
Prediction of Multiple Dry-Wet Transition Pathways with a

Mesoscale Variational Approach

Shenggao Zhou,1 Yanan Zhanga,,2 Li-Tien Cheng,3 and Bo Lia,3

1School of Mathematical Sciences and MOE-LSC,

Shanghai Jiao Tong University, Shanghai, 200240, China

2School of Mathematical Sciences, Soochow University, Suzhou, 215006, China

3Department of Mathematics, University of California,

San Diego, La Jolla, California 92093-0112, U.S.A.

(Dated: September 15, 2021)

a Authors to whom correspondance should be addressed: ynzhang@suda.edu.cn and

bli@math.ucsd.edu

ABSTRACT

Water fluctuates in a hydrophobic confinement, forming multiple dry and wet hydra-

tion states through evaporation and condensation. Transitions between such states

are critical to both thermodynamics and kinetics of solute molecular processes such

as protein folding and protein-ligand binding and unbinding. To efficiently predict

such dry-wet transition paths, we develop a hybrid approach that combines a varia-

tional implicit solvation model, a generalized string method for minimum free-energy

paths, and the level-set numerical implementation. This approach is applied to three

molecular systems: two hydrophobic plates, a carbon nanotube, and a synthetic host

molecule Cucurbit[7]uril. Without explicit description of individual water molecules,

our mesoscale approach captures well multiple dry and wet hydration states, multi-

ple dry-wet transition paths such as those geometrically symmetric and asymmetric

paths, and transition states, providing activation energy barriers between different

states. Further analysis shows that energy barriers depend on mesoscopic lengths

such as the separation distance between the two plates and the cross-section diam-

eter of the nanotube, and that the electrostatic interactions strongly influence the

dry-wet transitions. With the inclusion of solute atomic motion, general collective

variables as reaction coordinates, and the finite-temperature string method, together
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with an improved treatment of continuum electrostatics, our approach can be fur-

ther developed to sample an ensemble of transition paths, providing more accurate

predictions of the transition kinetics.

I. INTRODUCTION

Water plays a crucial role in many biomolecular processes, such as protein folding, protein-

ligand binding and unbinding, and ion permeation through transmembrane channels.1–4 In

a hydrophobic confinement, such as a concave pocket on a protein surface and a transmem-

brane protein channel, water molecules are metastable, as they are unable to form a stable

hydrogen-bond network. Because of thermal fluctuations, water molecules constantly fill

and condensate in the confinement and leave or evaporate from the confinement, undergo-

ing wetting (i.e., dry-to-wet) and dewetting (i.e., wet-to-dry) transitions. Such transitions

mediate biomolecular processes.5–7 For instance, hydrophobic dewetting provides the driv-

ing force for protein folding.1,8,9 Dry and wet transitions are a precursor of the binding and

unbinding of a ligand to a hydrophobic pocket of a receptor protein, and significantly influ-

ence the kinetics of such processes.3,10–13 Dewetting in a hydrophobic nanopore also causes

considerably high energy barriers to ion permeation.2,4

While water is an active player in many biological processes, efficient modeling of water

is rather challenging, due to a large number of water molecules in an underlying system and

the multiscale nature of molecular hydration. Explicit-water molecular dynamics (MD) sim-

ulations have been a powerful approach for capturing the detailed solvent effects. However,

such simulations are limited to systems of relatively small sizes and events of relatively short

timescales. Barrier-crossing rare events such as wetting and dewetting transitions, often with

high energy barriers, can involve much longer timescales that cause MD simulations to be

much too expensive.

In this work, we develop a mesoscale hybrid modeling and computational approach to

study quantitatively the wetting and dewetting transitions in molecular hydration. We de-

scribe a (meta)stable equilibrium hydration state by a solute-solvent interface. It is obtained

by minimizing a solvation free-energy functional of all possible surfaces that enclose all the

solute atoms that are assumed to be fixed. The free energy consists of the solute-solvent

interfacial energy, the solute-solent van der Waals (vdW) free energy accounting for the
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short-ranged excluded-volume effect and the long-ranged attraction, and the electrostatic

interaction energy.14–17 For efficiency, we use the Coulomb-field approximation (CFA) of the

electrostatic interaction.16–23 Numerically, the minimization is carried out iteratively in the

direction of steepest descent by the level-set method. With different initial interfaces, our

method predicts different dry and wet solvation states.16,17,22–25 Once a dry and a wet state

are found, we then use the string method,13,26–30 generalized to surfaces rather than points

in a Euclidean space, to find minimum energy paths, i.e., the transition paths, connecting

these hydration states. Transition states (i.e., saddle points) along such paths and energy

barriers for the dry-to-wet and wet-to-dry transitions can be further found.

We apply our approach to study quantitatively the dry-wet transition pathways for three

hydration systems: two parallel hydrophobic plates, a carbon nanotube, and a synthetic host

molecule Cucurbit[7]uril (CB[7]). The last two systems are of practical interest in materials

and drug development. From our extensive computations and analysis, we see that it is

common to have multiple transition paths, such as geometrically symmetric and geometri-

cally asymmetric ones. Moreover, the transitions depend sensitively on the different length

scales of an underlying system. and electrostatic interactions can influence significantly the

stability of transition paths. It is generally true that the activation energy barriers for the

wetting and dewetting transitions can be quite different. Our results agree well with existing

MD simulations.

Previously, our level-set implicit solvation approach captured different dry and wet states

for complex molecular systems.16,17,31 Our stochastic level-set method for two parallel hy-

drophobic plates successfully captured the dewetting transition, but not the wetting tran-

sition under similar simulation times.32 This seems to be reasonable, as our current study

clearly shows that the energy barrier for the wetting transition is in fact much higher than

that of the dewetting transition. Compared with our initial work for a model system,13 our

results here are much more detailed and quantitative, particularly on the effect of length

scales and electrostatic interactions to both wetting and dewetting transition paths, and the

energy barriers in such transitions.

