T Mmy,

where the function ¢y : [—1,1] — R is defined by

(O =E — S (146~ (118,  £e[-11]

It is easy to see that
P(§) =(s+1D(s+2)" and  ¢(=1) =¢y(1) =0.

Hence, v; is a continuous piecewise polynomial of degree s + 2 < k, vanishing at
all the points @, 5, (jm = 0,-++,np). Define v, : @ — R for the case d = 1 by
vp(z1) = vs(x) for all z; € Q = [ay, by], and for the case d > 2 by

vp(2) = vs(2)Wi(2)) Vo €Q,

where

W)= ] @m—a)@-b) vo'e,

1=1,l#m
/
T = \T1, " 3 Tm—1,Lm+41, " 7:Ed)>
d
/
Q = H (al,bl).
1=1,1#m

Note that vy, depends on m and that v, € S(€Q).
Assume that d > 2 temporarily. Let R = [[,[x1j,—1,21,,] € T be an arbitrary
element, where 1 < j; <n; and 1 <[ < d. The function

u(@) = Wi (@) [ [ (@m — 235,

=0
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is in Qx| r, and agrees with u on all the interpolation points in R. Hence, this function
is exactly the Lagrange interpolation of v on the element R. Thus, we have

(u — Lyu)(z) = W(2) ﬁ (xm — §f}] ) Vz € R.

1=0

Let R = H?zl’l#m[:xl,jl_l,ml,jl]. Let V' denote the gradient operator with respect to
2'. Applying integration by parts and using the change of variable

2.Z'm — lI'm’jm,l — l’me

gm = h,
from z,,, € [Ty j,—1, T j,] 10 & € [—1, 1], we obtain that
/ V(u— Iyu)(x) - Vo (z) dx
/ V'(u— Iyu)(z) - Vp(x )+i(u—lu)( ) iv (x) | dx
N . 0%, . o0z, &
k
/|V’W Us(xm)H(acm x%)m) dx
i=0
P
N2 (%) ’
= [ @) [m (om - m]m)] (o) do
1=0
Tm,jm k
= [ |V'Wy(z)]? da’ / ) [ [ (@ — 2b).) dv,
R! Tm,jm—1 i=0
o k
= [P [ ) [ -0l de
! Tm,jm—1 i=0
NG k
(%) 19l / o) TT 6 =€) s
k
() Wl [ ot L6~ ) e
1=0
Consequently, we have by the fact n,, = (b,, — a,)/hn, that
A (u — Iyu,vp) Z / u — Iyu)(x) - Vo () de
RETh
(b — ) 1 :
= Lot W VWl [ o) [1(6n — €8 di (2.9

=0
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b — @) (s + 1) (s +2) T .
_( am)(s+1)(s+ )hfn 1HWmH%2(Q’)/1£an(€m_67(7?) déom.
- =0

2k
Similarly, we obtain that
lon 2 = / [fon(@)? + [Von(2)] da

Nm

Wl S / [0 () [ e

] —=1YTm,jm—1

Wl S / 2 dr,,

] =1 Tm,jm—1

(b — am)
= Co )y | i)
2(by, — am, !
# 2 gy [ e de
leading to
b — am) 4+ (b — am)? _
ol < o o)l Dgullsan Wl (24
Therefore, we infer from (2.3) and (2.4) that
Alu—1 .
’ (U hU,Uh > Oélhk / 55 fﬁrzl)) dé| — Oézhﬁ;ﬂ, (25)
[on [l (@)
where
o b — ) (8+1)(s+ 2)||Wm||%2(9,) -0
F VA = @) 250l o [Wanll i @)
and

\/ 2(by, — ) IV W, HL2 Q)
Qg =

4 -+ ( — am)2 2k+2”¢sHH1 (-1,1) HWmHHl(Q/)

/asssmf[ —€0) dén| >

1=0

are constants independent of h.
Assume now d = 1. By a similar but simpler argument, we obtain that

k:
Al = Lyu, o) = (bl —a1)(82: 1)(s+2) hh- 1/ 51 51 )d&
i=0
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and X
by —a 4 9
ooy = 252 [ [l + geloiienl’] ae.
- 1
Therefore,
b — a)A + (b — a)? )
fonllmy </ S B Py et
and )
[A(u — Tyu, vy)| ' i
e 200 |), 8116 -6 d. (2.6
- =0
where

2(by — 1 2
g [ 2] 46+
4+ (by —a1)? 2%l 22 (-1

is a constant independent of h.