In Section II, we describe briefly our variational solvation theory, the numerical level-

set method, and the string method generalized for surfaces. In Section III, we present

our computational results of multiple transition paths and energy barriers, and the related

analysis. In Section IV, we draw conclusions. Finally, Section V (APPENDIX) collects some
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algorithms of our generalized string methods.

II. THEORY AND METHODS

A. A Variational Implicit Solvation Model

We consider a solute molecule immersed in an aqueous solvent. The spatial solvation

region is determined by a solute-solvent interface Γ that separates the solute region Ωm (m

for molecule) from the solvent region Ωw (w for water), with the dielectric coefficient εm and

εw, respectively; cf. Fig. 1. The position vectors and partial charges of all the solute atoms

(assumed to be inside the solute region Ωm) are denoted by x1, . . . ,xN and Q1, . . . , QN ,

respectively.

Γwet

Ωw
n

Qi
εmεw

xi
Ωm

Γdry

  Γ

FIG. 1: A schematic view of a solvation system with an implicit solvent. Notations: Ωm and Ωw

are solute and solvent regions; εm and εw are the corresponding dielectric coefficients; x1, . . . ,xN

and Q1, . . . , QN are the position vectors and partial charges of solute atoms; Γ is a solute-solvent

interface or dielectric boundary; and n is the unit normal at the interface Γ. If the interface Γ

is found to be Γwet or Γdry, then the concave pocket region on the solute surface is wet or dry,

respectively.

We introduce the solvation free energy G[Γ] of a solute-solvent interface Γ:14,15,17,23

G[Γ] =

∫
Γ

γ0(1− 2τH) dS + ρw

N∑
i=1

∫
Ωw

Ui(|x− xi|) dV +Gelec[Γ], (1)

Gelec[Γ] =
1

32π2ε0

(
1

εw

− 1

εm

)∫
Ωw

∣∣∣∣∣
N∑
i=1

Qi(x− xi)

|x− xi|3

∣∣∣∣∣
2

dV. (2)
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The first term in Eq. (1) is the solute-solvent interfacial energy, where γ0 is a constant

surface tension for a planar interface, τ is the curvature correction coefficient,33 and H is

the local mean curvature defined as the mean of principal curvatures. The second term in

Eq. (1) describes the solute-solvent van der Waals (vdW) type dispersive interaction. The

solvent here is treated implicitly, and such interaction energy is then given by the integral

over the solvent region. The constant ρw is the bulk solvent number density. For each i, the

potential Ui is a Lennard-Jones (LJ) potential given by

Ui(r) = 4εi

[(σi
r

)12

−
(σi
r

)6
]
, (3)

where the parameters εi of energy and σi of length can be different for each i. The last term

Gelec[Γ] in Eq. (1) is the electrostatic interaction energy. It is given by the Coulomb-field

approximation (CFA) Eq. (2),16,18–20 where ε0 is the vacuum permittivity.

Minimization of the free energy G[Γ] among all the possible solute-solvent interfaces

or dielectric boundaries Γ determines an optimal such interface Γ, representing a stable

equilibrium solvation conformation. The minimum value G[Γ] is an approximation of the

corresponding solvation free energy. The free-energy minimization starts with an initial

guess and proceeds with moving the interface Γ in the steepest descent direction. Only

the normal component of this direction is needed in relaxing the interface. This normal

component is exactly the normal force acting on the interface Γ, i.e., the negative variation

of the free energy G[Γ] with respect to the location change of Γ:16,17,24,25

−δΓG[Γ](x) = −2γ0[H(x)− τK(x)] + ρw

N∑
i=1

Ui(|x− xi|)

+
1

32π2ε0

(
1

εw

− 1

εm

) ∣∣∣∣∣
N∑
i=1

Qi(x− xi)

|x− xi|3

∣∣∣∣∣
2

for x ∈ Γ,

(4)

where K(x) is the Gaussian curvature at x. With different initial interfaces, the minimiza-

tion can lead to different minimizers that are metastable equilibrium solvation states, often

corresponding to different dry and wet states. With the steepest descent of the free energy

G[Γ], a tight initial interface that wraps up tightly all the solute atoms and a loose initial

interface that is a large surface enclosing all the solute atoms can often lead to a wet state

and a dry state, respectively.

We remark that the CFA does not include ionic charges and hence the screening ef-

fect. Nevertheless, it has been systematically tested that the CFA incorporated into our
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variational model can in general capture different dry and wet solvation states, provide rea-

sonably good estimates of the solvation free energy, and also predict the desolvation barrier

qualitatively.16,17,21–23

B. The Level-Set Numerical Implementation

Previously, we implemented a level-set method to minimize numerically the free-energy

functional G[Γ] defined in Eq. (1).16,17,24,25,31,34 Here, we only describe the method briefly to

set notations. The key of the method is to represent the solute-solvent interface Γ at time

t by a zero level set of a level-set function φ = φ(x, t), i.e., the points x on the surface Γ

at time t are exactly those satisfying φ(x, t) = 0. With such a representation, all the unit

normal, mean curvature, and Gaussian curvature, can be explicitly expressed through the

level set function. The steepest descent method for relaxing the free energy is realized by

tracking the zero level set of the function φ(x, t), which satisfies the level-set equation

∂tφ+ Fn|∇φ| = 0, (5)

where Fn = −δΓG[Γ] is the normal component of the boundary force given by Eq. (4).

Notice that the equation is only defined for x ∈ Γ so the force Fn needs to be extended to

the entire computational box. Moreover, after a few steps of optimization, we reinitialize

the level-set function by solving16,17,24,25

φt + sign (φ0)(|∇φ| − 1) = 0, (6)

where φ0 is the level-set function before reinitialization and sign (φ0) represents the sign of

φ0.25 Notice that the pseudo time t here is different from the one in the original level-set

equation (5).