It now follows from Lemma 1.1, (2.2), (2.5), (2.6), and the quasi-uniformity of the
meshes that

1 k
/ & 1 —€9)deu=0,  s=0,--- k-2
-1 =0

The polynomial Hi:ll (f’ —&(2)) of degree k—1 is thus orthogonal to all the polynomials

in Py_5 on [—1, 1] with the weight (£ — 5,(,9)) (= f,(ff)) = £2 — 1. Hence, it differs from

)

the Jacobi polynomial P,ilj only by a nonzero constant. Consequently, all the points

5,(72), e ,gﬁ’f) are the k£ 4+ 1 one-dimensional Lobatto points of order k. O

3. A CONSTRUCTION OF d-DIMENSIONAL SIMPLICIAL FINITE ELEMENT MESHES

We now let d > 2 be an integer and € C R? the open unit simplex
d
Q={(x, -+ 2a) ERY:2; > 0,6 =1, ,d, ¥ x; <1}, (3.1)
i=1

We shall construct a quasi-uniform family of simplicial finite element meshes {7}
of Q such that there are O(h™?) elements in 7;, that are translations of a single d-
dimensional simplex o, 'hQ) = {0 'hz : € Q}, where o4 > 0 is a constant depending
only on d and h is the mesh size of 7.

For d = 2, the mesh 73, can be defined by three families of parallel lines z; = i/n,
9 = j/n, and x1+x9 = I/n, where n > 1 is an integer and ¢, j,l = 0,--- ,n. Thisis a
uniform mesh with mesh size h = v/2/n. Obviously, there are O(h~?) elements of the
mesh that are translations of the single 2-dimensional simplex o, 'hQ with oy = /2.

For d > 3, we construct in three steps a simplicial finite element mesh of 2 with
the designed properties. First, we triangulate the reference unit cube into simplexes.
Second, we construct a simplicial finite element mesh of the unit cube by cutting it
into many small cubes, triangulating them by affine mappings from the triangulated
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reference unit cube, and gluing them together. Third, we cut the meshed unit cube
by the plane Zle x; = 1 to define a simplicial finite element mesh of €.

Step 1. Take the closed unit cube Cy = [0,1]? C R? as the reference cube and
denote by & = (&1, -+ ,&4) a generic point in Cy. Define

d
Bi={¢e€Cy:l-1<> &<}, 1=1,--.d (3.2)
=1
Obviously,
Ul B, =C; and  int(B))Nint(BY) =0 ifj#1L (3.3)

Notice that By = S, where

d
Sd:{(fla"' >€d)€Rd:€iZO>i:1a”' 7d7 Zgzgl} (34)
=1

is the reference unit simplex in R? and both B} and B¢ are simplexes. But B is
not a simplex if 1 < [ < d. This is because that the number of vertices in a d-
dimensional simplex is d + 1. However, since all the vertices (£1,---,&4) (& =0 or 1,
i=1,---,d) of Cy lie in the planes 2?21 & =7(=0,---,d), the number of vertices
of Cy contained in BY is the same as that contained in the planes Z?:l & =1—1and
%, & = . This number is

d d\ [(d+1
(4)+ ()= (") an
since 1 <l < d.

We now triangulate all the polygons B} (I = 2,---d — 1) into simplexes so that,
together with Bl and B4, these simplexes can form a simplicial triangulation of Cy.
It suffices to triangulate the boundary of each BY into (d — 1)-dimensional simplexes
determined by a set of vertices, and then connect the barycenter of B} to these
vertices. The boundary of Bé for each [ with 2 <[ < d — 1 is the union of two types
of (d — 1)-dimensional polygons

d
Pry={€Cy: Y &=m}, m=I1-1]1
=1

and
Féi’{n:Bém{geodé-J:m}7 jzlv"'7d7m:()a]--

Consider a first type (d — 1)-dimensional polygon Pj*; (1<m <d—1). If m=1
or d — 1, then PJ", is already a (d — 1)-dimensional simplex. Suppose 2 < m <
d — 2. To triangulate P}", into (d — 1)-dimensional simplexes, we again need only to
triangulate the boundary of PJ"; into (d—2)-dimensional simplexes and then connect
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the barycenter of Pj*; to all the vertices in such a (d — 2)-dimensional simplicial
triangulation. The boundary of P}*, is the union of the following sets:

szlﬂ{ﬁecdfj:()} and Pﬁlﬁ{gecd§]:]_}7 ]:]_77d

Each of these sets is either already a (d — 2)-dimensional simplex (if m = 2 and
& = 1) or still a first type polygon but of one-dimension lower. For d = 3, both Py
and P§ are already 2-dimensional simplexes. Therefore, we conclude by induction
that, for d > 3 in general, all the first type (d — 1)-dimensional polygons P, C R41
(m =1,---,d — 1) can be triangulated into (d — 1)-dimensional simplexes. Notice
that