C. The String Method Generalized

We generalize the string method26,28,30 (both the simplified and climbing string methods)

for points in a Euclidean space to that for surfaces or level-set functions. Such generalization

was first made in our previous work.13 Here we describe briefly these generalized simplified

and climbing string method coupled with our variational model and the level-set method,
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with some variations. For instance, we include the CFA of the electrostatic interactions in

our solvation model.

Let us fix all the solute atoms, and consider two stable equilibrium solvation states that

are represented by the solute-solvent interfaces Γ0 and Γ1 with the corresponding level-set

functions φ0 and φ1, respectively. We first consider the simplified string method. We define

a string or path that connects these two states to be a family of solute-solvent interfaces

{Γα}α∈[0,1], or their corresponding level-set functions {φα}α∈[0,1], that connect the two states

Γ0 and Γ1, or their level-set functions φ0 and φ1. A minimum energy path (MEP) is a

string that is orthogonal to the level surfaces of the solvation free-energy functional G[Γ]

defined in Eq. (1). The orthogonality is defined by the L2-inner product of the level-set

functions. By the large deviation theory,35 a MEP is the most probable transition path,

in the sense that other paths have exponentially smaller transition probability. Within the

level-set framework, we obtain a MEP by solving the equation for the level-set function

φα = φα(x, t) :

∂tφα = −Fn(φα)|∇φα|+ λα
∂αφα
‖∂αφα‖

for α ∈ (0, 1), (7)

to a steady state, starting from a given initial string {φ(0)
α }α∈[0,1] that connects φ0 and φ1.

Here, Fn(φα) = −δΓG[Γα] (cf. Eq. (4)), ∂αφα/‖∂αφα‖ is the unit vector tangential to the

string, λα is a Lagrange multiplier for enforcing the equal arc-length or energy weighted

arc-length parameterization, and ‖ · ‖ denotes the L2(Ω)-norm.

For an integer M ≥ 2, we discretize the parameter α into 0 = α0 < α1 < · · · < αM <

αM+1 = 1 and discretize the string into M + 2 images: φα0 , φα1 , . . . , φαM+1
. We also set the

initial images to be

φ(0)
αj

= φ0 + αj(φ1 − φ0) (j = 1, . . . ,M). (8)

We then solve Eq. (7) (with αj replacing α for j = 1, . . . ,M) using an iterative method

to reach the steady-state solution. Given the images φ
(k)
αj (j = 0, . . . ,M + 1) after the kth

iteration. We first solve the level-set equation, Eq. (5) with φαj
replacing φ with the initial

condition φ
(k)
αj (0 ≤ j ≤M+1) but only for one time step, followed by the reinitialization (cf.

Eq. (6)), and obtain a solution φ∗αj
which serves as an intermediate image. We then redis-

tribute the intermediate images by linear interpolation to generate new and well-separated

images φ
(k+1)
αj . More precisely, we set s0 = 0, sj = sj−1+‖φ∗αj

−φ∗αj−1
‖ (j = 1, . . . ,M+1), and

α∗j = sj/sM (j = 0, . . . ,M+1). For each j (1 ≤ j ≤M), we find the unique i (1 ≤ i ≤M+1)



8

such that α∗i−1 ≤ αj < α∗i . We then calculate φ
(k+1)
αj by the linear interpolation

φ(k+1)
αj

= φ∗αi−1
+
αj − α∗i−1

α∗i − α∗i−1

(φ∗αi
− φ∗αi−1

). (9)

All these implementation details are basically summarized in an algorithm in the Supple-

mental Information of our previous work.13 For convenience, we present the algorithm in

Section V (APPENDIX).

After we obtain the images of a MEP, we then find an interior image that has the (local)

maximum solvation free energy among all the images. This image is an approximation of a

saddle point. Note that different initial guesses for the string may lead to different MEPs.

We now apply the climbing string method30 to search for a transition state (i.e., saddle

point) along a MEP starting from a known stable equilibrium state represented by the level-

set function φ0. To do so, we choose a level-set function φ1 as an initial guess for a saddle

point. As above, we discretize the string into images: φα0 , φα1 , . . . , φαM+1
. We set the initial

end-point images by φ
(0)
α0 = φ0 and φ

(0)
αM+1 = φ1, and the initial interior images by Eq. (8).

The interior images of the string are evolved by solving the equation (7), one boundary

image is fixed at φ0, and the other boundary image climbs uphill according to a modified

direction in which the component of the gradient descent in the tangent direction of the

string is reversed.30 The climbing image may jump out of the basin of the state φ0. This can

be checked by evaluating the free energy for each image. If the energies are monotonically

increasing, we then keep the entire string; otherwise, we truncate the string up to the first

maximum of the energies and keep a part of the images that are monotonically increasing.30

The image is then redistributed to enforce equal arc-length parametrization; cf. Eq. (9). The

string converges when the last image approaches a saddle point. After a saddle point is found,

we solve the level-set equation (5) with a perturbed saddle point as an initial condition. The

perturbation is approximated by using the tangent direction of the string. Thus, the entire

MEP can be obtained by relaxation. Our generalized climbing string method is basically

summarized in an algorithm presented in the Supplemental Information of our our previous

work13. For convenience, we present the algorithm in Section V (APPENDIX).
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III. RESULTS AND ANALYSIS

In our simulations, we use kBT and Ångström (Å) for the units of energy and length,

respectively. Unless specified otherwise, we take T = 300 K, γ0 = 0.1315 kBT/Å
2
, ρw =

0.0331 Å
−3

, εm = 1, εw = 78, and τ = 0.76 Å. These values are taken from our previous

works.16,17 The Lorentz–Berthelot mixing rules are applied to determine parameters of the

LJ potentials for the water-solute interactions.

A. Two Hydrophobic Plates

We consider the hydration of a nonpolar and hydrophobic model system of two paral-

lel paraffin-like plates, each consisting of 6 × 6 atoms with the side length about 30 Å.

The hydration of such or a similar two-plate system has been extensively investigated with

MD simulations and implicit-solvent descriptions.16,17,24,32,36–41 For certain plate-plate sepa-

rations, water molecules between the two plates are metastable, due to the energy penalty

arising from less formed hydrogen bonds as opposed to the bulk phase. As a result, these

water molecules evaporate and a dewetting (i.e., wet-to-dry) transition occurs. In our pre-

vious work,32 we developed a stochastic level-set method that relaxes free energy with the

solute-solvent interfacial fluctuations, and studied the dewetting transitions between the two

plates. The stochastic level-set method successfully captured the dewetting transition and

estimated the activation energy barriers. However, the estimations could be very rough as

the rare transition events might not be sufficiently sampled. Here we apply our new ap-

proach that couples the variational solvation model and the string method to investigate the

dry-wet transitions of such a two-plate system.

To probe the impact of hydrophobicity on the dry-wet transitions, we consider two sets

of the LJ parameters for the interaction between water and each solute atom: ε = 0.265 kBT

and σ = 3.538 Å (Case 1); ε = 0.0485 kBT and σ = 3.538 Å (Case 2). Thus, Case 2 is

relatively more hydrophobic than Case 1. We denote by d (Å) the distance between the two

parallel plates, and choose it as the reaction coordinate of the system.

Minimum energy paths. Fig. 2 displays the MEPs connecting the wet and dry states, as

well as the solute-solvent interfaces of the wet, dry, and transition state (saddle point) for

both Case 1 and Case 2 with the plate-plate distance d = 12 Å. As seen from the snapshots
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(a) Case 1 (b) Case 2

FIG. 2: (Upper part) The minimum energy path connecting the wet state (A) and the dry state

(C) for Case 1 (left) and Case 2 (right) with a two-plate separation d = 12 Å. Each dot in the curve

represents an image of the path (i.e., the string). (Lower part) The corresponding solute-solvent

interfaces of the hydration states and the transition state (saddle point (B)). The color indicates

the mean curvature of the surface.

(B) for both cases in Fig. 2, the transition state of the dry-wet transition is characterized by

a vapor tube spanning two plates. This agrees well with the findings by MD or lattice-gas

Monte Carlos (MC) simulations.38–40 It is important to observe that the size of the critical

vapor tube is larger for Case 1. This is ascribed to the fact that, for a relatively hydrophilic

system, a vapor tube of a larger critical size should be nucleated before the evaporation.

In addition, the activation energy barrier of the dewetting transition in Case 1 is much

larger than that of Case 2, 11.76 kBT vs. 5.95 kBT . (The energy barrier for the dewetting,

i.e., wet-to-dry, transition is calculated as the difference of the solvation free energy of the

transition state (B) and that of the wet state (A). The energy barrier for wetting, i.e., dry-

to-wet, transition can be calculated similarly.) This indicates that water molecules are more

prone to evaporate in an hydrophobic confinement. Note that the solute-solvent interface

of the dry state (C) for Case 1 is slightly tighter than that for Case 2. This is due to a

stronger attractive solute-solvent interaction that results from the fact that Case 1 is less

hydrophobic.

Energy barriers. We now turn to the dependence of dry-wet transitions on the plate-plate
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separations. This requires the calculation of the solvation free energies of all the states and

the corresponding activation energy barriers with varying separation distances. To test the

performance of our numerical approach, we first do these calculations for Case 1 with both

the simplified string method and climbing string method. We find that the solute-solvent

interfaces of the transition states computed by the simplified and climbing string methods

are nearly the same. (The results are not shown here but can be provided upon request.)

This is further confirmed by the data shown in Table I. Both the simplified and climbing

string methods predict the same transition states. The surface energy and vdW interaction

energy of the transition states have relative discrepancies within 0.1%. The corresponding

total solvation free energies have the relative discrepancy within 0.06%. Moreover, the

wetting and dewetting energy barriers predicted by the two methods are fairly small, with

relative discrepancies to be 0.6% (for wetting) and 1.5% (for dewetting), respectively. These

comparisons demonstrate the consistency and effectiveness of our numerical approaches.

— Simplified String Climbing String

Surface energy 439.414 439.919

Solute-solvent vdW energy -146.157 -146.48

Total free energy G[Γ] 293.257 293.439

Wetting Barrier 29.28 29.46

Dewetting Barrier 11.76 11.94

TABLE I: Solvation free energy and its components of transition states and activation energy

barriers (in kBT ) for Case 1, predicted by the simplified string method and climbing string method.

We now study the dependence of dry-wet transition energy barriers on the plate-plate

separations. First, we note that both dry and wet states exist for a broad range of plate-plate

separations 8 ≤ d ≤ 18 Å. For this range of separations, Fig. 3 plots the activation energy

barrier of the dewetting (i.e., wet-to-dry) transition (Bwd, symbols, upper part) and wetting

(i.e., dry-to-wet) transition (Bdw, symbols, lower part), and the corresponding fitting curves

(dotted and solid lines), for both Case 1 and Case 2. (In the figure, “VISM-String” is our

model prediction, where VISM stands for variational implicit-solvent model.) For dewetting

transitions, the fitted curves of the activation energy barrier are the quadratic polynomials
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FIG. 3: Activation energy barriers for the dewetting (Bwd, upper part) and wetting (Bdw, lower

part) transitions against the plate-plate separations. (VISM-String is our model prediction. VISM

means variational implicit-solvent model.) See Eq. (10)–(13) for the explicit expression of the

fitting quadratic curves.

of the plate-plate distrance d, given by

Carse 1: βBwd(d) = 0.251d2 − 2.954d+ 10.848, (10)

Carse 2: βBwd(d) = 0.128d2 − 1.533d+ 5.775, (11)

respectively, where β = (kBT )−1. For wetting transitions, the fitted curves of the activation

energy barrier are the quadratic polynomials of the plate-plate distance d, given by

Carse 1: βBdw(d) = 0.654d2 − 24.599d+ 231.034, (12)

Carse 2: βBdw(d) = 0.329d2 − 17.792d+ 222.141, (13)

respectively.