Prin{{eCy:& =1} =¢;+Pl7'N{{ € Cy: & =0},
j=1,,d, m=2--,d—1, (3.5)

where e; € R? is the point with the j-th coordinate 1 and all others 0.

Consider now a second type (d — 1)-dimensional polygon F éﬁlm 2<i<d-1,1<
j<d,m=0,1). Ifl=2andm=1,orl=d—1and m =0, thenFCIl’f’f1 is already a
(d — 1)-dimensional simplex. Otherwise, Fiy”I" is a Bi-type but (d — 1)-dimensional
polygon, cf. (3.2). For d = 3, there are altogether six of such 2-dimensional polygons
F;jm (7 = 1,2,3, m = 0,1). All of them are 2-dimensional simplexes. So, by
induction, the second type (d — 1)-dimensional polygons F Cllf{n with d > 3 can all be
triangulated into (d — 1)-dimensional simplexes. Notice that

FcllTll:e]_‘_FCll:}’],ov l:2aad_17j:1>7d (36)

Finally, for each [ € {2,---,d — 1}, we connect the barycenter of polygon B} to
all the vertices in the constructed (d — 1)-dimensional triangulation of the boundary
of BY. This results in a triangulation of BY into d-dimensional simplexes. All these
simplexes in the triangulation of B} for [ = 2,--- ,d — 1, together with the simplexes
B} = S5 and B4, form a simplicial triangulation of the unit cube Cj.

By the construction, cf. (3.2), (3.5), and (3.6), the simplicial triangulation of the
reference unit cube Cy satisfies the following properties.

1. The unit simplex S, is a simplicial element of the triangulation.

2. Triangulation symmetry: for each integer ¢ with 1 < ¢ < d, the restriction of
the simplicial triangulation of the reference unit cube C; on the two faces & =0
and & = 1 results in the same (d — 1)-dimensional simplicial triangulation of the
(d — 1)-dimensional unit cube

cilfl - {(51,"- i1, Gyt ,fd) e R
0<&<1,j=1,---,i—14i+1, - ,d}.

3. For any integer j with 1 < j < d, the plane Zle & = j does not intersect the
interior of any simplicial element of the triangulation.
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Step 2. Fix an integer n > 1 and use planes z; = j/n (i=1,---,d, j =0,--- ,n)
to cut the unit cube [0,1]? into n? small cubes. Let ¢q = [[&,[2%, 20 4 1/n] denote
a typical such small cube. Define G : Cqy — ¢4 by G(&) = (1/n)¢ + z° for all
¢ € Cy, where 2° = (29, ,29). Obviously, it is a one-to-one and onto, orientation
preserving, and affine mapping from the reference unit cube Cy to the small cube
cq. Therefore, together with the constructed simplicial triangulation of the reference
unit cube Cy, the mapping G : Cy — ¢4 defines a simplicial triangulation of the small
cube ¢4. By the arbitrariness of ¢4 and the property of triangulation symmetry of
the simplicial triangulation of the reference unit cube, we have in fact constructed a
simplicial finite element mesh of the unit cube [0,1]¢. The mesh size is h = o4/n,
where o4 is the maximum of diameters of simplexes in the constructed triangulation
of the reference unit cube Cj.

The constructed simplicial finite element mesh of the unit cube [0, 1]¢ satisfies the
following properties.