The quadratic scalings for the dewetting transition agree well with existing predictions

by MD simulations.39,40 Our hybrid variational approach also predicts a similar quadratic

dependence for the wetting transition. We observe that, the energy barrier increases for the

dewetting transition but decreases for the wetting transition as the plate-plate separation

increases. In addition, the more hydrophobic case (i.e., Case 2) has much lower energy barrier

for the dewetting transition and much higher barriers for the wetting transition, respectively.
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Case 2 also has a much smaller quadratic coefficients for the dewetting transition than the

less hydrophobic Case 1.

We make a final remark on the hydrophobicity and the transition energy barrier. By

approximation, we may assume that the critical vapor tube of the transition state is cylin-

drical; cf. Part (B) of Fig. 2.39,40,42,43 As shown in the work,39 the dewetting energy barrier

scales quadratically against the plate-plate separation with the quadratic coefficient esti-

mated to be −πγ0/(2 cos θ), where γ0 is the surface tension and θ is the contact angle of a

water droplet on one of the plates. Note that the contact angle is greater than π/2 for a

hydrophobic surface and hence cos θ < 0. Consequently, the quadratic coefficient should be

positive. This is exactly the case for all the quadratic curves we obtained; cf. Eq. (10)–(13).

Moreover, Case 2 is more hydrophobic with a larger contact angle θ and thus has a smaller

quadratic coefficient for the dewetting transition barrier; cf. Eq. (10) and Eq. (11). Hence,

our theory and results are consistent with the macroscopic analysis based on the cylindrical

vapor-tube assumption.

B. A Carbon Nanotube

The hydration of nanotubes, nanopores, and transmembrane channels exhibits striking

molecular-scale phenomena induced by water.4,44–48 For instance, carbon nanotubes (CNTs)

in water undergo dry-wet transitions between water-empty dry and water-filled wet states

at nanosecond timescale.44,45 Dry nanopores with a hydrophobic lining, even not physically

occluded, have large permeation barriers to both ions and water molecules, when the di-

ameters of pores are below a critical size.48 Dry-wet transitions in nanopores are crucial to

such hydrophobic gating that are highly sensitive to the different geometrical length scales

of underlying nanopores.46,46,47

Here we apply our variational approach to study the effect of length scales on water

evaporation and condensation and the dry-wet transitions in CNTs. We generate two model

CNTs by a web-accessible applet49 with prescribed chiral indices, (n,m), that specify the

diameter and helicity, and the number of unit cells that determines the length. We denote

by D and L the diameter and length of a CNT, respectively; cf. Fig. 4. Specifically, the two

CNTs have 8 and 16 unit cells, with lengths about 18.2 Å and 37.6 Å, respectively. The

diameters of these two CNTs are both about 20 Å. We label these two CNTs by L8 and L16,
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corresponding to their numbers of unit cells, respectively. The parameters of LJ interaction

potentials between water and carbon atoms are given by ε = 0.1098 kBT and σ = 3.410 Å.

LL 

DL 

FIG. 4: A schematic plot of a carbon nanotube (CNT). The length and diameter are denoted by

L and D, respectively. The chiral indices are given by (n,m) = (15, 15), which correspond to a

diameter about 20 Å. Two cases of CNTs with 8 and 16 unit cells, labeled as L8 and L16, have

lengths about 18.2 Å and 37.6 Å, respectively.

Fig. 5 displays snapshots of cross sections of solute-solvent interfaces along the dewetting

(i.e., wet-to-dry) transition pathways for the CNT L8. There are two types of different

paths: (geometrically) symmetric and (geometrically) asymmetric. For the symmetric one,

the capillary evaporation starts with the cavitation of a ring-like vapor bubble right in the

middle across the nanotube. The bubble subsequently expands and exceeds a certain size

that corresponds to the transition state (saddle point); cf. the lower middle plot of Fig. 5.

The ring-like vapor region later merges in the middle and spans across the nanotube. As

the vapor further grows, the nanotube eventually reaches a dry state. The wetting (i.e.,

dry-to-wet) transition can be understood by reversing the snapshots. Beginning with water

permeation at two ends of the nanotube, the capillary condensation continues with the

nucleation of a symmetric hourglass-like liquid bridge along the nanotube at the transition

state. The liquid bridge further grows and fills the confinement inside the nanotube, arriving

evantually at the wet state.

For an asymmetric path, the capillary evaporation begins with the cavitation of a

meniscus-shaped vapor bubble adjacent to the inner wall of the nanotube. It grows and

reaches the critical size corresponding to the transition state; cf. the upper middle plot of
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Asymmetric	Transition	Path

Symmetric	Transition	Path

FIG. 5: Cross sections of solute-solvent interfaces along asymmetric (upper part) and symmetric

(lower part) transition paths between the wet (left most) and dry (right most) states for the CNT

L8. The middle plots depict the solute-solvent interface of the transition states (saddle points).

Fig. 5. After crossing the barrier, the vapor further expands asymmetrically and goes to a

dry state. We remark that the asymmetric transition path with a meniscus-shaped tran-

sition state configuration agrees perfectly with the MD simulations study,50 which reports

that the asymmetric path is the most probable path for the evaporation. Note that there

can be infinitely many asymmetric paths by the radial symmetry.