1. Each small cube ¢; = [[Z,[2%, 20 + 1/n] contains one simplicial element

d
1
84 = {(x1,... ,Tq) € Cq - Z(mz —x?) < 5}7

which is a translation of the simplex (1/n)S; = 0, 'hS;. Thus, there are n
(04/h)? simplicial elements in the mesh that are translations of the single simplex
O'd_lhsd.
2. The plane Zle x; = 1 does not intersect the interior of any simplicial element.
3. If the plane 3. | 2; = 1 intersects the interior of a small cube ¢q = [], [20, 20+
1/n], then the simplex sy must be in Q.

d:

The first property follows from the first property in Step 1 and our construction of
the finite element mesh of the unit cube [0, 1]¢. To show the other two properties, we
consider a typical small cube ¢g = [, [2?,29+1/n]. After the change of variables & =

n(x —x°), where 2° = (29, --- | 29), the cube ¢, is transformed into the reference unit

cube Cy and the plane Z?Zl x; = 1 into Z?:lfi = jo, where jo = n (1 - Z?Zl x?)
Notice that jy is an integer, since all na? (i = 1,...,d) are integers. If jo & {1,--- ,d—
1}, then the plane ijl x; = 1 does not cut the interior of the small cube ¢4, by
our triangulation of the reference unit cube Cy, cf. (3.2) and (3.3). Otherwise,
jo € {1,--- ,d—1}. In this case, the plane Z?Zl x; = 1 cuts the interior of the small
cube ¢4 but not the interior of any simplicial element, by the last property stated in
Step 1. Moreover, Zle(xg +1/n) <1, since jp > 1. Hence, the small simplex sy is
contained in §2.

Step 3. Cut the constructed simplicial finite element mesh of the unit cube by
the plane Zle x; = 1. By the second property in Step 2, we have constructed a
simplicial finite element mesh 75, of the domain 2. Since the d-dimensional volume
of Qis 1/d! and that of each small cube is 1/n4, it follows from the first property in
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Step 2, this mesh 73, contains O(h~%) simplicial elements which are translations of the
single simplex agthd = ad_th.

Letting n = 1, - - -, we then obtain a family of simplicial finite element meshes {7, }.
Since we only use a single reference triangulation to construct each mesh, the family
of meshes {7,,} are quasi-uniform.

We summarize our results in the following theorem.

Theorem 3.1. Let d > 2 be an integer and @ C R? the d-dimensional open unit
simplex. Then, there exist a quasi-uniform family of simplicial finite element meshes
{7n} of Q such that each of the meshes 7, contains O(h~%) simplicial elements which
are translations of the single simplex a;thd, where h is the mesh size of 7, and
oq > 0 a constant depending only on the dimension d.

4. ON THE STANDARD LAGRANGE INTERPOLATION FOR d-DIMENSIONAL Pj-TYPE
FINITE ELEMENTS

Let d > 2 be an integer and € C R? the open unit simplex defined in (3.1). Let k
be an integer such that k > d + 1. Define v : 2 — R by

d ktl—d d .
u(:z:):(l—Z:ci) H:cl Vo = (z1,---,xq) € €
i=1

i=1
Define also f(z) = —Au(z) for € Q. Obviously, u € HZ(Q2) N C>®(Q) solves the
boundary value problem

{ —Au=f in €2, (41)

u=20 on 0f).
Equivalently, u € H} () is the weak solution, defined by
A(u,v) = (f,v) Vv € Hy(Q),
where A : H}(Q) x H}(Q) — R, defined by
A(v,w) = (Vov, V) Vo, w € Hy (),

is the bilinear form associated with the boundary value problem (4.1), It is symmetric,
continuous, and coercive.

Let n > 1 be an integer and 7, the corresponding simplicial finite element mesh
of Q constructed in Section 3. Let S}'(Q2) € H'(Q) denote the Py-type finite element
space corresponding to the mesh 73, i.e., the restriction SP'(Q)|r is exactly Pyl for

each element T € 7. Let g’Z(Q) = SIQ) N HL(Q). The finite element solution
up, € SH(Q) is defined by

Alup,vn) = (fron) Vo € SHQ).

Finally, denote by I, : C(Q) — SP(Q) the standard Lagrange interpolation whose
interpolation points are the principle lattice points of all simplex elements of 7, [3,9].
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Theorem 4.1. Let d and k be integers such that d > 2 and k > d + 1. With the
quasi-uniform family of simplicial finite element meshes constructed in Section 3, we
have that

| Thu — up|| ) > Carh®, (4.2)
where (g4 > 0 is a constant depending only on d and k.

Proof. We shall call T' € 13, a corner simplicial element if

. d .
Ji . Ji 1

T = R%: ;i —=2>0, ——1,---,d,E i— = <=
{(ml, ,de) € x n 7 2 <x n) n}

for some integers j; with 0 < j; <m—1,7=1,...,d. For such an element, we denote
its d + 1 vertices by

x(o>:(£,...77_d)7
n n

S I S K R

Y

n " n’ n ' n ‘n
For each € T, let A\;(z) (i = 0,--- ,d) be the barycentric coordinates of = defined
by Ai € Pilr, and A;(2)) = 1if i = j and 0 if i # j. Explicitly,

n

)\i(a:)—n(xi—‘ﬁ), i=1,---,d, = (x1, ,xq) €T,

Yr(z) = [ﬁ /\i(:c)] T {)\o(az) — ﬂ Vo eT.

We claim that ¢ differs only by a nonzero constant from the local shape function
associated with the nodal point

- a1 Ja | 1
I=(—=+—, -, —+— €T
( n  nk n nk)
whose barycentric coordinate is

(/\O(j;),)\l(gg)’... ’)\d(fé)) - <¥7%, 7%) c R4+

In fact, Yp € Pg|r. Moreover, any nodal point € T has the barycentric coordinates
Ai(z) = m;/k for some integer m; with 0 < m; < k, i = 0,---,d, and my =
k=% mi. f0<my<k—d—1, then ¢p(x) = 0. fk—d+1 < mg <k,
then at least one m; = 0 (1 < i < d), implying that ¢r(xz) = 0. If mg = k —d,
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then Ele m; = d. In this case, if for some i (1 < ¢ < d) m; = 0, then ¢¥p(z) = 0.
Otherwise, all m; =1 (i = 1,--- ,d), and z = Z. But, ¢p(7) = (k — d)!/k* > 0.

Denoting by It : C(T') — Pg|r the local Lagrange interpolation operator on T—the
restriction of I, : C(Q) — S¥(Q) onto C(T), we then have

- k—d
(Ir(Ao¥r))(@) = Ao(2)9r(2) = —
Consequently, since on T', u(x) —n = "1 \o(x)¢r(x) is a polynomial of degree < k, and
Iy : C(T) — Pg|r is a projection on Py|r, we have that

u(z) — (Iru)(w) = 0~ [(Aovr) () — (Ir(Aotr)) (@)]

1/JT<{L') Ve eT.

= aato) = 2 (43)
— ke ili)\i(a:)] li;[:{xo(x) _ %] Vel

We now define vr € Pyiq|lr € Py|r by vr(x) = H?:o Ai(z) for all z € T. By a
simple calculation, we have that

d d
Avp(z) = —2n? Z H Aj(2) Ve eT. (4.4)
i=1 j=1,j#i
Moreover, using the change of variables & = M\j(x) (¢ = 1,--- ,d) from x € T to

& € Sy, we obtain that

d d 2
ferlpry = [ DICEEE / | (Hs) . (45)

where § =1 — Zle & and V¢ is the gradient with respect to €.

By (4.3), u — Iru vanishes on the boundary of 7. Therefore, by integration by
parts, (4.3), (4.4), and the change of variables §; = \;(z) (i =1,--- ,d) from z € T
to & € Sy, we get that

/TV(u — Iru)(z) - Vor(z) dx

_ /T (1 — ) (2) Avp(z) da (4.6)
e /T []i () {ﬁ{/\g(m) - %] } ijﬂi M(x) da

~a [ (f[g) [ﬁ(go - %)] ST s

i=1 7=0
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Denote by 7, the collection of all the corner simplicial elements in 75,. Define
vp 2 2 — R by v, = 0 on all elements in 7,\7j, and v, = vy on any element 7' € 7.

We have that v, € gZ(Q), since for each T € 77, vr € Py|r vanishes on the boundary
of T'. Moreover, we have by (4.5) that

2

df] :

d
[onllF ) = n* |l [n_2 1< d€+/s
d
Au — Tyu,vy) = Z / V(u — Iru)(z) - Vop(z) de = 2uq|mn* %,
T

Ve (}i &)

where |7/ | is the number of elements in 77, and by (4.6) that

Sa =0

Ter]
where
d k—d j d d
Hdk = /Sd (H&) [H(&) - E)] Z | H '§jd§
=1 7=0 i=1 j=1, j#1
is a constant depending only on d and k. Consequently,
|A(u = Tyu, vp)| > (2|Md,k\) (7! [V 2 ka2, (47)
[onllrq) Nz
where
d d 2
vi= / [Hf? + ‘VE(H&) ] d >0
Sa [i=0 i=1

is a constant depending only on d.