The solute-solvent interfaces along the dewetting and wetting transition paths for the

CNT L16 are similar, where symmetric and asymmetric paths are also found. (Figures are

not shown here.)

We now analyze the corresponding transition energy barriers for these two cases. Fig. 6

shows all the MEPs connecting wet and dry states for both a symmetric path and an

asymmetric path for both CNT L8 and L16. Table II lists all the corresponding transition

energy barriers. As seen from Fig. 6, the wet state gets destabilized for a longer nanotube,

as the favorable energy difference between the wet and dry states decreases. For the CNT

L8, the asymmetric path has a slightly lower energy barrier than that of the symmetric one,

but energies of the images on symmetric and asymmetric paths are quite different. For the

CNT L16, the discrepancy in energy barriers of the symmetric and asymmetric paths is more

pronounced, about 2.17 kBT , with the asymmetric paths having a lower energy barrier. This

indicates that, for both CNTs L8 and L16, the asymmetric paths are more favorable than

the symmetric ones. This is consistent with results from MD simulations.50
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FIG. 6: The MEPs connecting wet (α = 0) and dry (α = 1) states of the CNTs L8 and L16.

CNT
Dry-to-Wet Transition Barrier (kBT ) Wet-to-Dry Transition Barrier (kBT )

Symmetric Path Asymmetric Path Symmetric Path Asymmetric Path

L8 21.92 21.85 40.37 40.30

L16 40.46 38.29 41.61 39.44

TABLE II: Energy barriers for the dry-to-wet and wet-to-dry transitions, both symmetric and

asymmetric, for both CNT L8 and L16.

We now discuss the effect of the nanotube length on the dry-wet transitions. For the

capillary evaporation, the energy barrier does not change much as the nanotube becomes

longer. This is because the energy cost of the cavitation of the vapor bubble over a certain

size does not increase much for a longer nanotube. However, the energy barrier of capillary

condensation increases significantly from 21.85 kBT to 38.29 kBT for the asymmetric path

and from 21.92 kBT to 40.46 kBT for the symmetric case, respectively, as the length of

the nanotube increases. This can be explained by the observation that the energy cost of

the nucleation of the liquid bridge over a certain size along the nanotube is much larger

for a longer nanotube. According to the Arrhenius law, the condensation transition rate

is exponentially smaller for the CNT L16. Our results demonstrate that, in contrast to

evaporation, the condensation transition is relatively more sensitive to the length of the
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nanotube.

C. Cucurbit[7]uril

The synthetic Cucurbit[7]uril (CB[7]) host molecule has various potential applications,

such as molecular machines and drug transport,51–53 partially due to its ultra-high bind-

ing affinity with aromatic guests or metal complexes.52,54,55 The special structure of this

ring-shaped, charged molecule makes it hard for water molecules to form a stable H-bond

network inside its hydrophobic cavity with limited space. Rather, water molecules fluctuate,

and the cavity undergoes dry and wet transitions,12,56 providing increased opportunities for

an approaching guest molecule or ion to replace water molecules in the cavity, and hence

significantly enhance the binding affinity.54

Previously, we applied our level-set variational implicit solvation model with the CFA of

electrostatics to CB[7], and captured efficiently its different dry and wet states.17,22,23 We

found that the electrostatic interactions contribute significantly to the stability of the dry

and wet states: the hydration free energy of the wet state is higher than that of the dry

state without the electrostatics, but is lower than that of the dry state if the electrostatics is

included. MD simulations have confirmed our results.22,56 In Zhou et al.22, we also studied

the binding of the host-guest system CB[7]-B2, and found that the accuracy of the CFA

approximation of electrostatic energy and hence the total free-energy estimation was sensi-

tive to the location of dielectric boundary and the solute conformation. A loose boundary

produced a much better free-energy estimation than a tight one. In addition, a rigid-body

approximation of the host-guest binding could lead to a large error in the binding affinity.

It is known that the replacement of water molecules in the hydrophobic cavity of CB[7]

contributes significantly to the binding affinity of a guest molecule to the CB[7] host. Here we

study the dry-wet transition paths of CB[7], and the role of electrostatics to such transitions.

We first consider a noncharged version of CB[7] by turning off manually all the solute

charges of CB[7]. For such a noncharged CB[7], the dry state is more favorable than the

wet state.17,22,56 Our level-set string method captures two different MEPs: (geometrically)

symmetric and (geometrically) asymmetric transition pathways; cf. Fig. 7. The plots of

interfacial structures from left to right in Fig. 7 correspond to a dewetting (i.e., wet-to-dry)

transition, or capillary evaporation. For the asymmetric transition path, the evaporation
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Asymmetric	Transition	Path
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FIG. 7: Cross sections (perpendicular to the plane of the circular ring) of solute-solvent interfaces

along asymmetric (upper part) and symmetric (lower part) transition paths between wet (left

most) and dry (right most) states of a noncharged CB[7]. The middle plots depict the solute-

solvent interfaces of transition states (saddle points).

starts with the cavitation of a ring-like bubble in the region close to one of the two mouths

of the cavity. After the bubble exceeds a certain critical size corresponding to the transition

state, the ring-like bubble merges into a connected one at a mouth of CB[7] and water

molecules further evaporate from the cavity through the other mouth. For the symmetric

case, the evaporation begins with the cavitation of a ring-like bubble in the middle of the

cavity. Then the bubble further grows into a connected one in the middle of the cavity. After

crossing the transition state, water molecules further evaporate symmetrically through two

mouths of the cavity. The plots from right to left in Fig. 7 correspond to the wetting

(i.e., dry-to-wet) transition of capillary condensation, which has symmetric and asymmetric

transition pathways as well. In the condensation, the water molecules permeate into the

cavity region through two mouths, and further connect and span the cavity region at the

transition state. After crossing the associated energy barrier, the water molecules continue

to fill in the cavity, reaching eventually the wet state.

For the case with electrostatics, the wet state is more favorable, and the solute-solvent

interface for a dry and wet state is much tighter than that of the non-charged case.17,22,56

Our method captures again two transition paths connecting the wet and dry states; cf.

Fig. 8. Note that the critical size of the cavitated bubble at the transition state is larger for

both symmetric and asymmetric transition paths, resulting from the attractive electrostatic
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FIG. 8: Cross sections of solute-solvent interfaces along asymmetric and symmetric transition paths

between wet (Left) and dry (Right) states of a charged Cucurbit[7]uril. The middle plots depict

the solute-solvent interfaces of transition states (saddle points).

interactions between charged solute atoms and water. In contrast to the non-charged case,

the permeated water into the cavity from two mouths does not have to connect at the

transition states for both symmetric and asymmetric condensation pathways.

Fig. 9 shows the MEPs connecting wet (α = 0) and dry (α = 1) states, corresponding

to symmetric and asymmetric transition paths. We see clearly that the dry state has lower

solvation free energies for the noncharged case but the wet state is energetically more favor-
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FIG. 9: Multiple MEPs connecting the wet (α = 0) and dry (α = 1) states of a charged or

noncharged CB[7]. The symmetric and asymmetric transition paths are marked by “Sym” and

“Asy”, respectively.
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able for the charged case. For the noncharged case, the symmetric transition path involves

a slightly lower activation energy barrier. Table III shows that the energy barriers for the

dewetting transition are 1.44 kBT for the symmetric path and 1.69 kBT for the asymmetric

path, respectively. In wetting transitions, the symmetric path again has a lower barrier,

5.32 vs. 5.57 kBT . We then consider the charged case. Since the wet state is more favorable,

wetting energy barriers decrease and become lower than dewetting energy barriers. The

dewetting energy barriers of the symmetric and asymmetric path increase to 5.80 kBT and

7.59 kBT , respectively. This again can be explained by the electrostatic attractions between

water and charged solute atoms. Also, the symmetric wetting path has a lower energy bar-

rier, 3.62 vs. 5.42 kBT . Therefore, the discrepancy in activation energy barriers of symmetric

and asymmetric paths is magnified by the electrostatic interactions.

— Noncharged Charged

Dewetting (Sym) 1.44 5.80

Dewetting (Asy) 1.69 7.59

Wetting (Sym) 5.32 3.62

Wetting (Asy) 5.57 5.42

TABLE III: Activation energy barriers (in kBT ) of symmetric and asymmetric transition paths for

the charged and noncharged cases.

IV. CONCLUSIONS

Dewetting and wetting transitions are ubiquitous in molecular processes in water, and

pathways of such transitions encode abundant thermodynamic and kinetic information. Ef-

ficient and detailed predictions of such pathways are therefore essential to quantitative and

applicable understanding of complex molecular dynamics in materials and biological systems.

Here, we have developed a hybrid, mesoscale, variational modeling framework, numerically

implemented such a model, and studied in quantitative details the dewetting and wetting

transition paths for several molecular systems of practical interest.

Our approach combines a mesoscale variational solvation model for finding multiple,

stable, equilibrium dry and wet solvation states, and generalized string methods for finding
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different transition paths connecting those states. With our implicit-solvent model, we can

determine a stable equilibrium solute-solvent interface (i.e., dielectric boundary) and the

corresponding solvation free energy by minimizing a free-energy functional of all possible

solute-solvent interfaces enclosing all the solute atoms. The string method is generalized

here for our variational free-energy landscape. An image of a string is a surface here instead

of a point in a Euclidean space. We have implemented a level-set numerical method to

minimize our solvation free-energy functional of interfaces and to find MEPs with three-

dimensional geometry. Tests of our implementation show consistent performance of our

methods (cf. Subsection III A). Our computations usually take minutes to hours, rather fast

compared to corresponding explicit-water MD simulations.

We applied our modeling framework and numerical methods to study the transition paths

of a model system of two hydrophobic plates, and a carbon nanotube and a synthetic host

molecule CB[7] that are of much interest in applications. For each of these systems, we have

obtained the dry and wet solvation states, transition paths, transition states, and the energy

barriers. Here are highlights of our results:

(1) Details of the dewetting and wetting transitions depend sensitively on the length scales,

geometry, hydrophobicity, and electrostatic interactions of an underlying molecular

system. For instance, the separation distance of the two-plate and the length of the

CNT all play crucial roles in the transition paths.

(2) We find multiple transition paths, geometrically symmetric and asymmetric, in the

hydration of CNT (both cases) and in CB[7]. By radial symmetry, there can be

infinitely many asymmetric paths. As the geometry and topology of many biological

molecules are far more complex, it is reasonable to expect that multiple transition

paths exist in general solvation systems.

(3) Energy barriers in wetting and dewetting transitions are rather different. For the two-

plate system, the energy barrier depends on the plate-plate separation increasingly

for the dewetting transition but decreasingly for the wetting transition. With the

electrostatics, the energy barrier in the dewetting transition is much higher than the

wetting transition in the hydration of charged CB[7].

(4) Our efficient mesoscale theory and methods can capture details of wetting and dewet-

ting transition paths, and our results agree well with MD simulations. In particular,

for the two-plate system, the quadratic dependence of the transition energy barrier on
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the plate-plate separation distance is in very good quantitive agreement with existing

MD simulations.

We now discuss several issues and possible further improvements of our approach. First,

the CFA of electrostatics is efficient but it does not include the ionic charge effect. It

also depends sensitively on the location of dielectric boundary, leading possibly to a poor

ensemble average of electrostatic free energy from only a few equilibrium states. Therefore,

for some molecular systems, large errors can occur in electrostatic free-energy estimation.