It follows from the construction of the mesh 75, in Section 3 that h = o4/n and
|7}| > Kkqh™¢ for some constants o4 > 0 and x4 > 0 that depend only on d. Moreover,
pax 7 0 by Lemma 5.1 below. Therefore, the desired inequality (4.2) follows from
(4.7) and Lemma 1.1 with

2

Cak = 2k+d
] Va k

> 0,

where we use the fact that the constant M in the continuity condition in Lemma 1.1
can be taken as 1 in the present case. |

Corollary 4.1. Let d and k be integers such that d > 2 and k > d + 1. With the
quasi-uniform family of simplicial finite element meshes constructed in Section 3, we
have that

max |[u(2) — up(2)] > 0gxh*t, (4.8)
zENh ’

where Ny, is the set of all the standard Lagrange interpolation points and 04 > 0 is
a constant depending only on d and k.
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Proof. Notice that (I,u)(z) = u(z) for all z € N,. Thus, if (4.8) were not true, then
we would have

[ Thu — up|| () = o(R*) as h — 0.
This would lead to
[ Thu — up|r2() = o(A*H) as h — 0,
and further to
[ Thu — up|| ) = o(R¥) as h — 0
by an inverse estimate, contradicting the assertion of Theorem 4.1. |

5. AUXILIARY LEMMAS
Lemma 5.1. We have for any integers d and k satisfyz’ng d>2and k>d+1 that
d k—
Hd.k 22/ (Hfz) [H( o — —)] Z H & d€ # 0,
Sa \i=1 j=0 i=1 j=1, j£i

where Sy is the d-dimensional unit simplex defined in (3.4) and g =1 — Zle &.

Proof. By the symmetry about the variables &, --- , &4, and the change of variables
m=& (@=1,---,d=1)and gy =1— 3" &, we have

fra = d/ (H&) [121(50 - —)] T] & de

= d/Sd <11772> (1 - in) ];:H:(m - %) dn (5.1)

1 1-n4 1*221:]'4-1 i 172?:2 e
=d dnd/ dndl"'/ dnj~~/ dm
0 0 0 0

i) (- )i

172?:2 i d
Ey :/ i (1 - Zn) dny
0 -

=1

Set

and
1 Zi:]'+1 i
0

By an argument of induction on j (1 < j < d — 1) using the expression

(-5)-(-20)]
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(5r) (2] (-5 (- 20)

we obtain that
d 3541
(1_2772‘) ;o j=1,-d—1.

i=j+1

E; =

J 2
H (3i —1)(34)(3i + 1)

=1

It then follows from (5.1) that

1 k—d .
J
=d E, | | — = |d
Hd.k /o d 1j:0 (77d k:) Nd

/01(1 — )™ ﬁ(ﬂd - %) dng.

=0

d—1 9
=d [H (3i— 1)(30)(3i + 1)

i=1
This is a nonzero constant by Lemma 5.2 below. |

Lemma 5.2. We have for any integers d and k satisfying d > 2 and k > d + 1 that
1 k—d . X X
.  \3d-2 ot >0 if k —d is even,
T '_/0 (1=1) 11 (t k) dt{ <0 ifk—dis odd (5:2)
Proof. Denote ¢ = k —d > 1 and w(t) = Hi‘:()(t —t;) for any integer | > 0, where
t, = r/k for any real r.

Case 1: ¢ = k—d is even. Let Q(t) = fot wi(s)ds. By [15] (Lemma 4 on page 309),
we have Q,(t) > 0 for all t € (0,¢,) and Q,(t,) = 0. Moreover, for t, <t <1, we have

Q,(t) = Q,(t,) + /tt wy(s)ds = /tt wy(s)ds > 0,

q q

since w,(s) > 0 for all s > ¢,. Therefore, we obtain by integration by parts that
1 1
Jak = / (1—)*72Q(t) dt = (3d — 2)/ (1 —t)*73Q,(t) dt
0 0

_(3d—2) / " (1= %3, (1) dt + (3d — 2) / (1= %3, (1) dt > 0.

q

Case 2: ¢q =k — d 1s odd. Direct calculations lead to

(d — 1)74(d) : N1 _
“drgr G+ <0 q=1357, (5.3)

i=—1

Jd,d—l—q = -

where
Vl(d) =1> 07
v3(d) = 12(4d* — d + 3) > 0,
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vs5(d) = 6(1257d* + 513d° + 3031d* — 225d + 2400) > 0,
v7(d) = 72(36163d°® 4 83793d° + 250663d" + 144355d°

+ 410070d? 4 53452d + 352800) > 0.