The generalized Born (GB) model18,57 is computationally efficient and is also able to include

the ionic screening effect with some parameter adjustment. But the GB model is based on

Born radii which determine a dielectric boundary from a collection of spheres. Our solvation

model, however, relies crucially on the variation of a dielectric boundary. A possible way

is to include the ionic screen effect in a generalized CFA of electrostatics using the Yukawa

(or Debye–Hückel) potentials associated with solute atoms as done in the GB model. We

can also use the Poisson–Boltzmann (PB) model for the electrostatics.17,58–61 But this will

be computationally costly, as one needs to solve the PB equation in each iteration step of

the free-energy minimization. One can combine the PB and CFA by using the CFA in most

of the iteration steps and then using the PB in the last few steps. A potential issue is that

the CFA may change the energy landscape and hence may mislead the VISM minimization

path. Other continuum models of electrostatics, such as Gaussian-based dielectric model,62

may be of interest and should be considered.

Second, for relatively simple solvation systems, we can capture different dry and wet

solvation states by constructing different initial solute-solvent interfaces and then minimizing

our solvation free-energy functional with a steepest descent method. In general, we should

include the solute mechanical interactions34 and sample the conformation spaces to find

different solvation states.

Third, we have been able to capture transition paths with simple reaction coordinates.

For more complex molecular systems, where the dry and wet transitions may depend on

collective motions of solute atoms. It will be then necessary to introduce collective variables

such as solute atomic positions as reaction coordinates, in addition to the solvent effects

implicitly described by the level-set function.

Fourth, MEPs defined in the string method that we have used represent most probable

transition paths, according to the large deviation theory.35 However, there in general exist an
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ensemble of transition paths connecting different metastable states. The finite-temperature

string method27,63 may be more effective in identifying the isocommittor surfaces in the

region of configuration space where the most probable transition paths are concentrated. It

is our next step to combine such a finite-temperature string method with our variational

solvation model to investigate transitions of biomolecular solvation states.

Finally, our computations of molecular equilibrium properties, such as dry and wet states,

the transition paths, and the transition states and energy barriers, not only describe the

thermodynamic stabilities but also provide data for estimating kinetic rates using Brownian

dynamics simulation or Fokker–Planck equation modeling.13 It will be interesting to apply

such a systematic approach to more complex molecular processes, particularly protein folding

and protein-ligand binding and unbinding.

V. APPENDIX

Algorithm of a generalized simplified string method.

Step 1. Input all the parameters γ0, τ , ρw, N , and xi, Qi, σi, and εi (i = 1, . . . , N). Input a

computational box and a spatial discretization mesh. Input the level-set functions φ0

and φ1 of two stable equilibrium states as the two end images of a string. Input M ,

the number of (interior) images in the string, the parameters αj (j = 0, 1, . . . ,M + 1)

for the string images with 0 = α0 < α1 < · · · < αM+1 = 1, and the initial interior

image level-set functions φ
(0)
j (j = 1, . . . ,M); cf. Eq. (8). Set the iteration counter

k = 0.

Step 2. Given the interior images φ
(k)
αj (j = 1, . . . ,M). For each j (1 ≤ j ≤ M), solve the

level-set equation (5) with φαj
replacing φ using the initial solution φ

(k)
αj for one time

step to obtain the image φ̄αj
. Compute the image φ∗αj

by solving the reinitialization

equation (6) with φ̄αj
as the initial solution.

Step 3. Compute the arc lengths s0 = 0 and sj = sj−1 + ‖φ∗αj
− φ∗αj−1

‖ (j = 1, . . . ,M + 1)

and the parameters α∗j = sj/sM (j = 0, 1, . . . ,M + 1). Generate the images φ
(k+1)
αj

(j = 1, . . . ,M) by Eq. (9).

Step 4. Check the stopping criteria. If failed, set k := k + 1 and go to Step 2.

Algorithm for a generalized climbing string method.

Step 1. Input all the parameters γ0, τ , ρw, N , and xi, Qi, σi, and εi (i = 1, . . . , N). Input a
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computational box and a spatial discretization mesh. Input a level-set function φ0 that

represents a stable equilibrium state and a level-set function φ1 as a rough initial guess

of a saddle point near φ0. Input M , with M + 2 the number of images in the string,

the parameters {αj}M+1
j=0 for the string images with 0 = α0 < α1 < · · · < αM+1 = 1,

and the initial interior image level-set functions {φ(0)
αj }Mj=1. Set the iteration counter

k = 0.

Step 2. Given the images φ
(k)
αj (j = 1, . . . ,M + 1). For each j (1 ≤ j ≤ M + 1), solve

the level-set equation (5) using the initial solution φ
(k)
αj for one time step to obtain an

image φ̄j. Solve the reinitialization equation (6) using the initial solution φ̄j for one

time step to obtain an image φ∗j .

Step 3. Update the last image by reflection

φ(k+1)
αM+1

= φ∗M+1 − 2
〈
φ∗M+1 − φ(k)

αM+1
, τ̂M+1

〉
τ̂M+1 with τ̂M+1 =

φ
(k)
αM+1 − φ

(k)
αM

‖φ(k)
αM+1 − φ

(k)
αM‖

,

where 〈·, ·〉 denotes the L2(Ω)-inner product.

Step 4. If needed, truncate the string to ensure that the images in the string have mono-

tonically increasing energies.

Step 5. Compute the arc lengths s0 = 0 and sj = sj−1 + ‖φ∗αj
− φ∗αj−1

‖ (j = 1, . . . ,M + 1),

and set α∗j = sj/sM (j = 0, 1, . . . ,M + 1). Update the other interior images to obtain

φ
(k+1)
αj (j = 1, . . . ,M) by Eq. (9).

Step 6. Check the stopping criteria. If failed, set k := k + 1 and go to Step 2.
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