Therefore, we may and shall assume that ¢ =k —d > 9. We have

t 1
Jag = / (1 — ) 2w, (t) dt + / (1 —t)* 2w, (t) dt = Lyp + Myy.
0 t

q

By straight forward calculations, we obtain that

d tq+j g
My, = Z/ L=ty 2Tt —t;) at
j=1Yteti—1 i=0
g 1 ftass
<3 || [ -
j=1 Li=0 ] lgti—1
LT
_ ;Z ﬁ(+ ) [(d_ +1)3d_1—(d— <)3d—1}
B (3d — 1)k2d+k L J J
j=1 Li=0
1 : p
. 3d—1
- Gi- D { [H(l +i)|d
=0
d—1 q q
> ATJGE+i+D = T]G+4) (d—j>3"‘1}
j=1 Li=0 i=0
d—1 q
Q‘+'1 . . \3d—1
:m H(ZJFJ) (d—j)",
j=0 Li=1

where in the third step we use the Abel summation identity

d—1

d
Z uj(vj_1 — v;) = w vy — Uqvq + Z(Uj+1 — ),
j=1

J=1

with u; = [[,(i + j) and v; = (d — 7).

19

(5.5)

Since ¢ > 9 is odd, we have by [15] (Lemma 2 on page 309) that w,(t) = w,(t, — )
for all t € [ty/2,t,]. Thus, by the change of variable t, —t — s from ¢ € [ty/2,1,] to

s € [0,t,/2], we get

tq/2 tq
Iy = / (1 — )32, (t) dt + / (1 — )30, (t, — t) dt
0

tq/2

tq/2
= [T M w0 de
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90 to;
-y / (1= %2 4 (1 — 1+ )] w, () dt (5.6)
j=1 7t2j-2
tq/2
+ [(1=6)* 72 4 (1 =ty + 0)* 2] wy(t) dt
tagq
q0 ’
= Hapj+ Gag,
j=1

where

:{ (q—3)/4 if (¢ —1)/2 is odd,
4 (g—1)/4 if (¢ —1)/2 is even.

We show now that

Gy = /tm [(1— )32 4+ (1 =ty + 1)* 2] wy(t) dt < 0. (5.7)

tqu

If (g —1)/2 is even, then for any t € (tag,,tq/2), we(t) has 2gp — 1 negative factors.
Hence, it is negative. Thus (5.7) holds true. If (¢ — 1)/2 is odd, then for any
t € (tagot1/2:tage+1), wq(t) < 0, since it has 2gy + 3 negative factors. Hence, by
the change of variable ¢ — t — 1/k from [togy41,t2g943/2) tO [t2ge: t2ge+1/2); We obtain
that

tagg+1/2 t2q+1 t2g9+3/2
Gap = / +/ +/ [(1=6)* 72 4+ (1 =ty + 0)* 2] wy(t) dt
t t

t2gq 2q0+1/2 2q+1

t2qo+1/2
< / (L 62 4 (1 t, + )] w,(t) dt

tgqo

toqo+3/2
+ / (L 62 4 (1 t, + )] w,(t) dt

t2404F1
lagg+1/2
:/ ’ (1= )27 + (1 =ty +t)> %] wy(t) dt
tzqo
tagy+1/2 1 3d—2 1 3d—2 1
1———1¢ 1—1¢ —+1 —+t)dt
) (e )
togo+1/2
. / ga(t)wqr () dt,
tzqo
where
1 1
gar(t) = (tg — t) fralt) — (t + E)fchk (t + E)’ (5.8)
and

far@®) = (1 =172 4 (1 —t, +t)* 2 (5.9)
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For t € (tagy, tagy+1/2), there are 2gy + 2 negative factors in wy—1(t). So, we—1(t) > 0.
Moreover, fqx(t) >0 and f},(t) <0 for all t € (0,%42). Thus,

9ar(t) = (tg —t) far(t) — (t + %)fd,k(t) > %fd,k(f) >0 VL E (tagys Laget1/2)-

Therefore, (5.7) also holds true.
Fix now j € {1,---,qo}. By the change of variable t — ¢t — 1/k from [t5;_1, ;] to
[tgjfg, tzjfl], we get that

to;
Hyp i ::/ [(1—=8)* 2 4 (1=t + 0)* 2] wy(t) dt

toj—2

_ (/ T / X ) [(1 =072 4 (1 =ty + 1)* 2] wy(t) dt (5.10)

toj—1
—— [ g0

toj—2
where g4 is defined in (5.8). For each t € (tyj_2,t2j-1), we—1(t) has 4gp — 25 + 4

negative factors. So, w,—1(t) > 0. Using the fact that (—1)° Cgs,z(t) > 0 for all
t € (0,14/2) and s =0, 1,2, where fg is defined in (5.9), we easily obtain that

1 1 4 1
9ax(t) = (tq —2t— E)fd,k (t + E) > Efd,k (t + E) >0
1

Ga(t) = — [fd,k(t) + fak (t + %)] + (tg — ) f1(t) — (t + %)f(;vk (t n E)

< <tq — 2t — %)fé,k (t + %) (5.11)

<0

and

for all t € (t2j_2,t9;—1). Therefore,
Hyr; <0, j=1,-qo. (5.12)
By (5.11), we have that
9ar(t) > gar(ty) = tg1far(ts) — taf(t2) > tgsfar(ty) >0, to <t <ty.

Consequently, by (5.6), (5.7), (5.10), (5.12), and the fact that w,_1(t) > 0 for ¢t €
(to,t1), we conclude that

Tip < Hypa

< —gan(t) / ! w1 (t) dt (5.13)

to
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q—1 t1
< —tysfan(t) ]( t»—tl)/ t(t, —t)dt
=2 to

(¢ —3)(g —2)! 3d—2
<= 6l 2d+k (g+d—1)""

It follows now from (5.4), (5.5), and (5.13) that we need only to show that
d—1

6(q+1)
(3d —1)(¢ —3) 2

J=0

q

116G+

=1

(d—j)Sd—2 < (q . 2)!(q+d— 1)3d—2

for all the integers d > 2 and ¢ > 9. For d = 2, one can easily verify that this
inequality holds true for all ¢ > 9. Therefore, since

=—(1 14— <= d>3 0>9
(3d = 1)(g = 3) d( +3d—1)( +q_3>—dv >3,q4>9,

to complete the proof of the lemma, we need only to show that

d—1

2

=0

q

[G+9

i=1

(d—7)%72 < fzi(q —2)(q+d—1)%2, d>3,¢>9. (514)

For each index j with 0 < j < d — 1, we have by the binomial formula that
(q—2)!(q+d—1)*7

= (q—2)'[( §)+ (g +j— P2

> -2ty (M) @i -

m=

1 .

3d—2

_ H(Z+j) (d_j>3d2z[([(3d_2)(Sd_l_m)](Q+]_1)m

jHY---mlg=1)---(g+))d =7

q -3d723d_2 (3 —2)---(3d—1—m)](g+j —1)™ 7!
> Uerj_(d—J) ﬂ; (G +1)--m](qg+7)(d— 7)™
= HZ+] (d j>3d 25

that is,
q

[1G+5)

=1

(q_2)‘(Q+d_1)3d_25j_1 > (d_j)gd_27 ]:07 7d_17 (515>

where
3d—2

BBd-2) B 1-m)g -
D e e R [ I A ML

m=j
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For j =0 and j = 1, keeping only the term with m = 4 and m = 5 in the summation
Sp and Sy, respectively, and using the fact that ¢ > 9, we get that

[(3d — 2)(3d — 3)(3d — 4)(3d — 5)](¢ — 1)°

So >
24qd*
[(2d) - (2d) - d - d](q — 1)
. o (5.16)
>9
and that
o o [(3d = 2)(3d — 3)(3d — 4)(3d — 5)(3d — 6)]’
L= 120(g + 1)(d — 1)°
. 3(d—1)-3(d—1)-2(d—1)-2(d—1) - (d — 1)]¢3 (5.17)

120(q + 1)(d — 1)
> 21.

For 2 < j < d— 1, we get by keeping only the term with m = min(3j — 1,¢q+j — 1)
in the sum §; that

oo [Bd=2) - @d—1—m)(g+j— 1)
= G+ 1) mg+)d—j)m
B(d— )™(q +j — 1)
G+D - mg+ )d— "
3m
S0+
3a+i—1

SCESI RS

leading to
d—1 d—1 . :
1 1 G+1)(G+2) 11-37—6d>—24d—27 1
ZSj <3 Z 3 - 4 . 3d+a—1 = 37" (5.18)
=2 =2
It follows from (5.16)—(5.18) that
d-1
St <1/4.
=0

Consequently, by summing (5.15) over j = 0,--- ,d — 1, we obtain the desired in-
equality (5.14), since d > 1. The proof is complete. O
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